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Robust Adaptive Wideband Beamforming Based on
Time Frequency Distribution
Yaqi Liu , Chengcheng Liu, Dexiu Hu , and Yongjun Zhao

Abstract—Many robust adaptive wideband beamforming algo-
rithms have been carried out to preserve the signal of interest,
but their performance can be still degraded by the mismatches
of steering vector and covariance matrix. Therefore, in this paper,
a novel robust adaptive wideband beamformer based on the time-
frequency distribution is proposed, which can achieve high output
signal-to-interference-plus-noise ratio close to the optimal one even
with perturbed array manifold and limited snapshots. It transforms
the received signal into the time-frequency domain, and gives a
method to select the single-source points of wideband signals. With
the single-source points, it reconstructs the interference-plus-noise
covariance matrix and estimates the steering vector without using
the imprecise prior information about the array manifold, guar-
anteeing high estimation accuracy. Simulation results demonstrate
that the proposed method outperforms other adaptive wideband
beamformers, and achieves excellent output performance over a
broad range of direction and sensor position errors even with small
number of snapshots.

Index Terms—Covariance matrix reconstruction, steering vector
estimation, time-frequency distribution, wideband robust adaptive
beamforming.

I. INTRODUCTION

ADAPTIVE wideband beamforming has been widely used
for enhancing the signal of interest (SOI) and suppressing

interferences in many applications ranging from wireless com-
munications to radar and sonar [1]. Most of traditional beam-
forming techniques can work effectively and achieve satisfactory
output signal-to-interference-plus-noise ratio (SINR) with the
accurate covariance matrix and steering vector (SV) of SOI
[2], [3]. However, in practice, there always exist mismatches
between the nominal SV and the actual one due to the direction of
arrival (DOA) error, sensor position error, local scattering effect,
etc [4]–[7]. The performance of beamformer can be degraded
severely by these mismatches especially the DOA error and
sensor position error. This is because the accuracy of SV depends
strongly on the propagation delays, and the propagation delays

Manuscript received September 3, 2018; revised February 17, 2019 and June
16, 2019; accepted July 5, 2019. Date of publication July 24, 2019; date of
current version August 1, 2019. The associate editor coordinating the review
of this manuscript and approving it for publication was Prof. Yimin D. Zhang.
This work was supported by the National Natural Science Foundation of China
under Grant 61401469. (Corresponding author: Dexiu Hu.)

Y. Liu is with the Beijing Remote Sensing Institute, Beijing 100086, China
(e-mail: yuyang911026@126.com).

C. Liu, D. Hu, and Y. Zhao are with the National Digital Switching System
Engineering and Technological Research Center, Zhengzhou 450086, China
(e-mail: luchylcc079@126.com; paper_hdx@126.com; zhaoyjzhaozeya@126.
com).

Digital Object Identifier 10.1109/TSP.2019.2929924

are determined by the DOA and sensor position. Besides, for the
limited snapshots, the mismatch between the ideal covariance
matrix and the sample covariance matrix (SCM) can also result
in dramatic performance degradation.

To alleviate the effect of mismatches, many robust adap-
tive wideband beamforming techniques have been proposed,
which cover the diagonal loading (DL) algorithm [8], norm-
constrained algorithm [9], derivative constraint algorithm [10],
[11], worst-case performance-optimization (WC-PO) algorithm
[12], [13], etc. The DL algorithm achieves robustness by adding
a scaled identity matrix to SCM. However, there is no explicit
guideline to choose the optimal DL factor in different scenar-
ios. The norm-constrained algorithm, which applies general-
ized sidelobe canceller (GSC) structure, preserves the SOI by
constraining the norm of adaptive filter vector at each update.
Similar to DL algorithm, the constrained norm value varying
with the environment is difficult to determine. The deriva-
tive constraint algorithm, which forms a wider main beam by
additional derivative constraints, can alleviate the attenuation to
the SOI caused by DOA error, whereas it has poor robustness
against sensor position error. Besides, the robust algorithms
above share a common drawback that the output SINR devi-
ates from the optimal one gradually with the increase of input
signal-to-noise ratio (SNR), and even a very small mismatch
can result in severe performance degradation in the case of high
input SNR. This is because the SOI component is contaminated
in the SCM, then the mismatches of SV and SCM will make the
beamformer erroneously treat the SOI as an interference to be
suppressed, and higher SNR leads to stronger suppression. In
WC-PO algorithm, the SOI self-nulling is avoided by imposing
constraints that the absolute value of the array response is not
smaller than one for all SVs belonging to an uncertainty set of
SVs, and the WC-PO method can be further combined with the
response variation (RV) element to achieve better performance.
Nevertheless, in practice, the uncertainty set is unknown. If the
predefined uncertainty set is not large enough, the actual SV
cannot be involved and thus the robustness will not be achieved.
Conversely, if the predefined uncertainty set is too large, the
ability of suppressing interferences and noise will be reduced,
also leading to the degradation of output SINR.

Recently, some new robust narrowband beamforming algo-
rithms based on the interference-plus-noise covariance matrix
(IPNCM) reconstruction were proposed and achieved excellent
performance [14], [15]. They reconstruct the IPNCM by inte-
grating the Capon spectrum over an angular sector separated
from the DOA of SOI. Thus, the SOI is removed from the
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Fig. 1. A general wideband beamforming structure.

SCM and will not be suppressed even in the case of SCM and
SV errors. However, most of these algorithms are only robust
against DOA error. Although some modified methods have been
proposed, the improvement of performance is limited [16], [17].
The IPNCM reconstruction technique can be easily extended to
wideband case by integrating the Capon spectrum over both
angular sector and frequency sector. Unfortunately, it cannot
work effectively with sensor position error. Hence we propose a
novel IPNCM reconstruction method based on time-frequency
distribution (TFD), which can obtain accurate IPNCM with
limited snapshots and estimate the SV of SOI precisely in the
presence of DOA error and sensor position error. It can always
achieve high output SINR close to the optimal one.

The remainder of this paper is organized as follows. In Section
II, we formulate the problem of interest by introducing wideband
array signal model and conventional wideband beamformer
briefly. Then we present our proposed algorithm based on TFD
in Section III, and discuss some points relative to the proposed
algorithm in Section IV. In Section V, the performance of
the proposed algorithm is examined by the simulation results.
Conclusions are drawn in Section VI.

II. PROBLEM BACKGROUND

A. Signal Model

A general wideband beamforming structure based on tapped
delay-lines (TDLs) is shown in Fig. 1, where J denotes the
number of taps associated with each of the M sensors. Suppose
that K wideband signals sk(t) (k = 0, 1, . . . ,K − 1) impinge
on the linear array. s0(t) is the SOI, and the remaining K − 1
signals are interferences. Then the far-field signal model can be
written as

xm,j (t) =

K−1∑

k=0

sk (t− τk,m − jTs) + nm,j (t)

m = 0, 1, . . . ,M − 1, j = 0, 1, . . . , J − 1 (1)

where xm,j(t) is received signal of the mth sensor at the jth tap,
and τk,m = dmsin(θk)/c is the propagation delay of sk from
sensor m to sensor 0 (the reference sensor) with θk, c and dm
denoting the DOA of sk(t), speed of propagation, and position of
sensor m, respectively. Ts is the sampling period in the attached
TDLs. nm,j(t) is the additive noise, which is assumed to be
spatially and temporally white Gaussian.

Equation (1) can be rewritten in vector form as

x (t) =

K−1∑

k=0

xk (t) + n (t) (2)

where x(t) = [x0,0 (t), . . . , xM−1,0 (t), . . . , x0,J−1 (t), . . . ,
xM−1,J−1(t)]

T is the received signal vector with the superscript
(·)T denoting the transpose operator. xk(t) = [sk(t− τk,0),
. . . , sk(t− τk,M−1), . . . , sk(t− τk,0 − (J−1)Ts), . . . , sk(t−
τk,M−1 − (J − 1)Ts)]

T is the received signal vector of sk(t),
and n(t) is the additive noise vector.

The covariance matrix is defined as

Rx = E
[
x (t)xH (t)

]
(3)

where (·)H denotes the Hermitian transpose operator. Similarly,
the covariance matrix of xk(t) is

Rxk
= E

[
xk (t)x

H
k (t)

]
(4)

Then the IPNCM is defined as

Ri+n =
K−1∑

k=1

Rxk
+ δ2I (5)

where δ2 represents the noise power, and I denotes the identity
matrix.

B. Conventional Wideband Beamforming Algorithm

Based on the structure in Fig. 1, many adaptive beamforming
algorithms have been proposed. The most well-known one is the
linearly constrained minimum variance (LCMV) beamformer
[3], which is formulated as

min
w

wHRxw subject to CHw = h (6)

where (·)H denotes the Hermitian transpose operator. C and h
represent the constraint matrix and the response vector, respec-
tively, which are set as

C = [a0 (f1) ,a0 (f2) , . . . ,a0 (fP )]MJ×P (7)

h =
[
ej2πf1/2, ej2πf2/2, · · · ej2πfP /2

]T
P×1

(8)

in which fp ∈ [fl, fh](p = 1, 2, . . . , P ) with fl and fh denoting
the low and high bound of the desired frequency band, and P is
the number of the selected frequencies. For a given frequency
fp, the MJ × 1 SV a0(fp) of SOI is written as

a0(fp)=
[
e−j2πfpτ0,0 , . . . , e−j2πfpτ0,M−1 , . . . ,

e−j2πfp(τ0,0+(J−1)Ts), . . . , e−j2πfp(τ0,M−1+(J−1)Ts)
]T

(9)

The beamformer weight vector w can be easily obtained by
solving (6) as

wopt = R−1
x C

(
CHR−1

x C
)−1

h (10)

Observing (10), to obtain optimal wopt, we need get accurate
Rx and C (herein h is already precisely known since it only
depends on frequency). For Rx, it is usually replaced by the
SCM R̂x =

∑N−1
n=0x(n)x

H(n)/N with N snapshots. When
N → ∞, R̂x converges to the theoretical covariance matrixRx.
However, in the case of small size N, there will be a large bias
between R̂x and Rx. For C, it is mainly determined by the
propagation delays τ0,0, τ0,1, . . . , τ0,M−1 of the SOI, and τ0,0,
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Fig. 2. TFDs of a received signal involving two source signals s1 and s2.

τ0,1, . . . , τ0,M−1 are determined by the DOA θ0 and sensor
positions d0, d1, . . . , dM−1. In the presence of DOA error or
sensor position error, the nominal C will have a bias compared
with the actual one. The biases of Rx and C can dramatically
deteriorate the performance, especially when the input SNR is
high.

III. PROPOSED ALGORITHM

To avoid the undesired suppression, we propose a new adap-
tive beamforming algorithm based on TFD in this section. It
modifies the beamformer from two aspects. Firstly, it can esti-
mate the propagation delays more accurately even with DOA
error and sensor position error. Secondly, it removes the SOI
from the covariance matrix by reconstructing the IPNCM, which
can preserve the SOI effectively.

A. Propagation Delays Estimation Based on TFDs

Generally, TFD can be classified as linear or quadratic TFD
depending on whether it satisfies the linear superposition prin-
ciple. Compared with quadratic TFD, the linear TFD is simple
to implement with lower computational complexity and the
cross-term can be avoided. The short-time Fourier transform
(STFT) is the most widely used linear TFD. Hence STFT is
chosen in this paper. Note that the proposed algorithm is also
suitable for other linear TFD. Besides, it can be further applied
to quadratic TFD only by a small change.

For a signal z(t), its STFT is defined as [22]

Z (t, f) =

∫ +∞

−∞
z (τ) g (τ − t) e−j2πfτdτ (11)

where g(t) is a window function, and it is selected as Hamming
window in this paper. Using (11), we can transform z(t) into the
TF domain. In the TF domain, a single-source point is defined
as a TF point at which only one source signal contributes to
the energy, while an overlapping point is a TF point at which
there is an energy contribution of more than one source signals.
Fig. 2 shows the TFDs of a received signal involving two source
signals s1 and s2. Ω1 and Ω2 represent the sets of single-source
points of s1 and s2, respectively, and Ψ represents the set of
overlapping points.

Under assumed noise-free environment, taking STFT of (1)
yields

Xm,j (t, f) =

K−1∑

k=0

Sk (t, f) e
−j2πf(τk,m+(j−1)Ts)

m = 0, 1, . . . ,M − 1, j = 0, 1, . . . , J − 1 (12)

where Xm,j(t, f) and Sk(t, f) denote the TFDs of xm,j(t) and
sk(t), respectively.

Stacking (12) for the first M elements of x(t) (i.e. x̃(t) =
[x0,0(t), x1,0(t), . . . , xM−1,0(t)]

T ) yields

X̃ (t, f) =

K−1∑

k=0

ãk (f)Sk (t, f) (13)

where X̃(t, f) = [X0,0(t, f), X1,0(t, f), . . . , XM−1,0(t, f)]
T

and ãk(f) = [e−j2πfτk,0 , . . . , e−j2πfτk,M−1 ]T are both M × 1
vectors, and ãk(f) denotes the SV of sk(t) at frequency f . In
this paper, we call ãk(f) as no-tap SV.

At a single-source point (ta, fa) of the SOI s0(t), (13) can be
simplified to

X̃ (ta, fa) = ã0 (fa)S0 (ta, fa) (ta, fa) ∈ Ω0 (14)

in which Ω0 denotes the set of single-source points correspond-
ing to s0(t). Then we can calculate ã0(fa) by

ã0 (fa) =
X̃ (ta, fa)

S0 (ta, fa)
(15)

Since sensor 0 is the reference sensor, we have τ0,0 = 0,
ã0(fa, 1) = 1, and X̃(ta, fa, 1) = S0(ta, fa), where ã0(fa, 1)
and X(ta, fa, 1) denote the first element of ã0(fa) and
X(ta, fa), respectively. Hence (15) is rewritten as

ã0 (fa) =
X̃ (ta, fa)

X̃ (ta, fa, 1)
(16)

Finally, the delay vector τ 0(ta, fa) = [0, τ0,1, . . . , τ0,M−1]
T

can be obtained by

τ 0 (ta, fa) =
unwrap (angle (ã0 (fa)))

−2πfa
(17)

where unwrap(·) is used to correct the radian phase angles in the
vector by adding multiples of±2πwhen absolute jumps between
consecutive elements of the vector are greater than or equal to the
default jump tolerance of π radians, and angle(ã0(fa)) returns
the phase angles for each element of ã0(fa).

For two different single-source points (ta1, fa1) and (ta2, fa2)
of s0(t), the delay vectors satisfy

τ 0 (ta1, fa1) = τ 0 (ta2, fa2) = [0, τ0,1, . . . , τ0,M−1]
T

∀ (ta1, fa1) , (ta2, fa2) ∈ Ω0 (18)

Equations (16) and (17) indicate that the propagation delays
can be estimated using a single-source point. However, under
noise environment in practice, the estimated delay vector may
have some biases. Equation (18) suggests that a more accurate
estimation can be obtained by averaging the delay vectors at
different single-source points belonging to Ω0. Similarly, we
can also estimate the propagation delays of interferences by the
same way. Besides, we can find that the propagation delays
are calculated without using any prior information of array
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manifold, which guarantees high estimation accuracy even in
the presence of DOA error and sensor position error.

Now a necessary task is to select the single-source points of
the SOI and interferences, which can be realized by the following
procedures.

1) SOI and Interferences Separation: Transform x̃(t) into
the TF domain using (13). For each TF point (t, f), calculate
ã(f) using (16). Then the TF point of the SOI satisfies

∥∥āH
0 (f) ã (f)

∥∥
‖ā0 (f)‖ ‖ã (f)‖ ≥ ε1 (19)

where ā0(f)=[1, e−j2πf sin(θ̄0)d̄1/c, . . . , e−j2πf sin(θ̄0)d̄M−1/c]T

is the pre-assumed SV of the SOI calculated with the perturbed
DOA θ̄0 and sensor positions d̄1, d̄2, . . . , d̄M−1. ε1 is a threshold
(typically, 0.5 < ε1 < 1), and ||·|| denotes the Euclidean norm.
Based on (19), we can obtain the TF points set associated with
the SOI and denote it as Ωd. The remaining TF points are
corresponding to interferences and noise and denoted as Ωi+n.

2) Noise Thresholding: Ωd mainly consists of the single-
source points of the SOI. However, it may also involve some
noise points and overlapping points. For the noise points, we
can remove them as following: at each time-slice (tp, f) of the
TFDs, apply (20) for all the frequency fq points belonging to
this time-slice

if

∥∥∥X̃ (tp, fq)
∥∥∥

max
(tp,f)∈Ωd

∥∥∥X̃ (tp, f)
∥∥∥
≤ ε2, remove (tp, fq) (20)

where ε2 is a small threshold (typically, 0 < ε2 < 0.1), and
max(tp,f)∈Ωd

||X̃(tp, f)|| represents the maximum matrix norm
at the time-slice (tp, f).

3) TF Points Clustering: For the overlapping points, we can
remove them by TF points clustering: calculate τ (t, f) using
(16) and (17) for the remaining points in Ωd. Based on (18),
(t1, f1) and (t2, f2) belong to the same signal, if they satisfy

‖τ (t1, f1)− τ (t2, f2)‖
0.5 (‖τ (t1, f1)‖+ ‖τ (t2, f2)‖) ≤ ε3 (21)

where ε3 is a small threshold (typically, 0 < ε3 < 0.5, we will
discuss ε1, ε2, and ε3 further in Section IV). Using (21), we
cluster the points in Ωd into P (P ≥ 1) classes. Since the single-
source points are always much more than the overlapping points,
the largest class Ω0 is corresponding to the set of single-source
points.

Similarly, we can remove the noise points in Ωi+n through
noise thresholding procedure (20), and cluster the remaining
points into Q(Q ≥ K − 1) classes based on (21). The K − 1
largest classes Ωk (k = 1, 2, . . . ,K − 1) are corresponding to
the sets of single-source points for K − 1 interferences.

Up to now, we have obtained the single-source points of the
SOI and interferences. The final delay vectors are estimated as
the centroid vectors of these classes, i.e.,

τ̂ k =
1

Dk

∑

(t,f)∈Ωk

τ (t, f), k = 0, 1, . . . ,K − 1 (22)

where Dk is the number of points in Ωk. With τ̂ 0, the constraint
matrix Ĉ can be easily obtained by (7) and (9).

B. IPNCM Reconstruction for Wideband Signal

Observing (5), to reconstruct the IPNCM, we need obtain the
covariance matrix Rxk

(k = 1, 2, . . . ,K − 1) associated with
the wideband interference sk(t). For sk(t), it can be regarded as
multiple narrowband signals

sk (t) =
∑

fi∈[fl,fh]
sk,fi (t) (23)

where sk,fi(t) represents the narrowband component of sk(t) at
fi. Then the received signal vector of sk(t) can be rewritten as

xk (t) =
∑

fi∈[fl,fh]
ak (fi) sk,fi (t) (24)

in which ak(fi) is the SV of sk(t) at fi and can be written as

ak (fi) = g(fi)⊗ ãk (fi) (25)

where ⊗ denotes the Kronecker product, ãk(fi) is the no-tap
SV at fi, g(fi) is a J × 1 vector defined as

g(fi) =
[
1, e−j2πfiTs , . . . , e−j2πfiTs(J−1)

]T
J×1

(26)

which depends on the frequency and can be easily obtained.
Substituting (24) into (4) yields

Rxk
=

∑

fi∈[fl,fh]

∑

fj∈[fl,fh]
ak (fi)a

H
k (fj)E

[
sk,fi (t) s

∗
k,fj

(t)
]

(27)
SinceE[sk,fi(t)s

∗
k,fj

(t)] = 0(i �= j), (27) can be rewritten as

Rxk
=

∑

fi∈[fl,fh]
ak (fi)a

H
k (fi)E

[
sk,fi (t) s

∗
k,fi

(t)
]

=
∑

fi∈[fl,fh]
ak (fi)a

H
k (fi) δ

2
k,i

=
∑

fi∈[fl,fh]
Rxk,i (28)

where δ2k,i = E[sk,fi(t)s
∗
k,fi

(t)] is the power of sk,fi(t), and
Rxk,i = ak(fi)a

H
k (fi)δ

2
k,i is the covariance matrix component

of Rxk
at fi. Equation (28) indicates that if we obtain the co-

variance matrix components at different frequencies,Rxk
can be

reconstructed easily. Herein we propose two methods to estimate
the covariance matrix components at different frequencies.

1) The First One: As introduced above, we can estimate the
propagation delays using (22). With the estimated τ̂ k, the no-tap
SV ãk(fi) is calculated by

ãk (fi) =
[
1, ej2πfiτ̂k,1 , . . . , ej2πfiτ̂k,M−1

]T
(29)

Substituting (29) into (25), we can obtain ak(fi). Further-
more, δ2k,i is estimated by Capon spatial spectrum estimator as

δ2k,i =
1

aH
k (fi)R−1

x ak (fi)
(30)

Thus, the covariance matrix component can be easily obtained
as

Rxk,i =
ak(fi)a

H
k (fi)

aH
k (fi)R−1

x ak (fi)
(31)
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Finally, Rxk
is reconstructed as

R̂xk
=

∑

fi∈[fl,fh]

ak(fi)a
H
k (fi)

aH
k (fi)R−1

x ak (fi)
(32)

2) The Second One: Based on (25), Rxk,i can be rewritten
as

Rxk,i = ak (fi)a
H
k (fi) δ

2
k,i

= [g(fi)⊗ ãk (fi)] [g(fi)⊗ ãk (fi)]
Hδ2k,i

=
[
g(fi)g

H(fi)
]⊗ [

ãk (fi) ã
H
k (fi)

]
δ2k,i

=
[
g(fi)g

H(fi)
]⊗ R̃xk,i (33)

in which R̃xk,i = ãk(fi)ã
H
k (fi)δ

2
k,i represents the no-delay

covariance matrix component at fi. If R̃xk,i is known, Rxk,i

can be obtained. Hence we develop a method to obtain R̃xk,i.
Based on (14), at a single-source point (t, f) of sk(t), we have

X̃ (t, f) X̃
H
(t, f)

= ãk (f) ã
H
k (f)Sk (t, f)S

∗
k (t, f) (t, f) ∈ Ωk

= ãk (f) ã
H
k (f) ρk (t, f) (34)

where ρk(t, f) = Sk(t, f)S
∗
k(t, f) is power of sk(t) at (t, f).

Summing (34) for all the TF points at frequency-slice (t, fi)
in Ωk yields

∑

(t,f)∈Ωk,f=fi

X̃ (t, f) X̃
H
(t, f)

=
∑

(t,f)∈Ωk,f=fi

ãk (f) ã
H
k (f) ρk (t, f)

= ãk (fi) ã
H
k (fi)

∑

(t,f)∈Ωk,f=fi

ρk (t, f)

= ãk (fi) ã
H
k (fi)Ek,fi (35)

in which Ek,fi =
∑

(t,f)∈Ωk,f=fi
ρk(t, f) is the energy of

sk,fi(t) in TF domain. Denote the energy of sk,fi(t) in time
domain asEk,i, based on Parseval’s Theorem [18],Ek,i satisfies

Ek,i =
1

Nf
Ek,fi (36)

where Nf is the number of frequencies at one time slice. Be-
sides, we have Ek,i = Nδ2k,i with N representing the number
of snapshots. Then

Ek,fi = NfNδ2k,i (37)

Substituting (37) into (35) yields
∑

(t,f)∈Ωk,f=fi

X̃ (t, f) X̃
H
(t, f) = ãk (fi) ã

H
k (fi)NfNδ2k,i

= NfNR̃xk,i (38)

Hence R̃xk,i can be calculated by

R̃xk,i =
1

NNf

∑

(t,f)∈Ωk,f=fi

X̃ (t, f) X̃
H
(t, f) (39)

Substituting (39) into (33), we obtain the covariance matrix
component Rxk,i as

Rxk,i

=
[
g(fi)g

H(fi)
]⊗

⎡

⎣ 1

NNf

∑

(t,f)∈Ωk,f=fi

X̃ (t, f) X̃
H
(t, f)

⎤

⎦

=
1

NNf

∑

(t,f)∈Ωk,f=fi

[
g(f)gH(f)

]⊗
[
X̃ (t, f) X̃

H
(t, f)

]

(40)

Then the covariance matrix Rxk
can be reconstructed by

summing (40) for all frequencies fi ∈ [fl, fh], i.e.,

R̂xk
=

1

NNf

∑

fi∈[fl,fh]

∑

(t,f)∈Ωk,f=fi

[
g(f)gH(f)

]

⊗
[
X̃ (t, f) X̃

H
(t, f)

]

=
1

NNf

∑

(t,f)∈Ωk

[
g(f)gH(f)

]⊗
[
X̃ (t, f) X̃

H
(t, f)

]

(41)

Generally, both of the two methods can reconstruct the
covariance matrix effectively. However, they also have some
drawbacks. The first method reconstructs ãk(f) using the prop-
agation delays, hence it can collect the spatial information at
any frequency. But its performance depends on the estimation
accuracy of propagation delays. By contrast, the second method
collect the spatial information using X̃(t, f). The accuracy of
propagation delays has no influence on its performance. But
it is sensitive to overlapping points, since it cannot collect the
spatial information at these points. To improve the performance,
we combine the two methods. The final covariance matrix of
xk is reconstructed by averaging the two covariance matrixes
estimated by (32) and (41) as

R̂xk
=

1

2

⎧
⎨

⎩
∑

f∈[fl,fh]

ak(f)a
H
k (f)

aH
k (f)R−1

x ak (f)

+
1

NNf

∑

(t,f)∈Ωk

[
g(f)gH(f)

]⊗
[
X̃ (t, f) X̃

H
(t, f)

]
⎫
⎬

⎭

(42)

Then the IPNCM is reconstructed as

R̂i+n =

K−1∑

k=1

R̂xk
+ δ̂2nI (43)

where the noise power σ̂2
n is approximately estimated by the

smallest eigenvalue of Rx.
Up to now, we have obtained both R̂i+n and Ĉ. Substituting

them back into (10), the final beamformer weight vector is

w = R̂−1
i+nĈ

(
Ĉ

H
R̂−1

i+nĈ
)−1

h (44)

The proposed algorithm is summarized in Table I.
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TABLE I
THE PROPOSED ALGORITHM

IV. DISCUSSION

In this section, we will discuss some points relative to the
proposed algorithm.

1) Parameters ε1, ε2, and ε3 setting: For ε1, it is used to select
the TF points of the SOI. In this paper, we do not discuss the case
of close DOAs of SOI and interference. Hence the value of ε1
mainly depends on the potential maximum bias between the pre-
assumed SV and the actual one. Denote the potential maximum
bias as Δa0(fh), then ε1 can be set to ‖(Δa0(fh) + a0(fh))

H

a0(fh)‖/(‖Δa0(fh) + a0(fh)‖‖a0(fh)‖). For ε2, it is used to
remove the noise points. However, big ε2 will also filter out
some TF points of the source signals. Hence ε2 is generally set
to a small value, such as ε2 = 0.05 in this paper. With small ε2,
some noise points may not be removed. Nevertheless, it has little
effect on the final performance, since the remaining noise points
will be removed by the TF points clustering procedure due to the
fact that noise points can hardly be clustered into the classes of
source signals. For ε3, it is used to cluster the TF points, and its
value can be influenced by the SNR and interference-to-noise
ratio (INR) at the single-source point. Generally, higher SNR
and INR lead to smaller ε3. For example, under noise-free
environment, we can set ε3 = 0. In fact, the SNR and INR
at the single-source point are always high, since the noise
spans its energy over the whole TF domain while the sources
mainly concentrate their energy at the single-source points.
Thus, ε3 = 0.1 is selected in this paper. Note that if the SNR
and INR at the single-source point are low, it means the energy
of source signal is small and has limited influence on the output
performance.

2) Assumption: The proposed algorithm is based on the as-
sumption that the SOI and interferences do not overlap com-
pletely in the TF domain, which means that the SOI and interfer-
ences can overlap partly in the TF domain, but they cannot have
the same TFDs. This assumption can be easily met in practice

[19]–[26]. If two array signals have the same TFDs, they must
share the same frequency components, time of arrival (TOA) and
DOA. This condition is extremely restrictive in practice. Even
one signal and its multipath signals will have different TFDs for
different TOAs and DOAs.

3) Advantages as compared to TF-based Blind source sep-
aration (BSS) methods: Firstly, the proposed algorithm can be
applied to both narrowband signal and wideband signal, while
the BSS methods are limited to the narrowband case where the
SV is constant [19]–[24]. The BSS methods recover the source
signals by TF synthesis or the inverse of mixing matrix. In the
wideband case, the mixing matrix varies with frequency, and
cannot be obtained by these BSS methods. Similarly, they cannot
obtain the complete TFDs of each source, either. This is because
the TF points clustering uses ak(f) as the feature, but ak(f)
is not constant, making the clustering fail. Without the mixing
matrix or complete TFDs, they cannot achieve good performance
of source separation. Although some BSS approaches were
carried out for convolutive mixing case [25], [26], they are still
unsuitable for wideband signal due to the signal model mis-
match. Secondly, even though the mixing matrices at different
frequencies are obtained by our proposed method, we may not
separate the sources by inverse of mixing matrix, since the sep-
aration procedure must be repeated at every frequency, leading
to huge computation complexity. There also exists the problem
of phase discontinuity, when different narrowband components
are combined.

In [27], a method that uses the combined information of
spatial and time-frequency signatures is proposed, and it can
achieve good performance. However, in the TF-joint case, it is
impossible to obtain the complete TF signature of each source,
resulting in performance degradation. Besides, the method is
based on the assumption that the frequency is constant in one
symbol duration. Nevertheless, the frequencies are different
from symbol to symbol. Thus, to obtain the complete output
signal, the source recovery procedures in [27] must be repeated
for every symbol, leading to large computation complexity. In
comparison, the proposed method can recover the SOI for one
time. Moreover, it estimates the SV and reconstructs the IPNCM
only using a part of TFDs. Hence the fragmentary TFDs have
little effect on the performance.

4) Extension to quadratic TFD: For quadratic TFD, the spatial
time-frequency distribution (STFD) matrix of the received signal
vector x̃(t) is defined as

Dx̃x̃ (t, f) =

+∞∑

i=−∞

+∞∑

l=−∞
x̃ (t+ i+ l)

x̃H (t+ i− l)φ (i, l) e−j4πfl (45)

where φ(i, l) is the Doppler-lag kernel. Under assumed noise-
free environment, the wideband x̃(t) can be divided into multiple
narrowband components as

x̃ (t) = x̃fas
(t) +

∑

fi∈[fl,fh], fi �=fas

x̃fi (t) (46)
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in which x̃fas
(t) =

∑K−1
k=0 ãk(fas)sk,fas

(t) is the narrowband
component of x̃(t) at frequency fas, and

∑
fi∈[fl,fh], fi �=fas

x̃fi(t) represents other narrowband components whose frequen-
cies differ from fas. The single-source auto-source point is
defined as a TF point at which only one source contributes to
the energy. Thus, at a single-source auto-source point (tas, fas)
of sk(t), substituting (46) to (45) yields

Dx̃x̃ (tas, fas) = ρsksk (tas, fas) ãk (fas) ã
H
k (fas) (47)

which ρsksk(tas, fas) denotes the quadratic TFD of sk,fas
(t) at

(tas, fas).
Then the SV ãk(fas)of sk(t) at frequency fas can be obtained

by

ãk (fas) =
uP (tas, fas)

uP (tas, fas, 1)
(48)

where uP (tas, fas) is the principal eigenvector of Dx̃x̃(tas,
fas), and uP (tas, fas, 1) denotes the first element of uP (tas,
fas).

The observation (48) indicates that the SV can be obtained
using the STFD matrix at the single-source auto-source point.
Besides, since the STFD matrix in (47) is a rank-1 matrix under
noise-free environment, the single-source auto-source points can
be selected by

if
|λmax (t, f)|∑M−1
m=0 |λm (t, f)| ≥ ε4, keep (t, f) (49)

where λ0(t, f), λ1(t, f), . . . , λM−1(t, f) are the eigenvalues of
Dx̃x̃(t, f), and λmax(t, f) denotes the maximum one. ε4 is a
threshold (typically, 0.8 < ε4 < 1).

Finally, we can estimate the delay vector by (17) and recon-
struct the IPNCM by (42) and (43).

V. SIMULATION RESULTS

In this part, we first show the simulation results of the pro-
posed method indifferent cases, then evaluate its performance
by comparing it with other algorithms and the optimal algorithm
which calculates the weighted vector using the accurate IPNCM
Ri+n and SV a0(f) of SOI, i.e.,

wopt = R−1
i+nC

(
CHR−1

i+nC
)−1

h (50)

where both C = [a0(f1),a0(f2), . . . ,a0(fP )] and Ri+n have
no biases.

A. Simulation of the Proposed Beamformer in A General Case

Assuming that three wideband signals s0, s1 and s2 impinge
on an array of M = 6 sensors, and each sensor is attached with
J = 20 delay taps. The SOI s0 form θ0 = 10◦ is a sinusoidal
frequency modulated signal with SNR= 0 dB. The interferences
s1 and s2 from θ1 = −20◦ and θ2 = 35◦ are linear chirp signal
and frequency hopping signal, respectively, with the same INR
equal to 20 dB. Their frequency ranges are [2.4, 3.6] GHz, [2.6,
3.8] GHz, and [2.5, 3.5] GHz, sequentially. Each sensor has 512
snapshots with the sample frequency fs = 2 GHz. The nominal
array is assumed to be a uniform linear array with the inter-
sensor spacing Δd = 0.5λmin corresponding to the maximum

frequency fmax = 3.8 GHz. However, for the sensor position
error, the actual inter-sensor spacing Δdj−1,j(j = 1, 2, . . . , 5)
is a random value falling in [Δd− εpΔd,Δd+ εpΔd], herein
εp is set to 0.2. Besides, the nominal DOA θ̄0 is 7°, which has
an estimation error of 3°.

In Fig. 3, the top three plots show the TFDs of the source
signals s0, s1 and s2, respectively. It can be seen that they will
have overlapping blocks in the TF domain. Fig. 3(d) gives the
TFDs of the received signal, which contain the single-source
points, overlapping points, and many noise points. After SOI
and interferences separation, we can get the TF points associated
with the SOI shown in Fig. 3(e), and the remaining TF points
shown in Fig. 3(f) are corresponding to the interferences and
noise. Finally, the single-source points of s0, s1 and s2 are
obtained by removing the noise points and clustering the residual
points, which are shown in Fig. 3(g)–(i), sequentially. Compared
with Fig. 3(a)–(c), the distributions of the single-source points
are fragmentary, since the overlapping points are filtered out.
However, its effect can be ignored due to the fact that the
propagation delays estimation and IPNCM reconstruction only
need some single-source points of the SOI and interferences
but not all. This can be verified by Fig. 4(a), where the biases
between the estimated delays and the actual ones are very
slight. The beam pattern is given in Fig. 4(b), where nulls
are formed at the DOAs of interferences and distortionless
response is maintained at the DOA of the SOI, indicating that the
beamformer can enhance the SOI and suppress the interferences
effectively.

B. Sources With Low Energy

If different sources have different energies, the source with
low energy might be confused with noise. Firstly, we discuss
the SOI with low energy. The SNR of s0 is set to −20 dB,
and other conditions are the same as Simulation A. Fig. 5(a)
gives the TFDs of received signal. In Fig. 5(b), the proposed
method fails to select the single-source points of SOI. Hence the
estimated delay vector has big bias shown in Fig. 5(c). However,
the beamformer can still achieve satisfactory performance, due
to the fact that the SOI has been removed from covariance matrix
and no null will be formed at the direction of SOI as shown in
Fig. 7(a). We can see that the beamformer only suffers 0.4385 dB
performance degradation.

Then we discuss the interference with low energy. The INR
of s2 is set to −20 dB, and other conditions are the same as
Simulation A. The TFDs of received signal and single-source
points of s2 are given in Fig. 6(a) and Fig. 6(b), respectively. It
can be seen that the single-source points cannot be selected, and
the estimated delay vector of s2 has big bias shown in Fig. 6(c).
The resulting beam pattern does not form null at the direction
of s2 shown in Fig. 7(b). However, since the energy of s2 is
too small to influence the performance, the beamformer can still
achieve high SINR. To indicate this, the output SINR versus INR
of s2 is given in Fig. 7(c), where high SINR is achieved over the
whole range of INR. Overall, the interference with high energy
has big influence on the output performance, but its delay vector
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Fig. 3. TFDs of the source signals (a)–(c) and received signal (d), TF points of the SOI (e) and interferences-plus-noise (f), single-source points of the SOI and
interferences (g)–(h).

Fig. 4. Output results. (a) comparison between the estimated delays and the actual ones; (b) the beam pattern.

can be estimated accurately. The interference with low energy
cannot obtain accurate delay vector, but it has limited effect on
the output performance. Thus, the proposed beamformer can
always achieve good performance.

C. Close DOAs of Interferences

In this section, we discuss the effect of close DOAs of inter-
ferences. The DOAs of interferences s1 and s2 are set to −30o

and −32o, and other conditions are the same as Simulation A.
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Fig. 5. In the case of SNR = −20 dB, (a), (b), and (c) represent the TFDs of the received signal, single-source points of the SOI, and comparison between the
estimated delay and the actual one, respectively.

Fig. 6. In the case of INR = −20 dB, (a), (b), and (c) represent the TFDs of the received signal, single-source points of s2, and comparison between the estimated
delay and the actual one, respectively.

Fig. 7. Output results. (a) the beam pattern in the case of SNR = −20 dB, (b) the beam pattern in the case of INR = −20 dB, (c) output SINR versus the INR
of s2.

Due to the close DOAs, the single-source points of s1 and
s2 are clustered into the same class, as shown in Fig. 8(a).
Thus, the estimated delay vector τ̂ is between the actual delay
vectors τ 1 and τ 2 shown in Fig. 8(b), making the beamformer
form null at θ̃(−32o < θ̃ < −30o). However, since the DOAs
of interferences are very close to the null, the interferences
can be also suppressed to some degree. More importantly, we
reconstruct the IPNCM using two methods, among which the
second method (41) reconstructs the IPNCM by the TFDs of
received signal vector at single source points of interferences.
Thus, the accuracy of delay vector has little influence on its
performance, and it can collect the complete information of s1
and s2, despite their single-source points are clustered into one
class or two classes. Fig. 8(c) gives the final beam pattern, from
which we can see the beamformer suppresses the interferences
effectively.

D. Large Overlapping Blocks

In the case of large overlapping blocks, the overlapping points
may be more than the single-source points. Next we discuss its
effect on the performance. s2 is set to a new signal shown in
Fig. 9(a), and other conditions are the same as Simulation A.
Fig. 9(b) shows the TFDs of received signal, where the overlap-
ping block contains more points. However, these overlapping
points will be clustered into many classes, since the estimated
delay vectors at overlapping points vary with frequencies, while
the estimated delay vectors at single-source points keep constant
for the same signal. After clustering, the two biggest classes are
shown in Fig. 9(c) and Fig. 9(d). Obviously, they are corre-
sponding to the set of single-source points, which indicates that
the overlapping points are not clustered into the same class.
With the selected single-source points, the delay vectors are
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Fig. 8. In the case of close DOAs. (a), (b), and (c) represent the biggest single-source points class after clustering, comparison between the estimated delays and
the actual ones, and the beam pattern, respectively.

Fig. 9. In the case of large overlapping blocks. (a) and (b), and (c) represent the TFDs of s2 and received signal, respectively. (c) and (d) are the two biggest
single-source points classes after clustering. (e) and (f) denote the comparison between the estimated delays and the actual ones, and the beam pattern, respectively.

estimated accurately shown in Fig. 9(e), and good beamforming
performance is achieved shown in Fig. 9(f).

E. Combination of the Two IPNCM Reconstruction Methods

In the paper, we give two IPNCM reconstruction methods.
Generally, they can both reconstruct the IPNCM effectively.
However, in some special cases, only applying one method
may lead to performance degradation. Thus, we combine the
two methods. Table II shows their output SINRs in different
cases. In the general case of Fig. 3, the two method both
achieve high output SINRs. Their combined method also obtains
good performance. In the case of large overlapping blocks in
Fig. 9, the second method cannot collect complete information
of interferences, resulting in severe performance degradation.
In contrast, the first method achieves good performance, as the
delay vector can be estimated accurately. For the combined
method, it fuses both advantage and disadvantage of the two

TABLE II
PERFORMANCE OF DIFFERENT IPNCM RECONSTRUCTION METHODS

methods. The disadvantage of the second method is that its
collected information is not complete. However, it does not
contain wrong information. Besides, the better one (i.e., the
first method) always dominates in the combined method. Hence
the disadvantage has limited effect on the performance, and the
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Fig. 10. The number of points in different classes after clustering in a general case (a), in the case of close DOAs (b), and in the case of large overlapping blocks (c).

TABLE III
OUTPUT SINRS WITH DIFFERENT ASSUMED NUMBERS OF SOURCES

combined method achieves high output SINR. In the case of
close DOAs, the delay vector cannot be estimated accurately.
Thus, the performance of first method will degrade for its sensi-
tivity to delay vector, whereas the second one can achieve good
performance, as it can collect the complete information of s1
and s2. Besides, the combined method also achieves satisfactory
performance. This is because the first method can still suppress
interferences to some degree, although its ability of filtering out
interferences is reduced. Consequently, the disadvantages have
limited effect on the combined method, and it can always achieve
high output SINR.

F. The Number of Sources K

If the number of sources is known, we can achieve better
performance. There are a lot of signal detection methods [28]–
[30], which can be utilized to estimate K. Besides, we can also
determine the source number based on the number of single-
source points in each class after clustering. In the general case,
Fig. 10(a) gives the number of points in different classes, where
the two biggest classes contain much more points than other
classes. Hence the number of interferences can be determined
as Kin = 2, which means K = Kin + 1 = 3. Fig. 10(b) shows
the number of points in the case of close DOAs, based on which
we will get a wrong result Kin = 1. However, it has little effect
on the performance, since the biggest class has contained the
complete information of s1 and s2. Fig. 10(c) plots the number
of points in the case of large overlapping blocks. It can be seen
that the two biggest classes also contain much more points.
In fact, if the number of sources cannot be estimated, we can
set K = M − 1 directly. This may degrade the performance to
some degree, but the degradation is not severe shown in Table III.
Note that in the case of close DOAs, all the single-source points

of interferences are clustered into one class. Hence the assumed
number of sources has no influence on the performance.

G. Comparison With Other Beamforming Algorithms

To further indicate the effectiveness of the proposed beam-
former, we compare it with the WC-PO beamformer [12], the
DL beamformer [8], the derivative constraint beamformer [10],
the Frost beamformer [3], the IPNCM reconstruction based
beamformer [31] (referred to as reconstruction 1), and another
IPNCM reconstruction based beamformer extended from the
narrowband IPNCM reconstruction method (referred to as re-
construction 2), which reconstructs the IPNCM by

R̂i+n =
1

D

∑

f∈[fl,fh]

∑

θ∈Θint

a (θ, f)a(θ, f)H

a(θ, f)HR̂−1
x a (θ, f)

(51)

where a(θ, f) denotes the SV at frequency f and DOA θ, Θint

represents the potential DOA range of interferences, and D is
the total number of DOA samples.

In the following simulations, we will evaluate their perfor-
mance versus the number of snapshots, the input SNR, the
DOA bias, and the position bias, respectively. For each scenario,
200 Monte-Carlo runs are performed. Note that the covariance
matrix is calculated as R̂x = 1

N

∑N−1
n=0x(n)x

H(n) rather than

R̂x = 1
N

∑K−1
k=0

∑N−1
n=0xk(n)x

H
k (n) + 1

Nn(t)nH(t), since the
latter can be hardly achieved in practice for the mixture of source
signals. By contrast, the former is more practical but needs more
snapshots to achieve accurate covariance matrix.

Example 1. Number of snapshots: In this example, we eval-
uate the performance versus the number of snapshots with input
SNR = 10 dB, and there is neither DOA error nor sensor
position error. Fig. 11(a) shows the output SINRs, where the
range of N is [100, 1000]. It can be seen that the proposed beam-
former and the two IPNCM reconstruction based beamformers
enjoy much faster convergence rate and achieve satisfactory
performance even with small number of snapshots, such as
N = 300. Instead, other traditional beamformers cannot achieve
convergence, because they are sensitive to the accuracy of the
covariance matrix, which needs to be calculated with enough
snapshots. In Fig. 11(b), with the snapshots further increasing,
the traditional beamformers achieve higher SINRs and converge
when N ≥ 8000. To guarantee satisfactory output SINR of the



LIU et al.: ROBUST ADAPTIVE WIDEBAND BEAMFORMING BASED ON TIME FREQUENCY DISTRIBUTION 4381

Fig. 11. Output SINR versus the number of snapshots. (a) the number varies from 100 to 1000; (b) the number varies from 2000 to 104.

Fig. 12. In the case of DOA error, output SINR versus input SNR (a) and DOA bias (b).

Fig. 13. In the case of sensor position error, output SINR versus input SNR (a) and position bias (b).

traditional beamformers, the number of snapshots is set to 104

for them in the following simulations, while N = 300 is set for
the proposed beamformer and the IPNCM reconstruction based
beamformers.

Example 2. DOA error: In the second example, we consider
the influence of DOA error. Fig. 12(a) shows the output SINRs
versus input SNR, where the DOA estimation bias is 3°. The
Frost beamformer fails immediately since it has poor robust-
ness. The DL beamformer, WC-PO beamformer and derivative
constraint beamformer can obtain improved performance, but
their output SINRs deviate from the optimal one gradually with

the SNR increasing. By contrast, the proposed beamformer and
the IPNCM reconstruction based beamformers achieve high
output SINR close to the optimal one over the whole SNR range,
indicating their effectiveness in the case of high SNR and DOA
error. Furthermore, the performance curves versus the DOA bias
are plotted in Fig. 12(b). As expected, the proposed beamformer
and the IPNCM reconstructed beamformers can always obtain
satisfactory performance regardless of the DOA error, whereas
the traditional beamformers, except the derivative constraint
beamformer, have worse performance with the increase of DOA
bias. The derivative constraint beamformer has strong robustness
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against DOA error. However, it cannot achieve high enough
output SINR, since its robustness is achieved at the expense
of the ability of suppressing interferences and noise.

Example 3. Sensor position error: In the last example, a sce-
nario with sensor position error is considered. The inter-sensor
spacing Δdj−1,j is assumed to be a random value Δdj−1,j ∈
[Δd− εpΔd,Δd+ εpΔd](j = 1, 2, . . . , 5), and εp is set to
0.2 in Fig. 13(a). Compared with Fig. 12(a), the two IPNCM
reconstructed beamformers suffer severe performance degra-
dation for their poor robustness against sensor position error.
As a comparison, the proposed beamformer can still achieve
excellent performance. This is because it can estimate the SV
and reconstruct the IPNCM accurately even in the presence of
sensor position error. To further indicate this, Fig. 13(b) shows
the output SINR versus the position bias. It can be seen that
the proposed beamformer maintains high output SINR over the
whole range of position bias, while other beamformers will
decrease with the position bias.

VI. CONCLUSION

In this paper, we develop a robust wideband adaptive beam-
forming algorithm based on the STFT, which can reconstruct the
IPNCM precisely with limited snapshots and estimate the steer-
ing vector accurately in the presence of DOA error and sensor
position error. Unlike the existing beamformers, the proposed
one use none of the perturbed array manifold information, lead-
ing to higher estimation and reconstruction accuracy. The simu-
lation results have demonstrated that the proposed beamformer
achieves satisfactory performance even with limited snapshots,
and have strong robustness against direction error and sensor
position error. The proposed algorithm is also suitable for other
linear TFD. Besides, it can be further extended to quadratic TFD.
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