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Abstract: The aim of this paper is to develop a nonlinear robust controller with adaptive gains in order to prevent form 
malaria epidemic as a positive system with an uncertain model. The malaria outbreak is modeled by seven nonlinear 
coupled differential equations for the population variables: susceptible, exposed, symptomatic infected and recovered 
humans and the susceptible, exposed and infected mosquitoes. The nonlinear robust adaptive integral-sliding-mode 
controller (ISMC) is developed in order to appropriately adjust the use of treated bednets, treatment rate of infected 
individuals and the use of insecticide spray to control malaria epidemic. Accordingly, the numbers of exposed and infected 
humans and infected mosquitoes are decreased to zero by employing the designed control scheme. However, the numbers 
of susceptible individuals and mosquitoes are increased due to their birth rates and loss of malaria immunity in recovered 
individuals. The Lyapunov stability theorem is used to prove the stability, robustness and tracking convergence of the 
closed-loop system in the presence of modeling uncertainties. The simulation results demonstrate that by increasing the 
therapy time interval, the use of treated bednets and insecticide spray is decreased; however, a higher treatment rate is 
required for the infected population. 

1. Introduction

Over past decades, positive systems have attracted much 
attention due to their applications in industrial engineering 
[1], economics, biology, and medicine [2]. A system, which 
has non-negative initial, states, is called positive if its 
trajectory remains positive for all non-negative inputs. 
Based on this definition, the dynamical systems of epidemic 
diseases can be considered as positive systems due to the 
positiveness of their state variables (compartmental 
populations) and their control inputs (e.g., vaccination or 
treatment of infected populations). In recent years, various 
investigations were carried out to obtain an appropriate 
mathematical model for the disease transmission dynamics. 
In [3], some simple transmission models were studied for 
epidemic disease. A new epidemiological SEIAR model of 
influenza was suggested by Arino et al. [4] considering 
vaccination and antiviral treatment. In [5], a SIR 
transmission model was proposed with an asymptotically 
homogeneous transmission function.  

Malaria is a serious parasitic disease developed by the 
anthropophilic mosquitoes, which causes high morbidity and 
mortality in less developed countries, specifically in Sub-
Saharan Africa. Nearly 300–400 million malaria cases are 
occurred and reported worldwide and 1.5–2 million infected 
individuals die annually. Malaria is one of the most common 
life-threatening diseases that is transmitted to the humans by 
the infected mosquitoes [6]. Malaria parasites are 
transmitted from the salivary gland of a mosquito to the 
human blood and reach the liver by helping of the 
bloodstream (in the exposed period) after that an infected 
mosquito bites a human. Then, the parasites leave the liver 
in order to invade the red blood cells after the exposed 
period. Finally, some symptoms such as a headache, fever, 

chilling and vomiting have occurred for the symptomatic 
infected humans [7, 8]. 

Since the humans are able to prevent and cure of malaria, 
control of this disease is very important which can decrease 
and eradicate its infections. For this purpose, the first 
mathematical models of malaria transmission as a positive 
system have been developed by Ross [9], and a certain 
threshold for the mosquito population has been illustrated. 
Based on this study [9], Macdonald [10, 11] has extended 
the mathematical models of malaria transmission to account 
for superinfection. Ngwa and Shu [12] have presented a 
generalized SEIR malaria model as a positive dynamical 
system according to the previously mentioned works [9-11] 
and considering interactions between the humans and 
mosquitoes. Some epidemiological models have been 
proposed by Koella and Anita [13] considering anti-malarial 
drug resistance and the sensitivity of model parameters. 
Another mathematical model [14] has been suggested for 
malaria epidemic assuming that the immunity is independent 
of an exposure period. In addition, the effects of different 
control measures and the transmission rate on the disease 
prevalence have been examined in some studies [15-20]. 
Hyun [15,16] has investigated a mathematical model in 
which the global warming, local socioeconomic effects, 
temperature dependent parameters and different levels of 
acquired immunity have been considered on the 
transmission dynamics of malaria. Isao et al. [17] have also 
presented a control strategy for malaria model by the 
combined use of zooprophylaxis and insecticide spray. 
Chiyaka et al. [18] have formulated a deterministic model of 
malaria transmission in order to assess the impact of 
personal protection, possible vaccination strategies, and 
treatment during two latent periods in the host populations. 
Jia [20] has studied a model of malaria transmission 
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considering incubation periods for infected mosquitoes and 
humans. 

Mathematical modeling plays a significant role in the 
cost-effectiveness and performance of various control 
measures employed in the treatment of diseases. Recently, 
several studies have been conducted on the application of 
different control schemes for disease transmission models 
(e.g., malaria) to improve the treatment process. An optimal 
control method has been proposed by Kbenesh et al. [21] to 
investigate the treatment and prevention as the control 
inputs of vector-borne diseases. Rafikov et al. [22] have 
employed another optimal control strategy for a continuous-
time malaria model by introducing the genetically modified 
mosquitoes in the environment. Okosun et al. [23, 24] have 
analyzed the impact of vaccination in treatment strategies 
for the control of malaria spread by implementing optimal 
control techniques.  

A lot of factors like the structure of the population, 
seasonal effects and delays in vaccine production can play 
crucial roles in the epidemic of a disease [9, 25]. Thus, the 
dynamics of an epidemic has various sources of inaccuracy 
which cause that the corresponding mathematical modeling 
becomes complicated and vulnerable to the uncertainties. 
Consequently, the control of a disease epidemic should be 
performed in the presence of modeling uncertainties. Robust 
and/or adaptive control methods [26-31] have been proposed 
in order to deal with these deficiencies and uncertainties of 
dynamical systems. For instance, Moradi et al. [32, 33] have 
suggested adaptive robust controllers for the cancer 
chemotherapy to manipulate the drug usage and 
consequently the tumor volume. A nonlinear adaptive 
control scheme has been also designed for the treatment of 
uncertain hepatitis B virus infection by Aghajanzadeh et al. 
[34]. Another adaptive controller and feedback error 
learning has been presented by Rouhollahi et al. [35] for 
rehabilitation therapy in Parkinson's disease. Rokhforoz et al. 
[36] have developed a robust controller for cancer 
chemotherapy using an extended Kalman filter observer. 
Sharifi and Moradi [37] have proposed a new nonlinear 
robust adaptive sliding mode control strategy for the 
influenza epidemic subjected to modeling uncertainties. 

In this study, a nonlinear robust adaptive integral-
sliding-mode control (ISMC) scheme is proposed for the 
first time to control malaria outbreak having an uncertain 
dynamics. The nonlinear epidemiological model of malaria 
is taken into account to investigate the effects of treated 
bednets, treatment rate of infected individuals and the 
insecticide spray as the control inputs. The aim of 
employing this control scheme is decreasing and eradicating 
the number of exposed and infected humans and infected 
mosquitoes dealing with malaria. As a result, the numbers of 
recovered humans and exposed and susceptible mosquitoes 
are also decreased and the number of susceptible individuals 
is increased in the population. Note that the state variables 
of the system and the control inputs remain positive during 
the treatment procedure; therefore, the presented malaria 
outbreak dynamics is a positive system. The Lyapunov 
stability theorem has been utilized to prove the stability and 
tracking convergence of the closed-loop control system 
having distributed modeling uncertainties. Furthermore, the 
adaptation laws have been defined in order to update the 
robust gains of the designed control scheme to guarantee the 

system stability in the presence of uncertain parameters with 
unknown bounds. 

The present paper is organized as follows. Section 2 is 
devoted to malaria mathematical model formulation and the 
basic assumptions. In section 3, details of the designed 
robust adaptive control strategy are presented for the 
uncertain malaria transmission model. The numerical 
simulations are conducted in Section 4 and the obtained 
results demonstrate the effectiveness of the proposed 
controller in the treatment of malaria disease. The 
conclusions are finally described in Section 5. 

 

2. Nonlinear epidemiological model of malaria  

In this section, the nonlinear epidemiological model of 
malaria [24] is presented with the susceptible, exposed, 
symptomatic infected and recovered compartments. The 
control inputs for malaria disease are the use of treated 
bednets, treatment rate of infected individuals and the use of 
insecticide spray. Therefore, malaria epidemic dynamics 
with seven state variables and three control inputs are 
defined as follows 

 
�̇�ℎ = 𝛬ℎ + 𝜅𝑅ℎ − (1 − 𝑢1(𝑡))𝛽𝑚𝑆ℎ − 𝜇ℎ𝑆ℎ

�̇�ℎ = (1 − 𝑢1(𝑡))𝛽𝑚𝑆ℎ − (𝛼1 + 𝜇ℎ)𝐸ℎ

𝐼ℎ̇ = 𝛼1𝐸ℎ − (𝑏 + 𝜏𝑢2(𝑡))𝐼ℎ − (𝜓 + 𝜇ℎ)𝐼ℎ

�̇�ℎ = (𝑏 + 𝜏𝑢2(𝑡))𝐼ℎ − (𝜅 + 𝜇ℎ)𝑅ℎ

�̇�𝑣 = 𝛬𝑣 − (1 − 𝑢1(𝑡))𝜆𝑣𝑆𝑣 − 𝑝𝑢3(𝑡)𝑆𝑣 − 𝜇𝑣𝑆𝑣

�̇�𝑣 = (1 − 𝑢1(𝑡))𝜆𝑣𝑆𝑣 − 𝑝𝑢3(𝑡)𝐸𝑣 − (𝛼2 + 𝜇𝑣)𝐸𝑣

𝐼�̇� = 𝛼2𝐸𝑣 − 𝑝𝑢3(𝑡)𝐼𝑣 − 𝜇𝑣𝐼𝑣

 (1) 

where 𝑆ℎ , 𝐸ℎ , 𝐼ℎ and 𝑅ℎ  represent the susceptible, exposed, 
symptomatic and recovered individuals, respectively. Also, 
𝑆𝑣 , 𝐸𝑣  and 𝐼𝑣 are the susceptible, exposed and infectious 
mosquitoes, respectively. Accordingly, 𝑁ℎ = 𝑆ℎ + 𝐸ℎ +
𝐼ℎ + 𝑅ℎ  and 𝑁𝑣 = 𝑆𝑣 + 𝐸𝑣 + 𝐼𝑣 denote the total human 
population and the total mosquito population, respectively. 
The susceptible humans (𝑆ℎ) are increased at the birth rate 
of Λℎ and decreased by natural causes at the rate of 𝜇ℎ. In 
addition, they may move to exposed compartment (𝐸ℎ) by  
contacting with the infectious mosquitoes at the rate of (1 −
𝑢1(𝑡))𝛽𝜀𝜙, where 𝛽 shows the transmission probability per 
bite, 𝜀 is the per capita biting rate of mosquitoes, 𝜙 is the 
contact rate of infected mosquitoes (𝐼𝑣) per human per unit 
time and 𝑢1 ∈ [0,1] is the use of treated bednets per day as a 
control input. The exposed humans (𝐸ℎ)  move to the 
infected group (𝐼ℎ) at the rate of 𝛼1 and die by the natural 
causes (with the rate of (𝜇ℎ). Also, the infected individuals 
(𝐼ℎ) are recovered spontaneously at the rate of 𝑏 and treated 
per day using the second control input 𝑢2 ∈ [0,1], where 𝜏 is 
the effectiveness of this treatment rate (𝜏𝑢2). On the other 
hand, the infected individuals (𝐼ℎ) die by the natural causes 
(at the rate of 𝜇ℎ) and due to malaria disease at the rate of 𝜓. 
The recovered people decrease by the natural die and lose 
their immunity at the rate of 𝜅. Similar to the humans, the 
susceptible mosquitoes (𝑆𝑣) increase by the birth rate of Λ𝑣  
and die due to the natural causes at the rate of 𝜇𝑣 and move 
to the exposed compartments (𝐸𝑣) at the rate of [(1 −
𝑢1(𝑡))𝜆𝜀𝜙] where 𝜆  is the probability for an insect to get 
infected by an infectious individual (𝐼ℎ) . The exposed 
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mosquitoes (𝐸𝑣) naturally die by the rate of 𝜇𝑣 and move to 
the infected group at the rate of 𝛼2. The infected mosquitoes 
(𝐼𝑣)  are reduced because of the control input 𝑢3  as the 
insecticide spray per day, at the rate of 𝑝𝑢3  where 𝑝 is the 
efficiency of this spray. 𝛽𝑚  and 𝜆𝑣  indicate the effect of 
infectious mosquitoes and humans on the susceptible 
compartments, respectively ( 𝛽𝑚 = 𝛽𝜀𝜙𝐼𝑣/𝑁ℎ  and 𝜆𝑣 =
𝜆𝜀𝜙𝐼ℎ/𝑁ℎ ). Note that the state variables (compartmental 
populations) and the control inputs (treatment rates) in the 
nonlinear epidemiological malaria model (1) are positive 
and this implies that malaria epidemic has a positive system. 
More details about this mathematical model (1) have been 
described in [24].  
 

3. Development of nonlinear robust adaptive 

control strategy for malaria epidemic 

In this section, the nonlinear robust adaptive ISMC 
strategy is designed for the treatment of malaria epidemic in 
the presence of uncertainty. The objectives of this control 
scheme are: 1. decreasing the number of exposed and 
infected individuals in a human population employing 
treated bednets and treatment rate of infected individuals as 
two control inputs, and 2. decreasing the infected 
mosquitoes using the insecticide spray as the third control 
input. Using these applicable control inputs, the numbers of 
exposed and infected humans and infected mosquitoes are 
reduced by tracking their descending desired values.   

The stability and tracking convergence of the closed-
loop system are proven by applying the Lyapunov stability 
theorem. Furthermore, the adaptation laws are defined in 
order to update the robust gains of the designed controller 
such that the system robustness against uncertainties is 
guaranteed. Fig. 1 shows a schematic diagram of the 
developed feedback controller for malaria epidemic. 

 
 3.1. Nonlinear robust adaptive control laws  

 

Dynamics of the human population exposed to malaria 
parasite (𝐸ℎ) , infected with malaria symptoms (𝐼ℎ) and the 
infectious mosquito population (𝐼𝑣)  can be rewritten in 
terms of the controller inputs 𝑢1, 𝑢2 and 𝑢3 as follows:  

−�̇�ℎ

𝛽𝑚𝑆ℎ

−
(𝛼1 + 𝜇ℎ)𝐸ℎ

𝛽𝑚𝑆ℎ

+ 1 = 𝑢1(𝑡) 
(2) 

−𝐼ℎ̇

𝜏𝐼ℎ

+
𝛼1𝐸ℎ

𝜏𝐼ℎ

−
𝑏

𝜏
−

𝜓 + 𝜇ℎ

𝜏
= 𝑢2(𝑡) (3) 

−𝐼�̇�

𝑝𝐼𝑣

+
𝛼2𝐸𝑣

𝑝𝐼𝑣

−
𝜇𝑣

𝑝
= 𝑢3(𝑡) (4) 

 
By substituting 𝛽𝑚 = 𝛽𝜀𝜙𝐼𝑣/𝑁ℎ  and the optional 

variables 𝜙1 , 𝜙2  and 𝜙2  instead of �̇�ℎ , 𝐼ℎ̇  and 𝐼�̇� , 
respectively, and defining 𝛽1 = 𝛽𝜀𝜙 , Eqs. (2)-(4) are 
reformulated as  

−𝜙1𝑁ℎ

𝛽1𝐼𝑣𝑆ℎ

−
(𝛼1 + 𝜇ℎ)𝑁ℎ𝐸ℎ

𝛽1𝐼𝑣𝑆ℎ

+ 1 = 𝑢1(𝑡) 
(5) 

−𝜙2

𝜏𝐼ℎ

+
𝛼1𝐸ℎ

𝜏𝐼ℎ

−
𝑏

𝜏
−

𝜓 + 𝜇ℎ

𝜏
= 𝑢2(𝑡) (6) 

−𝜙3

𝑝𝐼𝑣

+
𝛼2𝐸𝑣

𝑝𝐼𝑣

−
𝜇𝑣

𝑝
= 𝑢3(𝑡) (7) 

 
Considering the arbitrary variables as 𝜙1 = �̇�ℎ𝑑 − �̃�ℎ −

𝜎1𝑆�̃�ℎ
, 𝜙2 = 𝐼ℎ̇𝑑 − 𝐼ℎ − 𝜎2𝑆𝐼ℎ

and 𝜙3 = 𝐼�̇�𝑑 − 𝐼𝑣 − 𝜎3𝑆𝐼𝑣
, 

Eqs. (5)- (7) can be formed as  
 

−(�̇�ℎ𝑑 − �̃�ℎ − 𝜎1𝑆�̃�ℎ
)𝑁ℎ

𝛽1𝐼𝑣𝑆ℎ

−
(𝛼1 + 𝜇ℎ)𝑁ℎ𝐸ℎ

𝛽1𝐼𝑣𝑆ℎ

+ 1

= 𝑢1(𝑡) 
(8) 

−(𝐼ℎ̇𝑑 − 𝐼ℎ − 𝜎2𝑆𝐼ℎ
)

𝜏𝐼ℎ

+
𝛼1𝐸ℎ

𝜏𝐼ℎ

−
𝑏

𝜏
−

𝜓 + 𝜇ℎ

𝜏
= 𝑢2(𝑡) (9) 

−(𝐼�̇�𝑑 − 𝐼𝑣 − 𝜎3𝑆𝐼𝑣
)

𝑝𝐼𝑣

+
𝛼2𝐸𝑣

𝑝𝐼𝑣

−
𝜇𝑣

𝑝
= 𝑢3(𝑡) (10) 

 
where 𝑆�̃�ℎ

= �̃�ℎ + ∫ �̃�ℎ  𝑑𝑡
𝑡

0
, 𝑆𝐼ℎ

= 𝐼ℎ + ∫ 𝐼ℎ  𝑑𝑡
𝑡

0
 and 𝑆𝐼𝑣

=

𝐼𝑣 + ∫ 𝐼𝑣  𝑑𝑡
𝑡

0
 are the sliding surfaces for human population 

exposed to the malaria parasite, individuals with the malaria 
symptoms and the infectious mosquitoes. Also, �̃�ℎ = 𝐸ℎ −
𝐸ℎ𝑑 , 𝐼ℎ = 𝐼ℎ − 𝐼ℎ𝑑  and 𝐼𝑣 = 𝐼𝑣 − 𝐼𝑣𝑑  are the tracking errors 
of the above-mentioned populations with respect to their 
descending desired values 𝐸ℎ𝑑 , 𝐼ℎ𝑑  and 𝐼𝑣𝑑 , respectively. 

 

 
Fig. 1. Closed-loop system using the proposed nonlinear robust adaptive ISMC strategy for malaria epidemic in the presence 
of uncertainties 
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The nonlinear robust adaptive control laws for the 
treated bednets (𝑢1), the treatment rate of infected people 
(𝑢2)  and insecticide  spray (𝑢3)  are defined for the 
uncertain malaria model as  

 

𝑢1(𝑡) =
−(�̇�ℎ𝑑 − �̃�ℎ  − 𝜎1𝑆�̃�ℎ

)𝑁ℎ

�̂�1𝐼𝑣𝑆ℎ

−
(�̂�1 + �̂�ℎ)𝑁ℎ𝐸ℎ

�̂�1𝐼𝑣𝑆ℎ

+ 1

+ 𝛾1

sgn(𝑆�̃�ℎ
)𝑁ℎ

�̂�1𝐼𝑣𝑆ℎ

 

(11) 

𝑢2(𝑡) =
−(𝐼ℎ̇𝑑 − 𝐼ℎ − 𝜎2𝑆𝐼ℎ

)

�̂�𝐼ℎ

+
�̂�1𝐸ℎ

�̂�𝐼ℎ

−
�̂� + �̂� + �̂�ℎ

�̂�

+ 𝛾2

sgn(𝑆𝐼ℎ
)

�̂�𝐼ℎ

 
(12) 

𝑢3(𝑡) =
−(𝐼�̇�𝑑 − 𝐼𝑣 − 𝜎3𝑆𝐼𝑣

)

�̂�𝐼𝑣

+
�̂�2𝐸𝑣

�̂�𝐼𝑣

−
�̂�𝑣

�̂�

+ 𝛾3

sgn(𝑆𝐼𝑣
)

�̂�𝐼𝑣

 
(13) 

 

where �̂�1 , �̂�ℎ , �̂� , �̂�𝑣 , �̂�1 , �̂� , �̂� , �̂�  and �̂�2  are the estimated 
parameters of malaria model which have uncertainties with 
respect to their unknown real values 𝛽1, 𝜇ℎ, 𝜓, 𝜇𝑣, 𝛼1, 𝜏, 𝑝, 
𝑏 and 𝛼2, respectively. Employing adaptation laws that will 
be explained in the next section, the robust gains of the 
proposed controller 𝛾1, 𝛾2 and 𝛾3 are updated such that the 
stability of uncertain malaria model is proven. 𝜎1, 𝜎2 and 𝜎3 
are positive constants. Differentiable saturation functions or 
tangent hyperbolic functions can be implement instead of 
“sgn” function in Eqs. (11)-(13) in order to avoid undesired 
discontinuities and chattering phenomenon in the proposed 
control inputs.  

By introducing the regressor matrices 𝑌1 , 𝑌2  and 𝑌3  and 
the parameter vectors 𝜃1,  𝜃2 and  𝜃3 for Eqs. (11)-(13), the 
parameters (with uncertainties) in  𝜃𝑖  vectors are separated 
from the known dynamic variables in 𝑌𝑖 matrices:  

 

𝑌1 = [
𝑁ℎ

𝐼𝑣𝑆ℎ

(−𝜙1 + 𝛾1sgn(𝑆�̃�ℎ
))

−𝑁ℎ𝐸ℎ

𝐼𝑣𝑆ℎ
]

𝜃1 = [
1

𝛽1

𝛼1 + 𝜇ℎ

𝛽1
]

 (14) 

𝑌2 = [
1

𝐼ℎ

(−𝜙2 + 𝛾2sgn(𝑆𝐼ℎ
))

𝐸ℎ

𝐼ℎ

−1]

𝜃2 = [
1

𝜏

𝛼1

𝜏

𝑏 + 𝜓 + 𝜇ℎ

𝜏
]

 (15) 

𝑌3 = [
1

𝐼𝑣

(−𝜙3 + 𝛾3sgn(𝑆𝐼𝑣
))

𝐸𝑣

𝐼𝑣

−1]

𝜃3 = [
1

𝑝

𝛼2

𝑝

𝜇𝑣

𝑝
]

 (16) 

According to the above parameterization, the adaptation 
laws will be presented for the estimation of parameter 
vectors  𝜃𝑖  and the arrangement of control laws and the 
closed-loop dynamics will be expressed in concise forms. 
Using the parameterization property of the system 
mentioned in Eqs. (14)-(16) and substituting 𝜙1 = �̇�ℎ𝑑 −
�̃�ℎ − 𝜎1𝑆�̃�ℎ

, 𝜙2 = 𝐼ℎ̇𝑑 − 𝐼ℎ − 𝜎2𝑆𝐼ℎ
 and 𝜙3 = 𝐼�̇�𝑑 − 𝐼𝑣 −

𝜎3𝑆𝐼𝑣
 in them, the control laws (11)-(13) are simplified as  

 

𝑢1(𝑡) = 𝑌1(𝜙1, 𝑆ℎ, 𝐸ℎ , 𝐼𝑣)�̂�1 + 1 (17) 

𝑢2(𝑡) = 𝑌2(𝜙2, 𝐸ℎ , 𝐼ℎ)�̂�2 (18) 

𝑢3(𝑡) = 𝑌3(𝜙3, 𝐸𝑣 , 𝐼𝑣)�̂�3 (19) 
 

where �̂�1 , �̂�2  and �̂�3  are the estimated parameter vectors 
defined as   

�̂�1 = [
1

�̂�1

�̂�1 + �̂�ℎ

�̂�1

]𝑇 (20) 

�̂�2 = [
1

�̂�

�̂�1

�̂�

�̂� + �̂� + �̂�ℎ

�̂�
]𝑇 (21) 

�̂�3 = [ 
1

�̂�

�̂�2

�̂�

�̂�𝑣

�̂�
]𝑇 (22) 

 

 
3.2. Closed-loop dynamics, adaptation laws, and 

Lyapunov stability proof 
 

In this section, the stability, robustness and tracking 
convergence of the uncertain malaria epidemic are 
guaranteed by defining a proper Lyapunov function and 
adaptation laws and employing the proposed control laws.  

By substituting the nonlinear control laws (11)-(13) into 
the dynamics of the exposed and infected humans and 
infectious mosquitoes (Eqs. (2)-(4)), the closed-loop system 
using the proposed robust adaptive controller is obtained as 
follows:  

 

−(�̇�ℎ − �̇�ℎ𝑑 + �̃�ℎ + 𝜎1𝑆�̃�ℎ
)𝑁ℎ

�̂�1𝐼𝑣𝑆ℎ

− 𝛾1

sgn(𝑆�̃�ℎ
)𝑁ℎ

𝛽1𝐼𝑣𝑆ℎ

=

− (
(�̂�1 + �̂�ℎ)

�̂�1

−
(𝛼1 + 𝜇ℎ)

𝛽1

)
𝐸ℎ𝑁ℎ

𝐼𝑣𝑆ℎ

+ (
1

�̂�1

−
1

𝛽1

) 𝛾1

sgn(𝑆�̃�ℎ
)𝑁ℎ

𝐼𝑣𝑆ℎ

 (23) 

−(𝐼ℎ̇ − 𝐼ℎ̇𝑑 + 𝐼ℎ + 𝜎2𝑆𝐼ℎ
)

�̂�𝐼ℎ

− 𝛾2

sgn(𝑆𝐼ℎ
)

𝜏𝐼ℎ

=

(
�̂�1

�̂�
−

𝛼1

𝜏
)

𝐸ℎ

𝐼ℎ

− (
�̂�

�̂�
−

𝑏

𝜏
) − (

�̂� + �̂�ℎ

�̂�
−

𝜓 + 𝜇ℎ

𝜏
)

+(
1

�̂�
−

1

𝜏
)𝛾2

sgn(𝑆𝐼ℎ
)

𝐼ℎ

 (24) 

−(𝐼�̇� − 𝐼�̇�𝑑 + 𝐼𝑣 + 𝜎3𝑆𝐼𝑣
)

�̂�𝐼𝑣

− 𝛾3

𝑠𝑔𝑛(𝑆𝐼𝑣
)

𝑝𝐼𝑣

=

(
�̂�2

�̂�
−

𝛼2

𝑝
)

𝐸𝑣

𝐼𝑣

−(
�̂�𝑣

�̂�
−

𝜇𝑣

𝑝
) + (

1

�̂�
−

1

𝑝
)𝛾3

𝑠𝑔𝑛(𝑆𝐼𝑣
)

𝐼𝑣

 (25) 

 

Thus, after employment of the regressor matrices 𝑌1, 𝑌2 
and 𝑌3  and the parameter vectors  𝜃1,  𝜃2  and  𝜃3, the above 
equations can be rewritten as  

 

−(�̇�ℎ − �̇�ℎ𝑑 + �̃�ℎ + 𝜎1𝑆�̃�ℎ
)𝑁ℎ

�̂�1𝐼𝑣𝑆ℎ

− 𝛾1

sgn(𝑆�̃�ℎ
)𝑁ℎ

𝛽1𝐼𝑣𝑆ℎ

= 𝑌1(𝜙1, 𝑆ℎ , 𝐸ℎ, 𝐼𝑣) �̃�1

 (26) 
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−(𝐼ℎ̇ − 𝐼ℎ̇𝑑 + 𝐼ℎ + 𝜎2𝑆𝐼ℎ
)

�̂�𝐼ℎ

− 𝛾2

sgn(𝑆𝐼ℎ
)

𝜏𝐼ℎ

= 𝑌2(𝜙2, 𝐸ℎ , 𝐼ℎ)�̃�2 
(27) 

−(𝐼�̇� − 𝐼�̇�𝑑 + 𝐼𝑣 + 𝜎3𝑆𝐼𝑣
)

�̂�𝐼𝑣

− 𝛾3

sgn(𝑆𝐼𝑣
)

𝑝𝐼𝑣

= 𝑌3(𝜙3, 𝐸𝑣 , 𝐼𝑣)�̃�3 
(28) 

 

where �̃�1 = �̂�1 − 𝜃1, �̃�2 = �̂�2 − 𝜃2 and �̃�3 = �̂�3 − 𝜃3 are the 
bounded error vectors of the model parameters estimation. 
Note that �̇�ℎ𝑑 , 𝐼ℎ̇𝑑  and 𝐼�̇�𝑑  are known variables as the time 
derivatives of the desired numbers for exposed and infected 
humans and infected mosquitoes. Moreover, �̇̃�ℎ = �̇�ℎ − �̇�ℎ𝑑, 
𝐼̇

ℎ = 𝐼ℎ̇ − 𝐼ℎ̇𝑑 and 𝐼̇
𝑣 = 𝐼�̇� − 𝐼�̇�𝑑 can be used in Eqs. (26)-(28) 

as the time derivatives of tracking errors for the above-
mentioned populations with respect to their descending 
desired values. By multiplying Eqs. (26)-(28) by 
(�̂�1𝐼𝑣𝑆ℎ 𝑁ℎ⁄ ), (�̂�𝐼ℎ) and (�̂�𝐼𝑣), respectively, and substituting 
�̇��̃�ℎ

= �̇̃�ℎ + �̃�ℎ, �̇�𝐼ℎ
= 𝐼̇

ℎ + 𝐼ℎ and �̇�𝐼𝑣
= 𝐼̇

𝑣 + 𝐼𝑣 in them, the 
closed-loop dynamics is finally obtained as follows:  
 

�̇��̃�ℎ
= −𝜎1𝑆�̃�ℎ

− (�̂�1𝐼𝑣𝑆ℎ 𝑁ℎ⁄ )𝑌1(𝜙1, 𝑆ℎ , 𝐸ℎ , 𝐼𝑣)�̃�1

−
�̂�1

𝛽1

𝛾1sgn(𝑆�̃�ℎ
)

 (29) 

�̇�𝐼ℎ
= −𝜎2𝑆𝐼ℎ

− �̂�𝐼ℎ𝑌2(𝜙2, 𝐸ℎ , 𝐼ℎ)�̃�2 −
�̂�

𝜏
𝛾2sgn(𝑆𝐼ℎ

) (30) 

�̇�𝐼𝑣
= −𝜎3𝑆𝐼𝑣

− �̂�𝐼𝑣𝑌3(𝜙3, 𝐸𝑣 , 𝐼𝑣)�̃�3 −
�̂�

𝑝
𝛾3sgn(𝑆𝐼𝑣

) (31) 

 

Since the state variables of malaria model (𝑆ℎ, 𝐸ℎ, 𝐼ℎ, 𝑅ℎ, 
𝑆𝑣, 𝐸𝑣 and 𝐼𝑣) and the unknown parameter estimation errors 
(�̃�1, �̃�2 and �̃�3) are bounded, there exist positive unknown 
constants 𝜇1, 𝜇2 and 𝜇3 such that:  

 

| (�̂�1𝐼𝑣𝑆ℎ 𝑁ℎ⁄ )𝑌1(𝜙1, 𝑆ℎ , 𝐸ℎ , 𝐼𝑣)�̃�1| < 𝜇1 (32) 

|�̂�𝐼ℎ𝑌2(𝜙2, 𝐸ℎ, 𝐼ℎ)�̃�2| < 𝜇2 (33) 

|�̂�𝐼𝑣𝑌3(𝜙3, 𝐸𝑣 , 𝐼𝑣)�̃�3| < 𝜇3 (34) 
 

In order to become robust against the modeling 
uncertainties, the adaptation laws for updating the robust 
gains �̇�1, �̇�2 and �̇�3 are defined as   

 
�̇�1 = 𝜑1|𝑆�̃�ℎ

|, 𝛾1(0) = 𝛾10, 𝛾10 > 0 (35) 

�̇�2 = 𝜑2|𝑆𝐼ℎ
|, 𝛾2(0) = 𝛾20, 𝛾20 > 0  (36) 

�̇�3 = 𝜑3|𝑆𝐼𝑣
|, 𝛾3(0) = 𝛾30, 𝛾30 > 0  (37) 

 

where 𝜑1, 𝜑2 and 𝜑3 are positive constants of the adaptation 
laws, which specify the rate of updating with respect to the 
distances from the sliding surfaces 𝑆�̃�ℎ

 𝑆𝐼ℎ
 and 𝑆𝐼𝑣

, 
respectively. 𝛾10, 𝛾20 and 𝛾30 are the positive initial values 
of the robust gains at = 0 .  

Now, the Lyapunov theorem is utilized to guarantee the 
stability and robustness of the closed-loop system and 
tracking convergence to the desired number of humans 
exposed to malaria parasite(𝐸ℎ𝑑) , the desired number of 
humans with malaria symptoms (𝐼ℎ𝑑)  and the desired 

number of infectious mosquitoes (𝐼𝑣𝑑). For this purpose, the 
following positive definite Lyapunov function is defined as  
 

𝑉(𝑡) =
1

2
[𝑆�̃�ℎ

2 + 𝑆𝐼ℎ

2 + 𝑆𝐼𝑣

2

+
𝛽1

�̂�1𝜑1

(
�̂�1

𝛽1

𝛾1 − 𝜇1)2

+
𝜏

�̂�𝜑2

(
�̂�

𝜏
𝛾2 − 𝜇2)2 +

𝑝

�̂�𝜑3

(
�̂�

𝑝
𝛾3 − 𝜇3)2]

 (38) 

 

Now, the time derivative of the Lyapunov function is 
determined:  
 

�̇�(𝑡) = 𝑆�̃�ℎ
�̇��̃�ℎ

+ 𝑆𝐼ℎ
�̇�𝐼ℎ

+ 𝑆𝐼𝑣
�̇�𝐼𝑣

+
1

𝜑1

(
�̂�1

𝛽1

𝛾1 − 𝜇1) �̇�1

+
1

𝜑2

(
�̂�

𝜏
𝛾2 − 𝜇2) �̇�2 +

1

𝜑3

(
�̂�

𝑝
𝛾3 − 𝜇3) �̇�3

 (39) 

 

Substituting the closed-loop dynamics (29)-(31) in (39), the 
Lyapunov function derivative is obtained as   
 

�̇�(𝑡) =

−𝜎1𝑆�̃�ℎ

2 − 𝑆�̃�ℎ
((�̂�1𝐼𝑣𝑆ℎ 𝑁ℎ⁄ )𝑌1(𝜙1, 𝑆ℎ, 𝐸ℎ , 𝐼𝑣)�̃�1)

−
�̂�1

𝛽1

𝛾1𝑆�̃�ℎ
sgn(𝑆�̃�ℎ

) +
1

𝜑1

(
�̂�1

𝛽1

𝛾1 − 𝜇1)�̇�1

−𝜎2𝑆𝐼ℎ

2 − 𝑆𝐼ℎ
(�̂�𝐼ℎ𝑌2(𝜙2, 𝐸ℎ , 𝐼ℎ)�̃�2)

−
�̂�

𝜏
𝛾2𝑆𝐼ℎ

sgn(𝑆𝐼ℎ
) +

1

𝜑2

(
�̂�

𝜏
𝛾2 − 𝜇2)�̇�2

−𝜎3𝑆𝐼𝑣

2 − 𝑆𝐼𝑣
(�̂�𝐼𝑣𝑌3(𝜙3, 𝐸𝑣 , 𝐼𝑣)�̃�3)

−
�̂�

𝑝
𝛾3𝑆𝐼𝑣

sgn(𝑆𝐼𝑣
) +

1

𝜑3

(
�̂�

𝑝
𝛾3 − 𝜇3)�̇�3

 (40) 

 
As 𝑆�̃�ℎ

sgn(𝑆�̃�ℎ
) = |𝑆�̃�ℎ

| , 𝑆𝐼ℎ
sgn(𝑆𝐼ℎ

) = |𝑆𝐼ℎ
|  and 

𝑆𝐼𝑣
sgn(𝑆𝐼𝑣

) = |𝑆𝐼𝑣
|, employing the adaptation laws in the 

time derivative  of the Lyapunov function (40), one can 
write:  

 

�̇�(𝑡) ≤ −𝜎1𝑆�̃�ℎ

2 + |𝑆�̃�ℎ
|(𝜇1)

−
�̂�1

𝛽1

𝛾1|𝑆�̃�ℎ
| + (

�̂�1

𝛽1

𝛾1 − 𝜇1)|𝑆�̃�ℎ
|

−𝜎2𝑆𝐼ℎ

2 + |𝑆𝐼ℎ
|(𝜇2) −

�̂�

𝜏
𝛾2|𝑆𝐼ℎ

| + (
�̂�

𝜏
𝛾2 − 𝜇2)|𝑆𝐼ℎ

|

−𝜎3𝑆𝐼𝑣

2 + |𝑆𝐼𝑣
|(𝜇3) −

�̂�

𝑝
𝛾3|𝑆𝐼𝑣

| + (
�̂�

𝑝
𝛾3 − 𝜇3)|𝑆𝐼𝑣

|

 (41) 

 

Due to the boundedness property of the regressor 
matrices and the parameter vectors, the above equation is 
simplified as  

 

�̇�(𝑡) ≤ −𝜎1𝑆�̃�ℎ

2 − 𝜎2𝑆𝐼ℎ

2 − 𝜎3𝑆𝐼𝑣

2 (42) 
 

Therefore, the time derivative of the Lyapunov function 
is semi-negative definite, as 𝜎1 , 𝜎2  and 𝜎3  are positive 
constants. The robustness of the proposed controller against 
parametric uncertainties are provided by the adaptation law 
as it overcome the unknown upper bounds of uncertainties 
𝜇1, 𝜇2 and 𝜇3 in Eqs. (32)-(34).  
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Theorem. The suggested nonlinear robust adaptive 
control scheme guarantees robustness against bounded 
modeling uncertainties ( �̃�1 , �̃�2  and �̃�3 ),  the stability and 
convergence of sliding surfaces (𝑆�̃�ℎ

, 𝑆𝐼ℎ
 and 𝑆𝐼𝑣

) because 
of positive definiteness of the Lyapunov function (38) and 
the negative definiteness of its time derivative (42). 

 

Proof. According to the Barbalat’s lemma [38], if 𝑤 is a 
uniformly continuous function for 𝑡 > 0 and if the limit of 
the integral 𝑙𝑖𝑚

𝑡→∞
 ∫ 𝑤(𝜁)

𝑡

0
𝑑𝜁  exists and has a finite value; 

then, it is concluded that  

𝑙𝑖𝑚
𝑡→∞

 𝑤(𝑡) = 0 (43) 

Now, considering (𝑡) = 𝜎1𝑆�̃�ℎ

2 + 𝜎2𝑆𝐼ℎ

2 + 𝜎3𝑆𝐼𝑣

2  , it can 
be noted that  

 

�̇�(𝑡) ≤ −𝜎1𝑆�̃�ℎ

2 − 𝜎2𝑆𝐼ℎ

2 − 𝜎3𝑆𝐼𝑣

2 ≤ −𝑤(𝑡) (44) 

Thus, by integrating Eq. (44) from zero to 𝑡 → ∞, we have: 
 

𝑉(0) − 𝑉(∞) ≥ 𝑙𝑖𝑚
𝑡→∞

 ∫ 𝑤(𝜁)

𝑡

0

𝑑𝜁 (45) 

Therefore, due to the negativeness of �̇� , (𝑉(0) −
𝑉(∞)) is positive and finite. Based on Eq. (45) and 
positiveness of 𝑤(𝑡), 𝑙𝑖𝑚

𝑡→∞
 ∫ 𝑤(𝜁)

𝑡

0
𝑑𝜁  is positive and finite. 

Consequently, according to the Barbalat’s lemma [38], it is 
concluded that: 

 

𝑙𝑖𝑚
𝑡→∞

 𝑤(𝑡) = 𝑙𝑖𝑚
𝑡→∞

 (𝜎1𝑆�̃�ℎ

2 + 𝜎2𝑆𝐼ℎ

2 + 𝜎3𝑆𝐼𝑣

2) = 0 (46) 
 

4. Simulation studies 

In this section, numerical simulation results of the 
designed nonlinear robust adaptive controller are presented 
for malaria epidemic, considering two treatment time 
intervals (100 and 200 days). The employed values for the 
model parameters have been introduced in Okosun et al [24], 
as mentioned in Table 1. Three exponential functions are 
considered for the desired decreasing scenario of  𝐸ℎ, 𝐼ℎ and 
𝐼𝑣 , as  

 
𝐸ℎ𝑑 = (𝐸ℎ0 − 𝐸ℎ𝑓)exp (−𝑎𝑡) + 𝐸ℎ𝑓 (47) 
𝐼ℎ𝑑 = (𝐼ℎ0 − 𝐼ℎ𝑓)exp (−𝑎𝑡) + 𝐼ℎ𝑓 (48) 
𝐼𝑣𝑑 = (𝐼𝑣0 − 𝐼𝑣𝑓)exp (−𝑎𝑡) + 𝐼𝑣𝑓 (49) 

 

where 𝑎 is the desired reduction rate which is considered as 
0.055 and 0.025 for the first and second scenarios (treatment 
in 100 and 200 days), respectively. 𝐸ℎ0, 𝐼ℎ0 and 𝐼𝑣0 are the 
initial numbers of exposed humans, infected humans and 
infectious mosquitoes, respectively 𝐸ℎ𝑓 , 𝐼ℎ𝑓  and 𝐼𝑣𝑓  are the 
desired final populations of these compartments, 
respectively, which have been considered zero in this study 
in order to satisfy the positiveness of the desired scenario. 
The initial populations of individual and mosquitoes are 
presented in Table 2. 

Maximum 80% uncertainty is considered for the initial 
estimation of model parameters; therefore, �̂�1(0) = 1.8𝜃1 , 
�̂�2(0) = 1.8𝜃2  and �̂�3(0) = 1.8𝜃3 . Figure 2 depicts the 
response of malaria epidemical model (magnitude of all 
state variables) for the first desired period (100 days), 
employing the proposed control strategy. As shown in Figs. 
2a and 2b, the populations of the exposed (𝐸ℎ) and infected 
(𝐼ℎ)  humans are converged to zero along their desired 
reduction trajectory (defined in Eqs.(47)-(49)). Since the 
number of infected humans (𝐼ℎ) decreases during the control 
procedure and converges to zero, it can be concluded from 
Eq. (1) that recovered population decreases (�̇�ℎ < 0) after a 
finite time. Therefore, due to the positiveness of the 
recovered population (𝑅ℎ > 0) , it remains bounded and 
converges to zero (𝑅ℎ → 0), as observed in Fig. 2a.  

 
Table 1  
Parameters of the epidemiological malaria model (1) 
Parameter Description Value 

𝜑 Mosquito contact rate with 
human 0.502 day-1 

𝜀 Mosquito biting rate 0.2 
𝛽 Probability of human 

getting infected 
0.8333 

𝜆  Probability of a mosquito 
getting infected 

0.09 

𝜇ℎ  Natural death rate in 
humans 

0.00004 
day−1 

𝜇𝑣  Natural death rate in 
mosquitoes 

0.1429 day−1 

𝜅 Recovered individuals’ 
loss of immunity 

0.7902 day−1 

𝛼1 Humans’ progression rate 
from exposed to infected 

1/17 day−1 

𝛼2  Mosquitoes’ progression 
rate from exposed to 
infected 

1/18 day−1 

Λℎ Human birth rate 0.2 day−1 
Λ𝑣   Mosquitoes birth rate 1000 day−1 

𝜏 Proportion of effectively 
treated individuals 

0.01–0.7 

𝜓 Disease induced death 0.05 day−1 
𝑏 Spontaneous recovery 0.005 day−1 
𝑝 Insecticide’s efficacy 0.25 

 
By summing the first four relations in Eq. (1), it is 

obtained that the human birth rate (𝛬ℎ), the disease induced 
death rate (𝜓) and the natural death rate (𝜇ℎ) affect the total 
human population as 
 

�̇�ℎ = �̇�ℎ + �̇�ℎ + 𝐼ℎ̇ + �̇�ℎ = 𝛬ℎ − 𝜓𝐼ℎ − 𝜇ℎ𝑁ℎ (50) 
 

Accordingly, at the beginning of the control procedure, the 
disease induced death term  𝜓𝐼ℎ  causes a reduction in the 
total human population (�̇�ℎ < 0), as shown in Fig. 2c. Since 
the infected human population 𝐼ℎ  declines during the first 
30-day period of the process (Fig. 2b), the summation of 
induced death term  𝜓𝐼ℎ  and natural death term 𝜇ℎ𝑁ℎ 
becomes smaller than the birth rate 𝛬ℎ  in Eq. (50). As a 
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result, the total human population 𝑁ℎ has an upward trend 
(�̇�ℎ > 0) after 30 days that is observed in Fig. 2c. 

 

 
      (a) 

 
      (b) 

 
      (c) 
 

Fig. 2.  The human populations in the controlled malaria 
epidemic during 100 days of treatment scenario: 
(a)Populations of exposed (𝐸ℎ𝑑 , 𝐸ℎ ) and recovered (𝑅ℎ ) 
individuals, (b) Population of infected humans (𝐼ℎ𝑑 , 𝐼ℎ), and 
(c) The total human population (𝑁ℎ) 
 

Figures 3a and 3b illustrate the convergence of infectious, 
exposed and susceptible mosquitoes during the treatment 
time. As seen in Fig. 3a, infectious mosquitoes (𝐼𝑣)  are 

decreased by tracking the desired scenario (𝐼𝑣𝑑). Moreover, 
the exposed (𝐸𝑣)  and susceptible (𝑆𝑣)  mosquitoes are 
reduced (Fig. 3b) as a result of infectious mosquitoes 
decrease, which is also concluded from Eq. (1). Similar to 
the human population, the birth rate (Λ𝑣) of mosquitoes is 
larger than their natural death rate (𝜇𝑣) ; therefore, the 
susceptible mosquitoes are increased slowly after its initial 
reduction interval as shown in the zoomed area of Fig. 3b. 
 

Table 2  
Initial values of malaria variables 

State variable 
Initial value 

(number of humans and/or 
mosquitoes) 

𝑆ℎ(0) 1100 
𝐸ℎ(0) 200 
𝐼ℎ(0) 400 
𝑅ℎ(0) 0 
𝑆𝑣(0) 800 
𝐸𝑣(0) 250 
𝐼𝑣(0) 80 

 

 
      (a) 

 
      (b) 

 

Fig. 3.  The mosquito populations in the controlled malaria 
epidemic during 100 days of treatment scenario: 
(a) The population of infectious mosquitoes (𝐼𝑣𝑑, 𝐼𝑣), and (b) 
Populations of exposed (𝐸𝑣) and susceptible (𝑆𝑣) mosquitoes. 
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In Fig. 4, the tracking errors of 𝐸ℎ , 𝐼ℎ  and  𝐼𝑣  with 
respect to their desired values 𝐸ℎ𝑑, 𝐼𝑣𝑑 and 𝐼𝑣𝑑 are illustrated 
for the first 40 days of the treatment process. The magnitude 
of control inputs (11)-(13) and the adaptation of controller’s 
robust gains (35)-(37) are shown in Figs. 5a and 5b, 
respectively. Note that the control inputs 𝑢1, 𝑢2 and 𝑢3 are 
the use of treated bednets per day, the treatment rate of 
infected individuals per day and the use of insecticide spray 
per day, respectively.  

 
 
 

 
 

Fig. 4. Tracking errors of exposed humans (𝐸ℎ − 𝐸ℎ𝑑) , 
infected humans(𝐼ℎ − 𝐼ℎ𝑑) and infectious mosquitoes (𝐼𝑣 −
𝐼𝑣𝑑) with respect to their desired values during the first 40 
days of the treatment process. 

 
In order to have minimum tracking errors and 

appropriate convergence of them in minimum time, the 
controller’s parameters are adjusted as 𝜎1 = 40, 𝜎2 = 5 and 
𝜎3 = 5 by a trial-and-error method. Moreover, the positive 
initial values of robust gains are assumed as 𝛾10 = 𝛾20 =
𝛾30 = 5 , and the adaptation rates are considered 𝜑1 = 2, 
𝜑2 = 1 and 𝜑3 = 1 to have appropriate gain magnitude and 
variation against uncertainties. Since employing the “sgn” 
function causes chattering phenomena in the control process, 
some continuous functions such as the tangent hyperbolic 
can be utilized to overcome this issue. Thus, tanh (10𝑆�̃�ℎ

), 
tanh (4𝑆𝐼ℎ

) and tanh (4𝑆𝐼𝑣
) are utilized in these simulations 

instead of sgn(𝑆�̃�ℎ
) , sgn(𝑆𝐼ℎ

) and sgn(𝑆𝐼𝑣
)  in the control 

laws (11)-(13), respectively.   
For the second desired scenario with 200 days of 

treatment, malaria epidemiological variables are not 
illustrated for the sake of brevity, while they have similar 
variations to the ones obtained in the first scenario (shown 
in Figs. 2-4).   

Figures 6a, 6b, and 6c demonstrate an assessment 
beetwen the rates of control inputs in the first and second 
scenarios. As seen, higher use of treatment bednets (𝑢1) and 
insecticide spray (𝑢3) is required in the first scenario (100 
days) in comparison with the ones in the second scenario 
(200 days). However, the treatment rate (𝑢2)  of infected 
individuals in the second scenario (200 days) is higher than 
the one used in the first treatment time (100 days). This is 
because that the decrease of exposed humans (𝐸ℎ)  has a 
lower rate in the second treatment scenario (200 days) in 
comparison with the first scenario (100 days). Thus, the 
people in the exposed compartment, which move to the 

infected compartment in the second scenario (200 days), are 
more than similar people move at the same time in the first 
scenario (100 days). Therefore, the decrease of infected 
humans (𝐼ℎ)  in the second scenario requires much more 
treatment rate of 𝑢2 in comparison with the first scenario. 
 

 
 (a) 

 
(b) 

 

Fig. 5.  (a) Magnitude of control inputs (𝑢1, 𝑢2 and 𝑢3), and 
(b) Adaptation of controller’s robust gains 𝛾1 , 𝛾2  and 𝛾3 , 
applied to treat malaria disease in 100 days. 
 

 
It is concluded from Eq. (1) that the decrease of 𝐼ℎ leads 

to the decrease of �̇�ℎ . Accordingly, the recovered people 
(𝑅ℎ) in the first treatment scenario have a higher reduction 
rate in comparison with the one in the second treatment 
scenario due to the smaller population size of infected 
people (𝐼ℎ), as illustrated in Fig. 7.  
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      (a) 

 
      (b) 

 
      (c) 

 

Fig. 6.  Control inputs for the first (100 days) and second 
(200 days) treatment scenarios:(a) Rate of using treated 
bednets 𝑢1, (b) Treatment rate of infected humans 𝑢2, and (c) 
Rate of using insecticide spray 𝑢3. 
 

 
 
 

 
 
Fig. 7. Infected and recovered people: comparison between 
the first (100 days) and second (200 days) treatment 
scenarios. 
 
 

 
 

5. Conclusion 

In this paper, a nonlinear robust adaptive integral-
sliding-mode control (ISMC) strategy was designed in order 
to control malaria epidemic as a positive system in the 
presence of modeling uncertainties. Seven malaria 
compartmental populations were considered as positive state 
variables: the susceptible, exposed, symptomatic infected 
and recovered humans, and the susceptible, exposed and 
infectious mosquitoes. The numbers of exposed and infected 
humans and infectious mosquitoes were reduced to zero by 
employing the proposed strategy for three positive control 
inputs, which were the use of treated bednets, treatment rate 
of infected individuals and the use of insecticide spray. For 
this purpose, some desired scenarios were designed for the 
decrease of objective compartments (exposed and infected 
humans and infectious mosquitoes) during 100 and 200 of 
treatment. By defining the nonlinear control laws and 
adaptation laws for the robust gains in the proposed strategy, 
the stability of the closed-loop system converged to the 
desired scenarios and guaranteed the robustness against a 
wide range of uncertainties by using the Lyapunov stability 
theorem. Numerical simulation results illustrated the 
effectiveness of the presented control strategy and showed 
that by increasing the treatment interval, the use of treated 
bednets and insecticide spray were decreased. 

 

6. References 

[1] Caccetta, L., Foulds, L.R. and Rumchev, V.G.: A positive 
linear discrete-time model of capacity planning and its 
controllability properties. Mathematical and Computer 
Modelling., 2004, 40(1-2), pp.217-226. 

[2] Zhang, J., Jia, X., Zhang, R. and Zuo, Y.: A model predictive 
control framework for constrained uncertain positive 
systems. International Journal of Systems Science., 
2018, 49(4), pp.884-896. 

[3] Brauer, F.: Some simple epidemic models. Mathematical 
Biosciences and Engineering., 2006, 3(1), p.1. 

[4] Arino, J., Brauer, F., Van Den Driessche, P., Watmough, J. 
and Wu, J.: A model for influenza with vaccination and 



10 
 

antiviral treatment. Journal of theoretical biology., 
2008, 253(1), pp.118-130. 

[5] Pathak, S., Maiti, A. and Samanta, G.P.: Rich dynamics of an 
SIR epidemic model. Nonlinear Analysis: Modelling and 
Control., 2010, 15(1), pp.71-81. 

[6] World Health Organization. :World malaria report 2015. 
World Health Organization, 2016. 

[7] Beare, N.A., Taylor, T.E., Harding, S.P., Lewallen, S. and 
Molyneux, M.E.: Malarial retinopathy: a newly established 
diagnostic sign in severe malaria. The American journal of 
tropical medicine and hygiene, 2006, 75(5), pp.790-797. 

[8] Cowman, A.F., Berry, D. and Baum, J.: The cellular and 
molecular basis for malaria parasite invasion of the human red 
blood cell. J Cell Biol., 2012, 198(6), pp.961-971. 

[9] Ross R. The prevention of malaria. John Murray; London; 
1911. 

[10] Macdonald, G.: The analysis of infection rates in diseases in 
which super infection occurs. Tropical diseases bulletin., , 
1950, 47, pp.907-915. 

[11] Macdonald G. The epidemiology and control of malaria. The 
Epidemiology and Control of Malaria., 1957. 

[12] Ngwa, G.A. and Shu, W.S.: A mathematical model for 
endemic malaria with variable human and mosquito 
populations. Mathematical and Computer Modelling, 2000, 
32(7-8), pp.747-763. 

[13] Koella, J.C. and Antia, R.: Epidemiological models for the 
spread of anti-malarial resistance. Malaria Journal. , 2003, 
2(1), p.3. 

[14] Anderson RM, May RM. Infectious diseases of humans: 
dynamics and control. Oxford university press; 1992 Aug 27. 

[15] Yang, H.M.: Malaria transmission model for different levels 
of acquired immunity and temperature-dependent parameters 
(vector). Revista de saude publica., 2000, 34(3), pp.223-231. 

[16] Yang, H.M.: A mathematical model for malaria transmission 
relating global warming and local socioeconomic 
conditions. Revista de saude publica., , 2001, 35, pp.224-231. 

[17] Kawaguchi, I., Sasaki, A. and Mogi, M.: Combining 
zooprophylaxis and insecticide spraying: a malaria–control 
strategy limiting the development of insecticide resistance in 
vector mosquitoes. Proceedings of the Royal Society of 
London B: Biological Sciences., 2004, 271(1536), pp.301-
309.  

[18] Chiyaka, C., Tchuenche, J.M., Garira, W. and Dube, S.: A 
mathematical analysis of the effects of control strategies on 
the transmission dynamics of malaria. Applied Mathematics 
and Computation., 2008, 195(2), pp.641-662. 

[19] Chiyaka, C., Garira, W. and Dube, S.: Effects of treatment and 
drug resistance on the transmission dynamics of malaria in 
endemic areas. Theoretical population biology., 2009, 75(1), 
pp.14-29. 

[20] Li, J.: A malaria model with partial immunity in 
humans. Mathematical biosciences and engineering: MBE., , 
2008, 5(4), pp.789-801. 

[21] Blayneh, K., Cao, Y. and Kwon, H.D.: Optimal control of 
vector-borne diseases: treatment and prevention. Discrete and 
Continuous Dynamical Systems B. , 2009, 11(3), pp.587-611. 

[22] Rafikov, M., Bevilacqua, L. and Wyse, A.P.P.: Optimal 
control strategy of malaria vector using genetically modified 
mosquitoes. Journal of Theoretical Biology., 2009, 258(3), 
pp.418-425. 

[23] Okosun, K.O., Ouifki, R. and Marcus, N.: Optimal control 
analysis of a malaria disease transmission model that includes 
treatment and vaccination with waning 
immunity. Biosystems., 2011, 106(2-3), pp.136-145. 

[24] Okosun, K.O., Rachid, O. and Marcus, N.: Optimal control 
strategies and cost-effectiveness analysis of a malaria 
model. BioSystems., 2013, 111(2), pp.83-101. 

[25] Lee, J., Kim, J. and Kwon, H.D.: Optimal control of an 
influenza model with seasonal forcing and age-dependent 

transmission rates. Journal of theoretical biology., 2013, 317, 
pp.310-320. 

[26] Li, X.J. and Yang, G.H.: Robust adaptive fault-tolerant 
control for uncertain linear systems with actuator failures. IET 
control theory & applications., 2012, 6(10), pp.1544-1551. 

[27] Moghaddam, A.V., Rajaei, A., Vatankhah, R. and Hairi-
Yazdi, M.R.: Terminal sliding mode control with non-
symmetric input saturation for vibration suppression of 
electrostatically actuated nanobeams in the presence of 
Casimir force. Applied Mathematical Modelling., 2018, 60, 
pp. 416-434. 

[28] Peng, Z., Wang, D. and Hu, X.: Robust adaptive formation 
control of underactuated autonomous surface vehicles with 
uncertain dynamics. IET control theory & applications., 
2011, 5(12), pp.1378-1387. 

[29] Torabi, M., Sharifi, M. and Vossoughi, G.: Robust Adaptive 
Sliding Mode Admittance Control of Exoskeleton 
Rehabilitation Robots. Scientia Iranica., 2017. 

[30] Rajaei, A., Vahidi-Moghaddam, A., Ayati, M. and Baghani, 
M.: Integral sliding mode control for nonlinear damped model 
of arch microbeams. Microsystem Technologies., 2018, 25 
(1), pp. 57-68. 

[31] Vahidi-Moghaddam A, Rajaei A and Ayati M.: Disturbance-
observer-based fuzzy terminal sliding mode control for 
MIMO uncertain nonlinear systems. Applied Mathematical 
Modelling., 2019, 70, pp. 109-127. 

[32] Moradi, H., Sharifi, M. and Vossoughi, G.: Adaptive robust 
control of cancer chemotherapy in the presence of parametric 
uncertainties: A comparison between three 
hypotheses. Computers in biology and medicine., 2015, 56, 
pp.145-157. 

[33] Sharifi, M. and Moradi, H.: Nonlinear composite adaptive 
control of cancer chemotherapy with online identification of 
uncertain parameters. Biomedical Signal Processing and 
Control., 2019, 49, pp. 360-374. 

[34] Aghajanzadeh, O., Sharifi, M., Tashakori, S. and Zohoor, H.: 
Nonlinear adaptive control method for treatment of uncertain 
hepatitis B virus infection. Biomedical Signal Processing and 
Control., 2017, 38, pp.174-181. 

[35] Rouhollahi, K., Andani, M.E., Karbassi, S.M. and Izadi, I.: 
Design of robust adaptive controller and feedback error 
learning for rehabilitation in Parkinson's disease: a simulation 
study. IET Systems Biology., 2017, 11(1), pp.19-29. 

[36] Rokhforoz, P., Jamshidi, A.A. and Sarvestani, N.N.: Adaptive 
robust control of cancer chemotherapy with extended Kalman 
filter observer. Informatics in Medicine Unlocked., 2017, 8, 
pp.1-7. 

[37] Sharifi, M. and Moradi, H.: Nonlinear robust adaptive sliding 
mode control of influenza epidemic in the presence of 
uncertainty. Journal of Process Control., 2017, 56, pp.48-57. 

[38] Slotine, Jean-Jacques E., and Weiping Li. Applied nonlinear 
control. Vol. 199, no. 1. Englewood Cliffs, NJ: Prentice hall, 
1991. 

 




