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Abstract—This paper investigates the problem of stability
analysis and stabilization for Takagi–Sugeno (T–S) fuzzy sys-
tems with time-varying delay. By using appropriately chosen
Lyapunov–Krasovskii functional, together with the reciprocally
convex a new sufficient stability condition with the idea of delay
partitioning approach is proposed for the delayed T–S fuzzy sys-
tems, which significantly reduces conservatism as compared with
the existing results. On the basis of the obtained stability condi-
tion, the state-feedback fuzzy controller via parallel distributed
compensation law is developed for the resulting fuzzy delayed
systems. Furthermore, the parameters of the proposed fuzzy con-
troller are derived in terms of linear matrix inequalities, which
can be easily obtained by the optimization techniques. Finally,
three examples (one of them is the benchmark inverted pendu-
lum) are used to verify and illustrate the effectiveness of the
proposed technique.

Index Terms—Delay partitioning technique, fuzzy control,
Takagi–Sugeno (T–S) fuzzy systems, time-varying delay.

I. INTRODUCTION

MANY real-world systems are nonlinear and compli-
cated, which are formidable to analyze and synthesize

by utilizing the conventional theory and approach. However,
with the advent of fuzzy modeling, it has been proved that
complex nonlinear systems can be approximated to any accu-
racy by Takagi–Sugeno (T–S) fuzzy systems. The resulting
fuzzy system is described by a family of IF-THEN rules
to express local input–output relations of the nonlinear sys-
tems, and eventually realized by smoothly blending these
local linear models together through the membership func-
tions. Owing to the promising approximation ability of T–S
fuzzy systems [12], [15], [18], [34], the research concerning
fuzzy systems has appealed more and more concern and a
large number of results have been reported for T–S fuzzy sys-
tems as time goes on. For example, the stability analysis and
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stabilization are studied in [7], [9], [10], and [29]; filtering
problems are investigated in [22] and [35]; fault detection is
reported in [5] and [28], and model reduction is presented
in [23] and [24].

On the other hand, it is noted that the time delay, which is
generally considered as one of primary sources to trigger poor
performance, oscillation and even instability [11], [21], [25],
frequently appears in vast engineering systems, interaction net-
works, chemical processes, and other areas. Inspired by this,
a majority of scholars devote their efforts to analyze and syn-
thesize the delayed T–S fuzzy systems. So far, a large number
of obtained results concerning fuzzy systems with a constant
time delay have been developed in [1], [4], and [8], whose
application is probably limited in practical engineering since
the delay in most practical situations is time-varying. Thus,
it prompts us to focus on the problem of stability and stabi-
lization of T–S fuzzy systems with time-varying delay, which
are more accordant to actual systems. Existing results regard-
ing stability analysis can generally be divided into two types.
One is delay-independent approach which is irrelevant to the
size of delay when analyzing and synthesizing systems. The
other is delay-dependent approach which cares much about
the information of time delay, but this one is less conserva-
tive than the former especially when the delay size is small.
Thereby, it is extremely worth investigating the nonlinear sys-
tems using the T–S fuzzy models with the delay-dependent
technique.

With the recent progress of advanced mathematical and
robust control techniques, a multitude of methods have been
proposed to develop delay-dependent conditions for the time-
delay systems. For example, the approach is to divide the
time delay into multiple segments uniformly for the constant
time-delay T–S fuzzy systems proposed in [31]. The work
in [32] presents a delay partitioning technique which par-
titions the time delay range [0, d(t)] for the linear delayed
systems. The approach used in [3] divides the whole delay
interval into l subintervals, which is proved to be less and
less conservative as the partitioning segments become increas-
ingly thinner for the concerned systems. Also, the input–output
technique, borrowed from the robust control theory in [22], is
one of the most available ways to deal with the time delay.
However, there are quiet a few results for T–S fuzzy time-
varying delay systems when the time delay becomes uncertain.
Thus, how to further improve current results affected by time
delay and reduce the complexity in the calculation employ-
ing the above methods is still a paramount and challenging
problem.
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Based on the above discussions, the aim of this paper is to
develop a new delay-dependent condition to solve the problem
of stability analysis and stabilization for T–S fuzzy systems
with time-varying delay. First, the sufficient condition of sta-
bility analysis for the fuzzy systems with time-varying delay
is derived by the reciprocally convex approach to amplify the
convex combination of quadratic terms resulted from the inte-
gral terms of quadratic quantities. Then, based on the parallel
distributed compensation (PDC) scheme in [2], [6], and [33],
the state-feedback fuzzy controller for the derived fuzzy sys-
tems is designed, whose parameters can be easily obtained
by the linear matrix inequality (LMI) optimization technique.
Finally, three simulation examples are given to demonstrate
the effectiveness and advantages of the proposed approaches
in this paper. The main contributions of this paper, which prin-
cipally owing to the usage of the delay partitioning technique,
are summarized as follows.

1) To reduce the conservatism of the proposed sta-
bility analysis method, the entire delay interval is
divided into multiple segments and each delay compo-
nent is taken into account during the construction of
Lyapunov–Krasovskii functional, furthermore, the effec-
tiveness of this partitioning approach is shown via the
detailed example.

2) To further tackle the conservatism generated by time-
varying delay, the reciprocally convex technique is
employed to amplify the results of the integral terms
of quadratic quantities, instead of immediately ignoring
the negative integral terms of quadratic quantities.

3) Some free fuzzy weighting matrices are introduced
to deal with the derivation of Lyapunov–Krasovskii
functional, which relax the constraints of the stability
analysis effectively.

The rest of this paper are organized as follows. The system
model and some preliminaries are described in Section II. In
Section III, the problem of stability analysis and stabilization
for T–S fuzzy systems with time-varying delay is developed.
Section IV presents three examples to illustrate the effective-
ness and merits of the proposed approach. Our conclusions
are given in Section V.

A. Notation

The superscript “T” stands for matrix transposition; Rn indi-
cates the n dimensional Euclidean space; P > 0(≥ 0) means
that P is real symmetric and positive definite(semidefinite);
I and 0 represents the identity matrix and zero matrix with
compatible dimensions, respectively; sym(A) is defined as
A+AT; diag(. . . ) stands for a block-diagonal matrix; � denotes
the symmetric terms in a symmetric matrix; Matrices, if
their dimensions are not precisely stated, are assumed to be
compatible for algebraic operations.

II. PRELIMINARIES

In this paper, we consider a class of continuous-time non-
linear systems which can be represented by the following T–S
fuzzy time-varying delay model.

A. Plant Form

Rule i: IF θ1(t) is μi1 and θ2(t) is μi2 and · · · and θp(t) is
μip, THEN{

ẋ(t) = Aix(t) + Adix(t − d(t)) + Biu(t)
x(t) = ϕ(t), t ∈ [−d̄, 0

]
, i = 1, 2, . . . , r

where x(t) ∈ R
n is the state vector; u(t) ∈ R

q is the
control input vector; d(t) is a time-varying delay satisfying
0 ≤ d ≤ d(t) ≤ d̄ < ∞, ḋ(t) ≤ τ , where d, d̄, and τ are
real constant scalars. We partition the delay interval into m
fractions, [d, d̄] = ⋃m

i=1 [di−1, di], with d0 = d, dm = d̄.
Let ηi indicate the length of the subinterval, ηi = di − di−1
i = 1, . . . , m, with d−1 = 0. Ai, Adi, and Bi are system matri-
ces with compatible dimensions; θ1(t), θ2(t), . . . , θp(t) are the
premise variables; μi1, . . . , μip are the fuzzy sets; r is the
number of IF-THEN rules; ϕ(t) denotes the initial condition.

Given a pair of (x(t), u(t)), the final representation of the
above T–S fuzzy time-varying delay system is inferred as
follows:

ẋ(t) =
r∑

i=1

hi(θ(t))[Aix(t) + Adix(t − d(t)) + Biu(t)]

with

hi(θ(t)) = νi(θ(t))∑r
i=1 νi(θ(t))

, νi(θ(t)) =
p∏

j=1

μij
(
θj(t)

)

where μij(θj(t)) represents the grade of membership of θj(t)
in μij. Therefore, for all t, we can see νi(θ(t)) ≥ 0,
i = 1, 2, . . . , r,

∑r
i=1 hi(θ(t)) = 1. For notational simplicity,

define

A(t) �
r∑

i=1

hi(θ(t))Ai, Ad(t) �
r∑

i=1

hi(θ(t))Adi

B(t) �
r∑

i=1

hi(θ(t))Bi.

Assume that the premise variable of the fuzzy model θ(t)
is available for feedback, which implies that hi(θ(t)) is avail-
able for feedback control. Suppose that the controller’s premise
variables are the same as those in the plant. The PDC strategy
is utilized and the fuzzy state feedback controller obeys the
following rules.

B. Fuzzy Controller

Rule i: IF θ1(t) is μi1 and θ2(t) is μi2 and · · · and θp(t)
is μip, THEN

u(t) = Kix(t), i = 1, 2, . . . , r

where Ki is the gain matrix of the state-feedback controller.
The controller can be expressed as the following form:

u(t) =
r∑

i=1

hi(θ(t))Kix(t). (1)

The compact form of the controller is denoted as

u(t) = K(t)x(t) (2)
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where K(t) = ∑r
i=1 hi(θ(t))Ki.

Thus, with the controller as defined in (1), the closed-loop
system can be presented as

ẋ(t) =
r∑

i=1

r∑
j=1

hi(θ(t))hj(θ(t))[Aix(t) + Adix(t − d(t))

+ BiKjx(t)
]

(3)

or expressed in compact form

ẋ(t) = [A(t) + B(t)K(t)]x(t) + Ad(t)x(t − d(t)). (4)

To present the main results, we introduce the following lemma.
Lemma 1 [16]: Let f1, f2, . . . , fN : Rm → R have positive

values in an open subset D of R
m. Then, the reciprocally

convex combination of fi over D satisfies

min{βi|βi>0,
∑

i βi=1}
∑

i

1

βi
fi(t) =

∑
i

fi(t) + max
gi,j(t)

∑
i�=j

gi,j(t)

subject to{
gi,j : Rm → R, gj,i(t) = gi,j(t),

[
fi(t) gi,j(t)
gj,i(t) fj(t)

]
≥ 0

}
.

Remark 1: In the following derivation of the
Lyapunov–Krasovskii functional, the crucial issue is how to
deal with the amplification obtained from the negative integral
terms of quadratic quantities. Lemma 1 is evidently an effi-
cient method to handle this terms of the Lyapunov–Krasovskii
functional for the concerned delayed systems. This process-
ing scheme was used for the time-varying delay systems
in [3] and [16], which will be used in our later derivation.

Lemma 2 [20]: For any constant matrix M > 0, scalars
b > a > 0, vector function w : [a, b] → R

n, then

− (b − a)

∫ t−a

t−b
wT(s)Mw(s)ds

≤ −
(∫ t−a

t−b
w(s)ds

)T

M

(∫ t−a

t−b
w(s)ds

)

− b2 − a2

2

∫ −a

−b

∫ t

t+θ

wT(s)Mw(s)dsdθ

≤ −
(∫ −a

−b

∫ t

t+θ

w(s)dsdθ

)T

M

(∫ −a

−b

∫ t

t+θ

w(s)dsdθ

)
.

III. MAIN RESULTS

A. Stability Analysis

In order to describe our method clearly, in this section, we
partition the delay interval into two parts. By utilizing the
reciprocally convex approach to deal with the Lyapunov func-
tional, we establish a new stability criterion for T–S fuzzy
systems with time-varying delay.

Theorem 1: Suppose the controller gain matrices in (2) are
known in advance. Given scalars d0, d2, and τ , the delayed
fuzzy system (4) is asymptotically stable, if there exist matri-
ces SN > 0, RN > 0, QN > 0, N = 0, 1, 2, P > 0, Y > 0,
M(t), and Z1 and Z2 satisfying the following inequalities:

	(t) + 	1(t) < 0 (5)

	(t) + 	2(t) < 0 (6)

[
S1 Z1
� S1

]
≥ 0 (7)

[
S2 Z2
� S2

]
≥ 0 (8)

where

	(t) � d2
0WT

9 S0W9 − (W1 − W2)
TS0(W1 − W2)

+ η2
1WT

9 S1W9 + η2
2WT

9 S2W9 + d4
0

4
WT

9 R0W9

− (η0W1 − W6)
TR0(η0W1 − W6) + WT

1 Q0W1

+
(
d2

1 − d2
0

)2
4

WT
9 R1W9 +

(
d2

2 − d2
1

)2
4

WT
9 R2W9

− (η1W1 − W7)
TR1(η1W1 − W7) − WT

2 Q0W2

+ WT
1 YW1 + (τ − 1)WT

5 YW5 + sym
(
WT

1 PW9
)

− (η2W1 − W8)
TR2(η2W1 − W8) + sym(M(t)WA(t))

− WT
3 Q1W3 + WT

3 Q2W3 − WT
4 Q2W4 + WT

2 Q1W2

	1(t) � −(W5 − W2)
TS1(W5 − W2)

− (W5 − W3)
TZT

1 (W5 − W2)

− (W5 − W2)
TZ1(W5 − W3)

− (W5 − W3)
TS1(W5 − W3)

− (W3 − W4)
TS2(W3 − W4)

	2(t) � −(W5 − W3)
TS2(W5 − W3)

− (W5 − W4)
TZT

2 (W5 − W3)

− (W5 − W3)
TZ2(W5 − W4)

− (W5 − W4)
TS2(W5 − W4)

− (W2 − W3)
TS1(W2 − W3)

W1 � [In 0n,8n], W2 �
[
0n,n In 0n,7n

]
W3 �

[
0n,2n In 0n,6n

]
, W4 �

[
0n,3n In 0n,5n

]
W5 �

[
0n,4n In 0n,4n

]
, W6 �

[
0n,5n In 0n,3n

]
W7 �

[
0n,6n In 0n,2n

]
, W8 �

[
0n,7n In 0n,n

]
W9 �

[
0n,8n In

]
WA(t) � [A(t) + B(t)K(t) 0n,3n Ad(t) 0n,3n − In].

Proof: First, we construct the following
Lyapunov–Krasovskii functional:

V(t) �
5∑

i=1

Vi(t)

where

V1(t) � xT(t)Px(t)

V2(t) �
2∑

i=0

∫ t−di−1

t−di

xT(s)Qix(s)ds

V3(t) �
∫ t

t−d(t)
xT(s)Yx(s)ds + d0

∫ 0

−d0

∫ t

t+θ

ẋT(s)S0ẋ(s)dsdθ

V4(t) �
2∑

i=1

ηi

∫ −di−1

−di

∫ t

t+θ

ẋT(s)Siẋ(s)dsdθ

V5(t) �
2∑

i=0

d2
i − d2

i−1

2

∫ −di−1

−di

∫ 0

θ

∫ t

t+λ

ẋT(s)Riẋ(s)dsdλdθ.
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The time derivative of the Lyapunov–Krasovskii functional is
given by

V̇1(t) = xT(t)Pẋ(t) + ẋT(t)Px(t)

V̇2(t) =
2∑

i=0

{
xT(t − di−1)Qix(t − di−1)

− xT(t − di)Qix(t − di)
}

V̇3(t) = d2
0 ẋT(t)S0ẋ(t) − d0

∫ t

t−d0

ẋT(s)S0ẋ(s)ds + xT(t)Yx(t)

− (
1 − ḋ(t)

)
xT(t − d(t))Yx(t − d(t))

V̇4(t) =
2∑

i=1

{
η2

i ẋT(t)Siẋ(t) − ηi

∫ t−di−1

t−di

ẋT(s)Siẋ(s)ds

}

V̇5(t) = −
2∑

i=0

d2
i − d2

i−1

2

∫ −di−1

−di

∫ t

t+θ

ẋT(s)Riẋ(s)dsdθ

+
2∑

i=0

(d2
i − d2

i−1)
2

4
ẋT(t)Riẋ(t). (9)

According to Lemma 2, we get

V̇3(t) ≤ d2
0 ẋT(t)S0ẋ(t) − (x(t) − x(t − d0))

TS0(x(t)

− x(t − d0)) + xT(t)Yx(t)

− (1 − τ)xT(t − d(t))Yx(t − d(t))

V̇5(t) ≤
2∑

i=0

(
d2

i − d2
i−1

)2
4

ẋT(t)Riẋ(t)

−
2∑

i=0

(
ηix(t) −

∫ t−di−1

t−di

x(s)ds

)T

Ri

(
ηix(t) −

∫ t−di−1

t−di

x(s)ds

)
. (10)

For V̇4(t), if d0 < d(t) < d1, by Lemmas 1 and 2, it can be
shown that

V̇4(t) = η2
1 ẋT(t)S1ẋ(t) − η1

∫ t−d0

t−d(t)
ẋT(s)S1ẋ(s)ds

+ η2
2 ẋT(t)S2ẋ(t) − η1

∫ t−d(t)

t−d1

ẋT(s)S1ẋ(s)ds

− η2

∫ t−d1

t−d2

ẋT(s)S2ẋ(s)ds,

≤ η2
1 ẋT(t)S1ẋ(t) + η2

2 ẋT(t)S2ẋ(t)

− (x(t − d1) − x(t − d2))
TS2(x(t − d1) − x(t − d2))

− η1

d(t) − d0
(x(t − d(t)) − x(t − d0))

TS1(x(t − d(t))

− x(t − d0)) − η1

d1 − d(t)
(x(t − d(t))

− x(t − d1))
TS1(x(t − d(t)) − x(t − d1))

≤ η2
1 ẋT(t)S1ẋ(t) + η2

2 ẋT(t)S2ẋ(t)

− (x(t − d1) − x(t − d2))
TS2(x(t − d1) − x(t − d2))

−
[

x(t − d(t)) − x(t − d0)

x(t − d(t)) − x(t − d1)

]T[ S1 Z1
� S1

]
[

x(t − d(t)) − x(t − d0)

x(t − d(t)) − x(t − d1)

]
. (11)

When d(t) = d0 or d(t) = d1, (11) still holds due to x(t −
d(t)) − x(t − d0) = 0 or x(t − d(t)) − x(t − d1) = 0. On the
basis of the T–S fuzzy systems in (4), we have

� = 2ζT(t)M(t)[(A(t) + B(t)K(t))x(t) + Ad(t)x(t − d(t))

− ẋ(t)] = 0

where M(t) = ∑r
i=1 hi(θ(t))Mi.

Hence, considering (9)–(11), when ζ(t) �= 0, it is not
difficult to get

V̇(t) = V̇(t) + � ≤ ζ T(t)(	(t) + 	1(t))ζ (t) < 0

where

ζ (t) �
[

xT(t) xT(t − d0) xT(t − d1) xT(t − d2) xT(t − d(t))

∫ t

t−d0

xT(s)ds
∫ t−d0

t−d1

xT(s)ds
∫ t−d1

t−d2

xT(s)ds ẋT(t)

]T

.

For V̇4(t), if d1 < d(t) < d2, following the same method as
above, it is readily obtained that:

V̇4(t) = η2
1 ẋT(t)S1ẋ(t) − η1

∫ t−d0

t−d1

ẋT(s)S1ẋ(s)ds

+ η2
2 ẋT(t)S2ẋ(t) − η2

∫ t−d1

t−d(t)
ẋT(s)S2ẋ(s)ds

− η2

∫ t−d(t)

t−d2

ẋT(s)S2ẋ(s)ds

≤ η2
1 ẋT(t)S1ẋ(t) + η2

2 ẋT(t)S2ẋ(t)

− (x(t − d0) − x(t − d1))
TS1(x(t − d0) − x(t − d1))

−
[

x(t − d(t)) − x(t − d1)

x(t − d(t)) − x(t − d2)

]T[S2 Z2
� S2

]
[

x(t − d(t)) − x(t − d1)

x(t − d(t)) − x(t − d2)

]
. (12)

When d(t) = d1 or d(t) = d2, (12) still holds due to x(t −
d(t))−x(t−d1) = 0 or x(t−d(t))−x(t−d2) = 0. Similarly, if
d1 < d(t) < d2, considering (9), (10), and (12), when ζ(t) �= 0,
we obtain

V̇(t) = V̇(t) + � ≤ ζ T(t)(	(t) + 	2(t))ζ (t) < 0.

Thus, it is proven that the fuzzy system (4) is asymptotically
stable.

It is noted that Theorem 1 cannot be directly solved by
LMI for the stability analysis. Our next aim is to convert the
inequalities (5) and (6) to some finite LMIs, which can be
easily solved by the standard numerical software. Therefore,
we have the following theorem.

Theorem 2: Suppose the controller gain matrices Ki in (1)
are known in advance. Given scalars d0, d2, and τ , the delayed
fuzzy system (3) is asymptotically stable, if there exist matri-
ces SN > 0, RN > 0, QN > 0, N = 0, 1, 2, P > 0, Y > 0, Mi,
Z1, and Z2 satisfying (7) and (8) and the following inequalities
for i, j, k = 1, 2, . . . , r:

	iik + 	1iik < 0 (13)

	ijk + 	1ijk + 	jik + 	1jik < 0, 1 ≤ i < j ≤ r (14)

	iik + 	2iik < 0 (15)

	ijk + 	2ijk + 	jik + 	2jik < 0, 1 ≤ i < j ≤ r (16)
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where

	ijk � d2
0WT

9 S0W9 − (W1 − W2)
TS0(W1 − W2)

+ η2
1WT

9 S1W9 + η2
2WT

9 S2W9 + d4
0

4
WT

9 R0W9

− (η0W1 − W6)
TR0(η0W1 − W6)

+
(
d2

1 − d2
0

)2
4

WT
9 R1W9 − (η1W1 − W7)

TR1(η1W1 − W7)

+
(
d2

2 − d2
1

)2
4

WT
9 R2W9 + sym

(
WT

1 PW9
)

− (η2W1 − W8)
TR2(η2W1 − W8)

+ WT
1 YW1 + (τ − 1)WT

5 YW5 + WT
1 Q0W1 − WT

2 Q0W2

+ WT
2 Q1W2 − WT

3 Q1W3 + WT
3 Q2W3 − WT

4 Q2W4

+ sym(MiWAjk)

	1ijk � −(W5 − W2)
TS1(W5 − W2) − (W5 − W3)

TZT
1 (W5 − W2)

− (W5 − W2)
TZ1(W5 − W3) − (W5 − W3)

TS1(W5 − W3)

− (W3 − W4)
TS2(W3 − W4)

	2ijk � −(W5 − W3)
TS2(W5 − W3) − (W5 − W4)

TZT
2 (W5 − W3)

− (W5 − W3)
TZ2(W5 − W4) − (W5 − W4)

TS2(W5 − W4)

− (W2 − W3)
TS1(W2 − W3)

WAjk �
[
Aj + BjKk 0n,3n Adj 0n,3n − In

]
.

Proof: Based on the fuzzy basis functions, the inequali-
ties (5) and (6) can be rewritten as

r∑
i=1

hi(θ(t))
r∑

j=1

hj(θ(t))
r∑

k=1

hk(θ(t))
(
	ijk + 	1ijk

)
< 0, (17)

r∑
i=1

hi(θ(t))
r∑

j=1

hj(θ(t))
r∑

k=1

hk(θ(t))
(
	ijk + 	2ijk

)
< 0. (18)

Therefore, if the inequalities (13)–(16) are satisfied, obviously,
the aforementioned inequalities (17) and (18) hold. That is to
say, the T–S fuzzy time-delay system (3) is asymptotically
stable.

In order to further reduce the conservatism, we now
extend the result to the instance whose delay interval
is partitioned into arbitrarily m parts with the following
Lyapunov–Krasovskii functional:

V(t) �
5∑

i=1

Vi(t) (19)

where

V1(t) � xT(t)Px(t)

V2(t) �
m∑

i=0

∫ t−di−1

t−di

xT(s)Qix(s)ds

V3(t) �
∫ t

t−d(t)
xT(s)Yx(s)ds + d0

∫ 0

−d0

∫ t

t+θ

ẋT(s)S0ẋ(s)dsdθ

V4(t) �
m∑

i=1

ηi

∫ −di−1

−di

∫ t

t+θ

ẋT(s)Siẋ(s)dsdθ

V5(t) �
m∑

i=0

d2
i − d2

i−1

2

∫ −di−1

−di

∫ 0

θ

∫ t

t+λ

ẋT(s)Riẋ(s)dsdλdθ.

According to the aforementioned Lyapunov–Krasovskii func-
tional, we can easily obtain the following result whose
delay interval is partitioned arbitrarily m parts, which can be
proved by using similar arguments as those in the proof of
Theorems 1 and 2.

Theorem 3: Suppose the controller gain matrices Ki in (1)
are known in advance. Given scalars d0, dm, m ≥ 2, and τ ,
the delayed fuzzy system (3) is asymptotically stable, if there
exist matrices SN > 0, RN > 0, QN > 0, N = 0, 1, . . . , m, Zl,
l = 1, . . . , m, P > 0, Y > 0, and Mi satisfying the following
inequalities for i, j, k = 1, 2, . . . , r:

	iik + 	liik < 0 (20)

	ijk + 	lijk + 	jik + 	ljik < 0, 1 ≤ i < j ≤ r (21)[
Sl Zl

� Sl

]
≥ 0, l = 1, . . . , m (22)

where

	ijk �
m∑

N=0

(
d2

N − d2
N−1

)2
4

WT
2m+5RNW2m+5

−
m∑

N=0

(ηNW1 − Wm+4+N)TRN(ηNW1 − Wm+4+N)

+
m∑

N=0

(
WT

N+1QNWN+1 − WT
N+2QNWN+2

)+ WT
1 YW1

+
m∑

N=0

η2
NWT

2m+5SNW2m+5 + sym(WT
1 PW2m+5)

− (W1 − W2)
TS0(W1 − W2) + (τ − 1)WT

m+3YWm+3

+ sym
(
MiWAjk

)

	lijk � −
[

Wm+3 − Wl+1
Wm+3 − Wl+2

]T[Sl Zl

� Sl

][
Wm+3 − Wl+1
Wm+3 − Wl+2

]

−
m∑

h=1, h�=l

(Wh+1 − Wh+2)
TSh(Wh+1 − Wh+2)

WAjk �
[
Aj + BjKk 0n,(m+1)n Adj 0n,(m+1)n − In

]
Wt �

[
0n,(t−1)n In 0n,(2m+5−t)n

]
, t = 1, 2, . . . , 2m + 5.

Remark 2: The proposed stability conditions do not require
the limited upper bound for the delay derivative, which
are more general than the results with rigid constraints
τ < 1. Obviously, our approach is more suitable for real
systems.

Remark 3: In this paper, the algorithm complexity is
closely dependent on the number of delay partitions. When
the delay is partitioned into m subintervals, the decision
variable number is 4m + 5 + r. From the Examples 1–3,
as the partitioning getting thinner, the conservatism reduc-
tion of Theorem 3 is more obvious. However, the merit
achieved is at the sacrifice of increasing computational
complexities.

Remark 4: In Theorem 3, we applied the reciprocally con-
vex technique combining with the idea of delay partitioning
approach and a novel Lyapunov functional (19) to analyze the
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stability of the T–S fuzzy delayed system. The main attention
is focused on reduction of the conservativeness such that the
controller design synthesis problems have feasible solutions.
To show the effective of the proposed delay divisioning tech-
nique, first the sufficient condition is presented when the delay
interval is partitioned into two parts. Then, to reduce the con-
servatism, we extend this case to the general one, that is, we
will partition the delay interval into arbitrary m(m ≥ 2) parts.
In addition, Examples 1 and 2 have been provided to illus-
trate the effectiveness of this paper by comparing the result of
Theorem 3 with some existing ones.

B. State Feedback Fuzzy Control

The previous section presents a new delay-dependent stabil-
ity criterion for the fuzzy time-varying delay systems. In this
section, our attention is focus on the design of state-feedback
controller for the T–S fuzzy systems (3).

Theorem 4: Consider the delayed fuzzy systems in (3).
Given scalars λi1, λi2, . . . , λi(2m+5), d0, dm, m ≥ 2, and τ ,
a state-feedback controller in the form of (1) is existing to
ensure the closed-loop fuzzy system in (3) asymptotically
stable, if there exist matrices ŜN > 0, R̂N > 0, Q̂N > 0,
N = 0, 1, . . . , m, X, Ẑl, l = 1, 2, . . . , m, P̂ > 0, Ŷ > 0, and
Gi satisfying the following inequalities for i, j = 1, 2, . . . , r:

ii + lii < 0 (23)

ij + lij + ji + lji < 0, 1 ≤ i < j ≤ r (24)[
Ŝl Ẑl

� Ŝl

]
≥ 0, l = 1, . . . , m (25)

where

ij �
m∑

N=0

(
d2

N − d2
N−1

)2
4

WT
2m+5R̂NW2m+5

−
m∑

N=0

(ηNW1 − Wm+4+N)TR̂N(ηNW1 − Wm+4+N)

+
m∑

N=0

η2
NWT

2m+5ŜNW2m+5

+
m∑

N=0

(
WT

N+1Q̂NWN+1 − WT
N+2Q̂NWN+2

)

+ WT
1 ŶW1 + sym

(
WT

1 P̂W2m+5

)

− (W1 − W2)
TŜ0(W1 − W2) + (τ − 1)WT

m+3ŶWm+3

+ sym
(

M̂iŴAij

)

lij � −
[

Wm+3 − Wl+1
Wm+3 − Wl+2

]T[ Ŝl Ẑl

� Ŝl

][
Wm+3 − Wl+1
Wm+3 − Wl+2

]

−
m∑

h=1, h�=l

(Wh+1 − Wh+2)
TŜh(Wh+1 − Wh+2)

ŴAij �
[
AiX + BiGj 0n,(m+1)n AdiX 0n,(m+1)n − X

]
M̂i �

[
λi1In λi2In . . . λi(2m+5)In

]T
.

If the aforementioned conditions are feasible, the feedback
gain matrices of the fuzzy systems can be constructed by

Ki = GiX
−1, i = 1, 2, . . . , r. (26)

Proof: For brevity, define Z = X−T, and introduce the
following matrix:

E � diag{Z, Z, . . . , Z︸ ︷︷ ︸
2m+5

}.

Pre- and post-multiplying (23) and (24) by E and ET,
respectively, yields

E(ii + lii)E
T < 0

E
(
ij + lij

)
ET + E

(
ji + lji

)
ET < 0, 1 ≤ i < j ≤ r

where

EijE
T

=
m∑

N=0

(
d2

N − d2
N−1

)2
4

WT
2m+5ZR̂NZTW2m+5

+
m∑

N=0

η2
NWT

2m+5ZŜNZTW2m+5 + WT
1 ZŶZTW1

−
m∑

N=0

(ηNW1 − Wm+4+N)TZR̂NZT(ηNW1 − Wm+4+N)

+
m∑

N=0

(
WT

N+1ZQ̂NZTWN+1 − WT
N+2ZQ̂NZTWN+2

)

+ sym
(

WT
1 ZP̂ZTW2m+5

)
− (W1 − W2)

TZŜ0ZT(W1 − W2)

+ (τ − 1)WT
m+3ZŶZTWm+3 + sym

(
EM̂iŴAijE

T
)

ElijE
T

= −
[

Wm+3 − Wl+1
Wm+3 − Wl+2

]T[ZŜlZT ZẐlZT

� ZŜlZT

][
Wm+3 − Wl+1
Wm+3 − Wl+2

]

−
m∑

h=1, h�=l

(Wh+1 − Wh+2)
TZŜhZT(Wh+1 − Wh+2).

Here, we define

SN � ZŜNZT, RN � ZR̂NZT, QN � ZQ̂NZT

Y � ZŶZT, P � ZP̂ZT, Zl � ZẐlZ
T

Mi � EM̂i.

Thus, we have

EM̂iŴAijE
T

= [
λi1ZT λi2ZT . . . λi(2m+5)Z

T]T
× [

AiX + BiGj 0n,(m+1)n AdiX 0n,(m+1)n − X
]
ET

= Mi
[
Aj + BjKk 0n,(m+1)n Adj 0n,(m+1)n − In

]
,

i, j, k = 1, 2, . . . , r.

Therefore, we can see that the results obtained by pre- and
post-multiplying (23) and (24) are equivalent to the inequali-
ties (20) and (21). Similarly, pre- and post-multiplying (25) by
diag{Z, Z} and diag{ZT, ZT}, we can derive the inequality (22).
Thus, according to the results of Theorem 3, the T–S fuzzy
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TABLE I
MAXIMUM ALLOWABLE UPPER BOUND FOR

DIFFERENT LOWER BOUND d0

delayed system with the above controller is asymptotically
stable, and the proof is completed.

IV. ILLUSTRATIVE EXAMPLES

In this section, we will present three examples to demon-
strate the effectiveness and superiority of the proposed tech-
niques in this paper. The first and second ones are used to
illustrate our stability criterion is less conservative than the
results developed in the literatures detailedly. The third one is
provided to indicate applicability of our proposed method.

Example 1: Consider the continuous-time T–S fuzzy
delayed system in (3) with two fuzzy rules, and the system
matrices are given as follows:

A1 =
[−2 0

0 − 0.9

]
, A2 =

[−1.5 1
0 − 0.75

]

Ad1 =
[−1 0

−1 − 1

]
, Ad2 =

[−1 0
1 − 0.85

]
.

Here, we set the system matrices Bi = 0.
The purpose here is to seek for the maximum allowable

upper bound of time-varying delay under the given lower
delay bound as well as the above fuzzy system is asymptoti-
cally stable. Table I shows the detailed comparison concerning
achieved the upper delay bounds for different d0 between the
proposed Theorem 3 and [14], [19], and [26].

In order to show the merits of our proposed method, we
plot the obtained upper bound of the time-varying delay for
respective lower delay bounds, from which we can readily
acquire the more detailed compared results.

Fig. 1 lucidly shows that our stability criterion can achieve
the largest upper bound of the time-varying delay contrast
with the existing results [14], [19], [26]. Meanwhile, we can
conclude from Fig. 1 that the conservatism is reduced obvi-
ously with the delay interval partitioning fractions increasing.
However, it should be noted that, although conservatism is
reduced as the fraction becomes thinner, there is no evident
improvement when the lower bound d0 gets close to 0.6 or
bigger.

Example 2: Consider the continuous-time T–S fuzzy sys-
tem with the time-varying delay in (3) with two fuzzy rules,
and the parameters of the system are given by

A1 =
[−2 0

0 − 0.9

]
, A2 =

[−1 0.5
0 − 1

]

Ad1 =
[−1 0

−1 − 1

]
, Ad2 =

[−1 0
0.1 − 1

]
.

Fig. 1. Upper delay bound corresponding to the varying lower delay bound.

TABLE II
MAXIMUM ALLOWABLE UPPER BOUND

Fig. 2. Inverted pendulum on a cart with a delayed resonator.

Let us set Bi = 0 and consider the fuzzy system with a
constant time delay, that is, the derivative of the time delay is
set to be zero, i.e., ḋ(t) = 0. Table II shows the results of the
maximum allowable delay bound generated by related refer-
ences [17], [27], [30] and our method. It is seen from Table II
our method succeeds in achieving the biggest allowable upper
delay bound with respect to other references. Compared with
the methods in [17], [27], and [30], our method requires
the fewer free variables and performs well. Furthermore, the
number of unknown variables used in the computation is the
denotation of the computation burden.

Example 3: In this example, we consider the inverted pen-
dulum system investigated in [13]. The schematic diagram of
this pendulum system is denoted in Fig. 2. To design a fuzzy
controller, we need establish a T–S fuzzy model for the cor-
responding nonlinear system. Consequently, in the first place,
we will construct the T–S fuzzy model of the pendulum sys-
tem by some approximation techniques, and then stabilize the
inverted pendulum system by utilizing our designed controller.
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TABLE III
COMPARISON OF UPPER BOUNDS AND CONTROLLER FEEDBACK GAINS FOR DIFFERENT CASES

The parameters of the pendulum system are presented as
follows.

M Mass of the cart, 1.378 kg.
m Mass of the pendulum, 0.051 kg.
l Length of the pendulum, 0.325 m.
gr Coefficient of the delayed resonator, 0.7 kg/s.
g Acceleration due to gravity, 9.8 m/s2.
cr Coefficient of the damper, 5.98 kg/s.
θ(t) Angle the pendulum makes with the top vertical.
y(t) Displacement of the cart.
d(t) Time-varying delay.
u(t) Force applied to the cart.

For notation simplicity, the notation “(t)” in some places will
be omitted. We assume that the pendulum can be modeled as
a thin rod. By Newton’s law, we arrive at the equations of
motion for the system

M
d2y

dt2
+ m

d2

dt2
(y + l sin θ) = u − Fr

m
d2

dt2
( y + l sin θ)l cos θ = mgl sin θ

where Fr(t) = grẏ(t − d(t)) + crẏ(t) indicates the force of
the damper and delayed resonator. According to the above
equations, and the choice of the state variables x1 = y, x2 = θ ,
x3 = ẏ, and x4 = θ̇ , the achieved system state-space equations
are as follows:

ẋ1 = x3

ẋ2 = x4

ẋ3 = −mg sin x2

M cos x2
− crx3 + grx3(t − d(t)) − u

M

ẋ4 = (M + m)g sin x2

Ml cos2 x2
+ x2

4 sin x2

cos x2

+ crx3 + grx3(t − d(t)) − u

Ml cos x2
.

In order to receive our fuzzy controller, we will construct the
following T–S fuzzy model which represents the aforemen-
tioned inverted pendulum system.

A. Plant Form

Rule 1: IF x2 is about 0 rad, THEN ẋ(t) = A1x(t)+Ad1x(t−
d(t)) + B1u(t).

Rule 2: IF x2 is near γ (0 < |γ | < 1.57 rad), THEN
ẋ(t) = A2x(t) + Ad2x(t − d(t)) + B2u(t)

A1 =

⎡
⎢⎢⎢⎢⎣

0 0 1 0
0 0 0 1

0 − mg

M
− cr

M
0

0
(M + m)g

Ml

cr

Ml
0

⎤
⎥⎥⎥⎥⎦

Ad1 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0

0 0 − gr

M
0

0 0
gr

Ml
0

⎤
⎥⎥⎥⎥⎦, B1 =

⎡
⎢⎢⎢⎢⎢⎣

0
0
1

M

− 1

Ml

⎤
⎥⎥⎥⎥⎥⎦

A2 =

⎡
⎢⎢⎢⎢⎢⎣

0 0 1 0
0 0 0 1

0 − mgβ

Mα
− cr

M
0

0
(M + m)gβ

Mlα2

cr

Mlα
0

⎤
⎥⎥⎥⎥⎥⎦

Ad2 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0

0 0 − gr

M
0

0 0
gr

Mlα
0

⎤
⎥⎥⎥⎥⎦, B2 =

⎡
⎢⎢⎢⎢⎢⎣

0
0
1

M

− 1

Mlα

⎤
⎥⎥⎥⎥⎥⎦

where x(t) = [xT
1 (t) xT

2 (t) xT
3 (t) xT

4 (t)]T, set |γ | = 0.52 rad,
α = cos γ , and β = (sin γ )/γ . The fuzzy basis functions
h1(x2(t)) and h2(x2(t)) are chosen as triangular ones, the
expression are

h1(x2(t)) = 1 − |x2(t)|
|γ | , h2(x2(t)) = |x2(t)|

|γ | .

First, we make a comparison concerning the upper bounds
obtained from the inverted pendulum system under the dif-
ferent lower bound d0. According to Table III which lists
the upper bounds and the fuzzy controller gains, it can be
concluded that the allowable upper bound of the controller
constructed successfully by using Theorem 4 is enhanced
along with the number of partitioned segments m raising. That
is, the conservatism of our approach is decreased when the
number of fractioning is increased. Meanwhile, the unknown
variables increase. Therefore, there is a tradeoff between the
conservatism reduction and the computation complexity.

To further illustrate the effectiveness of our proposed
method, we set the partitioning fractions m = 2, d0 = 0.1,
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Fig. 3. States of the original system without control.

Fig. 4. States of the controlled fuzzy system.

and τ = 0.3, and the initial condition is assumed to be
x(t) = [0 0.4 0 0]T. The dynamic behavior of the original
system is presented in Fig. 3, from which we learn that original
inverted pendulum system is unstable. By applying Theorem 4,
we stabilize the fuzzy system with the allowable upper bound
of time-varying delay d̄ = 1.3894. Letting d̄ = 1.2, we find
the following solutions satisfying the conditions of Theorem 4:

G1 = [−0.0265 0.0132 − 0.0291 0.0370
]

G2 = [−0.0272 0.0189 − 0.0301 0.0093
]

X =

⎡
⎢⎢⎣

0.0664 − 0.0011 0.0008 − 0.0011
0.0000 0.0017 − 0.0035 − 0.0040

−0.0053 0.0018 0.0084 − 0.0108
0.0014 − 0.0109 0.0020 0.0498

⎤
⎥⎥⎦

K1 = [
0.0983 30.0079 7.7666 4.8405

]
K2 = [

0.0851 29.4028 7.5489 4.1888
]
.

According to the results received as above, the fuzzy controller
constructed in (1) is given by

u(t) = h1(x2(t))
[

0.0983 30.0079 7.7666 4.8405
]
x(t)

+ h2(x2(t))
[

0.0851 29.4028 7.5489 4.1888
]
x(t).

Combined with the above controller, the obtained fuzzy state-
feedback system makes the closed-loop states converge to
zero, as is shown in Fig. 4.

V. CONCLUSION

In this paper, the problem of stability and stabilization
for continuous-time T–S fuzzy systems with the time-varying
delay has been investigated. Based on the delay partitioning
method and the reciprocally convex approach, a new sufficient
condition which reduces conservatism remarkably compared
with quite a few existed results, has been developed. Then, the
desired PDC controller is designed to stabilize the closed-loop
fuzzy delayed systems. Finally, three illustrative examples are
proposed to demonstrate the effectiveness and advantages of
the results presented in this paper. The above results developed
could be further extended to reduced-order fuzzy systems with
the time-varying delay in our future work.
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