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Abstract
The paper proposes a method to integrate numerically an interconnected system, based on an idea of orthogonal approximation of functions. Here,

block pulse functions (BPFs) are chosen as the orthogonal set. The main advantage of using this technique is its ability to transform the original optimal

control problem to a mathematical programming problem relatively easier to solve. The primary focus of this paper is to exploit and rigorously develop

the BPFs parametrization technique for the synthesis of a decentralized observer-based optimal control for large-scale interconnected systems. In addi-

tion, we develop a mathematical model of a double-parallel inverted pendulum coupled by a spring, taking into account all possible changes of the con-

necting position of the elastic spring. In so doing, we conducted advanced simulations applying the new optimal control method to the studied

interconnected system. Our results demonstrate the validity and the effectiveness of the developed decentralized observer-based optimal control

approach.
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Introduction

In recent decades, an important part of the research activities

in automatic has focused on the optimal control problem with

numerous contributions to the theory. The fundamental opti-

mal control problem formulation of a process can be sum-

marized as follows: Since a process is given and defined by its

model, we need to select among the admissible commands the

one which allows, at the same time, verifying initial and final

conditions given, satisfying various imposed constraints on

the motion of the system and optimizing (minimize or maxi-

mize) a specified performance index. It has been applied to

diverse fields such as automotive systems, energy systems,

aerospace, robotics, power generation, distribution systems,

etc. Because of the complexity of most applications, optimal

control problems are most often solved numerically

(Anderson and Moore, 2007; Anil, 2009; Fleming and Rishel,

2012; Kirk, 2012).
Numerical methods are divided into two major classes:

indirect and direct methods (Von and Bulirsch, 1992). In an

indirect method, the two popular solution techniques of an

optimal control problem are Pontryagin’s maximum principle

and the Hamilton-Jacobi-Bellman equation (Bardi and

Capuzzo-Dolcetta, 2008; Hartl et al., 1995). In a direct

method, the optimal control problem is transcribed to a non-

linear programming problem by using discretization or para-

metrization techniques (Kraft, 1985; Sie-Long, 2013).
The second category of problem resolution has caught the

attention of many researchers. In fact, many direct methods

have been developed in the literature, such as Hermit-

Simpson collocation method (Becerra, 2010), Chebyshev

polynomials (Jaddu, 1998), quasi linearization (Nayyeri and

Kamyad, 2014) and the block pulse functions method

(Abdollahi and Babolian, 2016; Khajehnasiri, 2014; Mohan

and Kar, 2012; Younespour and Ghaffarzadeh, 2015; Zarrini

and Torkaman, 2014), which is the subject of our study.
Recently, the block pulse functions (BPFs) have been suc-

cessfully applied to system analysis, optimal control and iden-

tification. The main characteristic of this approach is that it

converts calculus (differential or integral) to algebra, which

simplifies the problem solution. Dealing with the direct

approach, the original optimal control problem will be con-

verted to a mathematical programming problem relatively

easier to solve by using the parameterization technique. This

approach is based on the approximation of state and control

variables. Compared with other approaches, the BPFs have

several advantages, mainly: little sensitive to the choice of the
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initial condition, efficiency, even complex control or state

constraints can be handled easily.
On the other hand, one of the recent and most challenging

problems in system theory and control is dealing with the

ever-growing size and complexity of mathematical models of

real-world processes. This kind of problem may become

unwise, costly or even impossible in practice to solve by sim-

ply using faster computers and larger memories. What moti-

vates this study is that this type of problem is recurrent in

most of the vital aspects of our modern society.
Therefore, for stabilization analysis, control design, opti-

mization and implementation of the strategies and algorithms,

it is necessary to develop newer and more efficient methods

and ideas.
The notion of ‘large-scale’ systems has been introduced for

more than three decades as it became clear that there are

practical control problems that cannot be tackled by classical

on-shot methods. The general approach consists of dividing

the problem into simpler and smaller subproblems which are

only weakly dependent or can be treated completely indepen-

dently and hence are easier to deal with. Since introducing

decentralized control, it has been always considered an

important control choice for interconnected systems. In this

way, the decentralized optimal control partitions the measure-

ment information and elaborates local and independent con-

trol law for each subsystem (Bakule, 2014; Feydi et al., 2019;

Khorsand and Gattami, 2011; Mahmoud, 2011; Rtibi et al.,

2017, 2018).
Besides, it is well known that observer design is an impor-

tant problem in many practical situations since the state vari-

ables are often incompletely known at each subsystem for

decentralized optimal control. In this context, one has to con-

sider state decentralized feedback control based on designing

a state observer able to reconstruct the state of individual

subsystems (Abidi and Elloumi, 2020; Bakule, 2008; Elloumi

et al., 2016; Gao et al., 2014; Lendek et al., 2008).
In this work, we introduced a novel numerical method,

based on the principle of orthogonal approximation of func-

tions, to solve the optimal control problem. By this means, we

transform the original optimal control problem into a mathe-

matical programming problem relatively easier to solve by the

parameterization technique. We used the BPFs to parameter-

ize the state and control variables, then synthesize a solution

for decentralized observer-based optimal control for large-

scale interconnected systems. Consequently, we reduced the

performance index to a single algebraic equation in terms of

the block pulse coefficients of the state and control variables.

Besides, we developed in detail a mathematical model of two

inverted pendulums interconnected by a spring, taking into

account all possible changes of the connecting position of the

elastic spring. Indeed, for the design of the decentralized con-

trol scheme, each pendulum should be seen as a subsystem.
The paper is organized according to the following outline:

The second section is devoted to formulate the problem and

to describe the studied system. In the third section, first we

expose the basic properties of the BPFs, and then focus on

the extension to decentralized optimal control with observers

using BPFs. In the fourth section, in order to develop an effi-

cient control of the double-parallel inverted pendulum, the

system configuration and its mathematical model are estab-
lished in detail in the first part, and simulations results are

implemented in the second part in order to show the efficiency
of the proposed investigated approach. Finally, conclusions
and future scope of the study are drawn.

System description and problem
formulation

The first definition of an ‘interconnected system’ is a system
that can be decomposed into a set of elementary systems Si,
i= 1, :::, n and an interconnection H .

In this paper, we study a class of large-scale interconnected

systems; each subsystem is described by the following state
equations:

_xi(t)=Aixi(t)+Biui(t)+ hi(t, x)
yi(t)=Cixi(t); i= 1, 2, ::, n

�
ð1Þ

where

� xi(t)= xi 2 <ni is the state vector of the ith subsystem;
� ui(t)= ui 2 <mi is the control vector of the ith

subsystem;
� yi(t)= yi 2 <pi is the output vector of the ith

subsystem;
� hi(t, x) reflects the interconnection term of the ith sub-

system with other subsystems and the uncertainty
dynamics from the ith subsystem (Siljak and
Stipanovic, 2000)

hT
i (t, x)hi t, xð Þł a2

i xT HT
i Hix ð2Þ

� ai . 0 are bounding parameters to be maximized and
Hi are bounding matrices.

� Ai 2 <ni 3 ni , Bi 2 <ni 3 mi and Ci 2 <pi 3 ni denote
respectively the state matrix, the control matrix and
the output matrix of the ith subsystem.

� Ai,Bið Þ is assumed to be controllable.
� Ai,Cið Þ is assumed to be observable.

The overall interconnected system formed by n subsystems
can then be represented by the following compact form:

_x(t)=Ax(t)+Bu(t)+ h(t, x)
y(t)=Cx(t)

�
ð3Þ

where

� xT = x1
T , x2

T , :::, xn
T½ � is the state vector of the global

system;
� uT = u1

T , u2
T , :::, un

T½ � is the control vector of the glo-
bal system;

� yT = y1
T , y2

T , :::, yn
T½ � is the output vector of the global

system;
� hT (t, x)= hT

1 , :::, h
T
n

� �T
is the nonlinear interconnection

functions, where h(t, x) is bounded as follows:
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hT t, xð Þh t, xð Þł xT
XN

i= 1

a2
i HT

i Hi

 !
x ð4Þ

� A= diag Ai½ � , B= diag Bi½ � , C = diag Ci½ �
� the pair A,Bð Þ is controllable.
� the pair A,Cð Þ is observable.

To respect the decentralized information structure con-
straint, the ith subsystem is controlled by the local control law:

ui xið Þ= � Kixi , i= 1, :::, n ð5Þ

The control law of the overall system, which is a collection of

the individual local laws, represents the block-diagonal form

u xð Þ= � Kx ð6Þ

where K = diag K1,K2, . . . ,Knð Þ is the block diagonal control

gain matrix.
Applying this feedback optimal control law, one obtains

the closed-loop equation for the dynamical interconnected
system

_x= A� BKð Þx+ h(t, x) ð7Þ

where

A� BKð Þ=

A1 � B1K1 A12 . . . A1n

A21 A2 � B2K2
..
.

..

. ..
. . .

. ..
.

An1 . . . . . . An � BnKn

2
6664

3
7775
ð8Þ

We now come back to some very important concepts in sys-

tem theory. The methods which use state feedback naturally
assume that the states of each subsystem are ready to use.
Therefore, if we are not able to directly measure the states of

the system, a decentralized observer should be designed. To
construct state estimators, we will form the dynamic equation

of the subsystem observers as follows:

_̂xi tð Þ=Aix̂i tð Þ+Biui tð Þ+Li yi tð Þ � ŷi tð Þ½ �
ŷi tð Þ=Cix̂i tð Þ; i= 1, . . . , n

�
ð9Þ

where

� Li 2 <ni 3 pi is the observation gain matrix of the ith

subsystem;
� x̂i is the state observation of the ith subsystem.

The control law of each subsystem using the estimated state is
given by

ui xið Þ= � Kix̂i ð10Þ

forming the estimation error equation between the ith actual
state and the ith observer output

ei = xi � x̂i ð11Þ

So, the dynamic error becomes

_ei = Ai � LiCi½ �ei + hi(t, x) ð12Þ

Consider again the overall system, hence, the decentralized
observer of the global system formed by local observers can

be rewritten as

_̂x tð Þ=Ax̂ tð Þ+Bu tð Þ+L y tð Þ � ŷ tð Þ½ �
ŷ tð Þ=Cx̂ tð Þ

�
ð13Þ

where

� x̂T tð Þ= x̂T = x̂1
T , x̂2

T , . . . , x̂n
T

� �
is the state observer

of the global system;
� L= diag Li½ � is the block diagonal observation gain

matrix of the overall system.

Thus, we consider the global system observation error

described by the following dynamical equation:

_e= A� LC½ �e+ h(t, x) ð14Þ

and then, the control law of the global system will be designed
using the observed state vector as follows:

u xð Þ= � Kx̂ ð15Þ

Finally, the development of the overall interconnected system,
using the control law, leads to obtain the following augmented
state model:

_x= A� BKð Þx+BKe+ h(t, x)
_e= A� LC½ �e+ h(t, x)
y=Cx

8<
: ð16Þ

Then, considering the global system (16) and the overall sys-

tem observation error (14), the augmented system can be
expressed as

_~x= ~A~x+ ~H ð17Þ

with ~A=
A� BK BK

0 A� LC

� �
, ~x=

x

e

� �
and ~H =

h(t, x)
h(t, x)

� �
The last stage in this section is to optimize a quadratic cost

performance defined by

Ji =
1

2

ð‘

0

yi
T Qiyi + ei

T Qi0ei + ui
T Riui

� �
dt ð18Þ

where

� Qi ni 3 nið Þ and Qi0 ni 3 nið Þ are semi positive definite
matrices, that represent respectively the output and the
error weighting matrices;

� Ri mi 3 mið Þ are positive definite matrices, representing
the input weighting matrices.

The overall criterion is expressed as

Ghali et al. 3



J =
XN

i= 1

Ji =
1

2

ð‘

0

yT Qy+ eT Q0eT + uT Ru
� �

dt ð19Þ

where Q= diag Qi½ �; Q0 = diag Q0i½ �; R= diag Ri½ �
By using the control law, the last equation can be written

as

J =
1

2

ð‘

0

~xT ~Q~xdt ð20Þ

with ~Q=
Q1 +KT RK �KT RK

�KT RK Q2 +KT RK

� �

Q1 =CT QC ; Q2 =Q0

Proposed approach for decentralized
observer-based optimal control resolution

First, we give a brief overview to specify our strict framework,
that is to say, the BPFs parameterization technique. Then, the

challenging tasks investigated in this section will concern the
extension of the direct approach (BPFs) to decentralized opti-
mal control with observers of interconnected systems (Bichiou

et al., 2018; Dadkhah and Farahi, 2015; Ghali et al., 2017a, b;
Hosseinpour and Nazemi, 2016; Marzban, 2016; Tang et al.,
2017; Warrad et al., 2018; Xie and Huang, 2016; Ziari et al.,
2019).

Properties of block pulse functions

Recently, the BPFs technique has been successfully applied to
system analysis, control and identification. The main charac-
teristic of this approach is that it converts calculus (differential

or integral) to algebra, thus simplifying the problem solution.
In this part, the BPFs and its important properties are

introduced in detail. We discuss the integration and multipli-
cation properties formulas associated with BPFs that are

important for this work.

Definition of BPFs. An m-set of BPFs defined on a unit inter-
val ½0, 1) as follows:

For each integer i, 1 ł i ł m, the function ui(t) is given by

ui tð Þ= 1 if t 2 t0 + i� 1ð Þh , t0 + ih½ ½
0 otherwise;

�
ð21Þ

where i= 1, . . . ,m with positive integer values, ui is called the
ith BPF.

h=
tf � t0

m
ð22Þ

is the block-pulse width along the time scale, and

um(tf )= 1 ð23Þ

These BPFs verify the under mentioned properties. The most
important of these properties are disjointness, orthogonality

and completeness that can be expressed as follows:

Disjointness: The BPFs are disjoint with each other

ui tð Þuj tð Þ= ui tð Þ if i= j

0 otherwise

�
ð24Þ

with t 2 0, h½ Þ ; i, j= 1, . . . ,m
Orthogonality: The BPFs are orthogonal with each other,

it is clear that

ðtf

t0

ui tð Þuj tð Þdt=
h if i= j

0 otherwise

�
ð25Þ

with t 2 0, h½ Þ ; i, j= 1, . . . ,m
Completeness: For every f 2 L2, uf g is complete ifÐ

uf = 0 then f = 0 almost everywhere. Because of complete-

ness of uf g, Parseval’s identity holds:

ðT

0

f 2 tð Þdt=
X‘

i= 1

ui tð Þk k2 ð26Þ

Function approximation. This set of functions can be concisely
described by an m-vector u(t) with ui(t) as its ith component.

It is well known that a function which is integrated into (0, 1)
can be approximated as

f (t)’
Xm

i= 1

fiui(t)=FT F(t) ð27Þ

where F is a m-vector given by

F = f1(t), f2(t), :::, fm(t)½ �T ð28Þ

Also, the set of BPFs is written as

F(t)= u1(t),u2(t), :::,um(t)½ �T ð29Þ

where the coefficients fi are determined such that the following
integral square error is minimized:

e=
ð1

0

f tð Þ �
Xm

i= 1

fiui tð Þ
 !2

dt ð30Þ

In fact, fi is defined by

fi =
1

h

ðt0 + ih

t0 +(i�1)h

f (t)dt ð31Þ

where fi is the average value of f tð Þ over

t0 + i� 1ð Þh ł t ł t0 + ih

Note that the approximation in (27) gives the best m-
segment piecewise constant approximation of f tð Þ and is

unique whatever may be the set of basis functions.

Matrix of integration. In the beginning, to get an interrelation-
ship between the matrices, we use the following identity:

4 Transactions of the Institute of Measurement and Control 00(0)



ðt

0

_x tð Þdt= x tð Þ � x 0ð Þ ð32Þ

Now we would like to expand the integral of F(t) concern-

ing t and we express the result into its BPF series. Arranging

the coefficients of expansion in a matrix form, we have

ðt

t0

f(t)dt’MF(t) ð33Þ

These integrals are

ðt
t0

ui tð Þdt=
h

2
ui tð Þ+ h

Xm

j= i+ 1

uj tð Þ ð34Þ

ðt
tf

ui tð Þdt= � h

2
ui tð Þ � h

Xi�1

j= 1

uj tð Þ ð35Þ

i= 1, 2, :::,m where M is an m 3 m matrix, which is upper tri-

angular given by

M = h

1
2

1 1 . . . 1

0 1
2

1 . . . 1

0 0 1
2

. . . 1

..

. ..
. ..

. . .
. ..

.

0 0 0 . . . 1
2

0
BBBBB@

1
CCCCCA ð36Þ

The significance of the matrix M is that the integration of

F tð Þ can be approximately (in the least-square error sense)
achieved by pre-multiplying F tð Þ by the constant matrix M .

For this reason, M is called the operational matrix for BPFs.

Extension to decentralized optimal control with
observers using BPFs

Having considered larger and more complex processes, the

optimal control problem of these systems arises with new

acuity. Direct application of optimal control to large systems

poses problems – that is to say, calculation problems directly

related to the size of these systems, implementation problems
of the structure control, etc.

Decentralized control responds directly to its obstacles.

The general idea is to decompose a system into several sub-

systems that are easier to handle (the interconnections are

handled by a coordinator managing the entire structure).
In addition to that, control systems designed for the

decoupled problems provide a completely decentralized con-

trol structure for the original problem, as illustrated in
Figure 1.

First of all, the BPFs have exceptional properties that act
directly on the problem of optimal control, whatever its

nature. Using this direct approach, the optimal control prob-

lem can be converted to a mathematical programming prob-

lem solved numerically by using the discretization or the

parametrization technique. In this part, we propose a study

related to the analysis of parameterization methods. Three

cases can be considered: the control parameterization, the
state parameterization and the state-control parameterization.

Thanks to the integration properties, we first implement
the BPFs as follows:

x(t)� x(0)= (A� BK)
Ð t

0
x(t)dt+BK

Ð t

0
e(t)dt+ h(t, x)

e(t)� e(0)= (A� LC)
Ð t

0
e(t)dt+ h(t, x)

(
ð37Þ

We have opted for the state-control parameterization tech-

nique. The idea behind this technique is to approximate, at
the same time, the state and control variables

x tð Þ ffi
Xm

i= 1

xiui tð Þ ffi xN FN tð Þ ð38Þ

u tð Þ ffi
Xm

i= 1

uiui tð Þ ffi uN FN tð Þ ð39Þ

where xN 2 <n 3 m, uN 2 <r 3 m and FN tð Þ 2 <m 3 1.
Similarly, we expand the observer error e tð Þ into BPFs as

follows:

e tð Þ= eN FN ð40Þ

Let consider the integration operational matrix represented

by (37), which becomes:

(xN � x0N )FN =(A� BK)xN MF(t)+BKeN MF(t)+ h(t, x)
(eN � e0N )FN =(A� LC)eN MF(t)+ h(t, x)

�
ð41Þ

It leads us easily to get the following algebraic equation:

xN � x0N =(A� BK)xN M +BKeN M + h(t, x)
eN � e0N =(A� LC)eN M + h(t, x)

�
ð42Þ

Combining the application of the integration and multipli-
cation properties, the state equation and the observation error
can be transformed into a sequence of algebraic equations

which have the following form:

Figure 1. Decentralized control structure.

Ghali et al. 5



x1 � x(0)= 1
2

h (A1 � B1K1)x1 +B1K1e1 + h1(t, x)½ �
..
.

xk � x(0)= 1
2

h (Ak � BkKk)xk +BkKkek + hk(t, x)½ �

+ h
Pk�1

i= 1

(Ai � BiKi)xi +BiKiei + hi(t, x)½ �

..

.

xm � x(0)= 1
2

h (Am � BmKm)xm +BmKmem + hm(t, x)½ �

+ h
Pm�1

i= 1

(Ai � BiKi)xi +BiKiei + hi(t, x)½

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð43Þ

k = 1, :::,m

e1 � e 0ð Þ= 1
2

h A1 � L1C1ð Þe1 + h1(t, x)½ �

..

.

ek � e 0ð Þ= 1
2

h Ak � LkCkð Þek + hk(t, x)½ �+ h
Pk�1

i= 1

Ai � LiCið Þei + hi(t, x)½ �

..

.

em � e 0ð Þ= 1
2

h Am � LmCmð Þem + hm(t, x)½ �+ h
Pm�1

i= 1

Ai � LiCið Þei + hi(t, x)½ �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð44Þ

where

xk =

X1
xk

X2
xk

..

.

Xm
xk

0
BBB@

1
CCCA and uk =

U1
uk

U2
uk

..

.

Um
uk

0
BBB@

1
CCCA

We notice that the differential equations given by (16) are
transformed, through BPFs, in a set of algebraic equations
given by (43) and (44).

In the same way, the performance index is reduced to a sin-
gle algebraic equation having the following form:

J =
1

2
h
Xm

k = 1

xk
T ck

T Qkckxk + ek
T Q0kek

T + uk
T Rkuk

� �
ð45Þ

We get the expression of the optimal state-feedback of the glo-
bal system using the observed state vector as follows:

uk xð Þ= � Kx̂k ð46Þ

For this reason, the initial optimal control problem, which is
described by (16) and (19), is converted to a numerical resolu-
tion problem of a set of algebraic equations expressed by (43),
(44) and (45).

The resolution of this mathematical programming prob-
lem leads to the determination of the control gain K and the
observed gain L.

Application of the proposed optimal
control approach to a double-parallel
inverted pendulum

The problem of balancing an inverted pendulum has been a
reference problem demonstrating various control design tech-
niques. The main reasons for its popularity are its nonlinear,
unstable and non-minimum-phase characteristics. This system

has been widely applied in different areas such as rocket con-

trol, robot system, balancing mechanism and wheeled motion.

Mathematical modelling of the studied system

To prove the efficiency of the proposed approach, we estab-

lish a mathematical model of a double-parallel inverted pen-

dulum coupled by a spring, taking into account all possible

changes of the connecting position of the elastic spring.

The studied system is graphically depicted in Figure 2. It

consists of two identical inverted pendulums directly mounted

on the motor shafts in parallel where ti(i= 1, 2) are the input

torques of each motor. These pendulums are connected by an

elastic spring of constant k which is mounted at the height a.
u1 and u2 are the angular displacement of each inverted

pendulum from the vertical, respectively.
To derive its equations of motion, one of the possible ways

is to use Lagrange equations, which are given as follows:

d

dt

∂L

∂ _u1

	 

� ∂L

∂u1

= t1

d

dt

∂L

∂ _u2

	 

� ∂L

∂u2

= t2

8>>><
>>>:

ð47Þ

The Lagrangian, denoted by L, is expressed as follows:

Figure 2. System configuration: Double-parallel inverted pendulum.
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L=Ec � Ep ð48Þ

where Ec is the kinetic energy and Ep is the potential energy.
The kinetic energy for each pendulum is described by the fol-
lowing form:

Eci =
1

2
Ji

_ui
2 ð49Þ

where Ji is the moment of inertia and _ui is the angular velocity
of the ith pendulum. The total kinetic energy of the intercon-
nected system is gained from the sum of two equations:

Ec =
1

2
J1

_u1
2
+

1

2
J2

_u2
2
=

1

2
m1l2 _u1

2
+

1

2
m2l2 _u2

2 ð50Þ

Now we calculate the potential energy of the system that con-
sists of three terms: one for each mass and one for the spring.

Indeed, the gravitational potential energy for each mass is
expressed as follows:

Epi =miglcosui ð51Þ

The potential energy of the spring is calculated using Hooke’s
law:

Uspring =
1

2
kx2 ð52Þ

where

x=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0 sin u1ð Þ � sin u2ð Þð Þ � 2a2 cos u1 � u2ð Þ
q

� l0

ð53Þ

x2 = 2a2 + 2l0
2 + 2al0 sin u1ð Þ � sin u2ð Þð Þ � 2a2 cos u1 � u2ð Þ

� 2l0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0 sin u1ð Þ � sin u2ð Þð Þ � 2a2 cos u1 � u2ð Þ
q

ð54Þ

Then

Uspring = k a2 + l0
2 + al0 sin u1ð Þ � sin u2ð Þð Þ � a2 cos u1 � u2ð Þ

�
� l0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0 sin u1ð Þ � sin u2ð Þð Þ � 2a2 cos u1 � u2ð Þ
q 


ð55Þ

where x is the spring length change and l0 represents the

spring slack length.
Thus, the total potential energy of the system is repre-

sented as follows:

Ep =m1gl cos u1 +m2gl cos u2

+ k a2
�

+ l0
2 + al0 sin u1ð Þ � sin u2ð Þð Þ

�a2 cos u1 � u2ð Þ

�l0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0 sin u1ð Þ � sin u2ð Þð Þ � 2a2 cos u1 � u2ð Þ
q 


ð56Þ

By substituting equations (50) and (56) in equation (48), the

Lagrangian of the interconnected studied system is rewritten

as follows:

L=
1

2
m1l2 _u1

2
+

1

2
m2l2 _u2

2 � m1gl cos u1 � m2gl cos u2

�k a2
�

+ l0
2 + al0 sin u1ð Þ � sin u2ð Þð Þ � a2 cos u1 � u2ð Þ

�l0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0 sin u1ð Þ � sin u2ð Þð Þ � 2a2 cos u1 � u2ð Þ
q

ð57Þ

We apply the equations (47) separately on the equation (57).

Then, we obtain the nonlinear equations of motion for the

system.
For the first inverted pendulum:

∂L

∂ _u1

=m1l2 _u1

d

dt

∂L

∂ _u1

� �
=m1l2€u1

∂L

∂u1

=m1gl sin u1

� k al0 cos u1ð Þ � l0
2al0 cos u1ð Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0 sin u1 � sin u2ð Þ � 2a2 cos u1 � u2ð Þ
q

0
B@

1
CA
1
CA

0
B@

ð58Þ

So, for the first pendulum the equation of motion is

m1l2€u1 � m1gl sin u1

+ k al0 cos u1ð Þ � al0
2 cos u1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a2 + l0
2 + 2al0 sin u1�sin u2ð Þ�2a2 cos u1�u2ð Þ

p


= t1

	
ð59Þ

Now, for the second inverted pendulum:

∂L

∂ _u2

=m2l2 _u2

d

dt

∂L

∂ _u2

� �
=m2l2€u2

∂L

∂u2

=m2gl sin u2

� k(� al0 cos (u2)� l0

�2al0 cos (u2)

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l0

2 + 2al0( sin u1 � sin u2)� 2a2 cos (u1 � u2)
p

! !

ð60Þ

The motion equation of the second pendulum is then

m2l2€u2 � m2gl sin u2

+ k �al0 cos u2ð Þ+ al0
2 cos u2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a2 + l0
2 + 2al0 sin u1�sinu2ð Þ�2a2 cos u1�u2ð Þ

p


= t2

	
ð61Þ
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Using Lagrange equations (47), we showed that the nonlinear

equations of motion of the double inverted pendulum system

are

m1l2€u1 � m1glsinu1 + k al0cos u1ð Þ �
al2

0cos u1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l2

0 + 2al0 sinu1 � sinu2ð Þ � 2a2cos u1 � u2ð Þ
p

 !
= t1

m2l2€u2 � m2glsinu2 + k �al0cos u2ð Þ+
al2

0cos u2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 + l2

0 + 2al0 sinu1 � sinu2ð Þ � 2a2cos u1 � u2ð Þ
p

 !
= t2

8>>>>>>><
>>>>>>>:

ð62Þ

Assuming a small angular displacement, we linearize this set

of equations around the equilibrium point u1 = u2 = 0. In

addition, for simplicity reasons, rigid body motion, lumped

mass and linear spring are assumed; the dynamics of the

motor, the mechanical friction in the motor and the spring

guider are neglected. So, the nonlinear equations of motion

(62) can be replaced by the following linear model:

m1l2€u1 =m1glu1 � ka2 u1 � u2ð Þ � t1

m2l2€u2 =m2glu1 � ka2 u1 � u2ð Þ � t2

�
ð63Þ

First, each inverted pendulum is seen as a subsystem having a

state vector

xi tð Þ= ui tð Þ
_ui tð Þ

� �
ð64Þ

Then, the system composed of two parallel inverted pendu-

lums is described by the following state equations:

_x1 =A1x1 +B1u1 +H1x2

_x2 =A2x2 +B2u2 +H2x1

�
ð65Þ

with

� x1, x2 the state vectors of the subsystems;
� u1, u2 the control vectors of the subsystem such as the

input torque of each motor.

Thus, the disconnected subsystem can be expressed by the fol-

lowing system matrices:

A1 =
0 1

g

l
� ka2

m1l2
0

" #
; A2 =

0 1
g

l
� ka2

m2l2
0

" #
;

B1 =
0
�1

m1l2

" #
; B2 =

0
�1

m2l2

" #
;

H1 =
0 0

ka2

m1l2
0

" #
; H2 =

0 0
ka2

m2l2
0

" #

Accordingly, the global system can be expressed by the fol-

lowing state vector:

X (t)=
x1 tð Þ
x2 tð Þ

� �
=

u1 tð Þ
_u1 tð Þ
u2 tð Þ
_u2 tð Þ

2
664

3
775 ð66Þ

Thus, the global system formed by two identical inverted pen-

dulum coupled by a spring can be defined by the following
global state representation:

_x=Ax+Bu+Hx ð67Þ

with

� xT = xT
1 , x

T
2

� �
is the state vector;

� uT = uT
1 , uT

2

� �
is the control vector;

� A= diag A1,A2ð Þ is the characteristic matrix of the glo-

bal system:

A=

0 1 0 0
g

l
� ka2

m1l2
1 0 0

0 0 0 1

0 0
g

l
� ka2

m2l2
0

2
666664

3
777775

� B= diag B1,B2ð Þ is the control matrix:

B=

0 0
�1

m1l2
0

0 0

0
�1

m2l2

2
66664

3
77775

� H is the matrix formed by the terms of

interconnection:

H =

0 0 0 0

0 0
ka2

m1l2
0

0 0 0 0
ka2

m2l2
0 0 0

2
666664

3
777775

Simulation study

In order to check the validity and the effectiveness of the pro-

posed decentralized optimal control strategy developed in the
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previous section, a numerical simulation test has been per-

formed on a double interconnected inverted pendulum.
Detailed specifications used in the studied system are listed

in Table 1.
According to the model (3), the studied double inverted

pendulum system can be described by the following state
equations:

_x=

0 1 0 0

286:2486 0 316:4332 0

0 0 0 1

315:9406 0 �285:7560 0

2
664

3
775x+

0 0

�21:0903 0

0 0

0 �21:0575

2
664

3
775u

y=
1 0 0 0

0 0 1 0

� �
x

8>>>>>><
>>>>>>:

ð68Þ

It is interesting, first of all, to note that the multiplication of
the weightings factors Q, Q0 and R by the same scalar leaves

the gains K and L unchanged. Indeed, the weights are gener-
ally chosen diagonally.

By this way, the weighting factors are chosen such that

Q=

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 , Q0 =

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775

and R=
0:0043 0

0 0:0043

� �

After applying the BPFs parameterization and the use of the

gain matrices, the problem described by (16) will be trans-
formed into a nonlinear programming problem solved

numerically using Fmincon function of Matlab toolbox.
We obtain the control gain matrices:

K1 = �5:0148 � 0:4657½ �

K2 = �5:0134 � 0:4418½ �

and the observation gain matrices:

L1 =
2:2533

�0:1423

� �
, L2 =

2:2633

�0:1432

� �

It is well known that this problem can be reduced to a linear

optimization problem. Under equations (43) and (44), the

problem is stated as: it is a question of determining the

coefficients X x1

i , X x2

i , X
x3

i , X x4

i , Uu1

i and Uu2

i that minimize the

following performance criterion:

J =
1

2
h
Xm

i= 1

X x1

ið Þ2 + X x2

ið Þ2 + X
x3

ið Þ2 + X x4

ið Þ2
� 

+
1

2
h
Xm

i= 1

0:0043 Uu1

ið Þ2 + 0:0043 Uu2

ið Þ2
�  ð69Þ

The performances of the proposed decentralized observer-

based optimal control approach using the BPFs are demon-
strated in Figures 3 to 8 and implemented on a double-parallel

inverted pendulum coupled by a spring, in which are simu-
lated the evolution of the real state variables, their observers

and the corresponding decentralized optimal control signals
of the studied system respectively to m = 20, m= 40, m= 60,

m= 80, m= 100 and m= 120.
From the simulation results shown in these curves, it can

be clearly seen that the decentralized control approach using

the BPFs produces a piecewise constant solution for each

value of k = 1, :::,m. Also, it is shown that the direct method
is able to enhance the stability of the studied system in

approximately 4 seconds. Consequently, we can demonstrate
numerically that the decentralized optimal state observers for

the interconnected system allow the reconstruction of the
state variables with a good performance. This proves the

applicability, the validity and the effectiveness of the BPFs
technique.

To show the efficiency of the BPFs designed, the following

scenario is considered:

1. Note that these curves are quantified; nevertheless, this
difficulty has become indiscernible if the parameter m

is large.
2. The calculation time takes account of one parameter:

the number m.
3. By taking for m a big number, that is to say, for a good

approximation we risk wasting precious time in the
execution of the algorithm, then we should make a
compromise between these parameters.

Conclusion

The content of this paper concerns the synthesis of decentralized

observer-based optimal control for large-scale interconnected
systems using the BPFs parametrization technique. Based on

this approach, the optimal control problem is transformed to a
nonlinear programming problem solved mathematically.

The BPFs direct approach was implemented on a double-

parallel inverted pendulum coupled by a spring. Simulation
results have shown the aptitude of the direct approach, using

BPFs, to be implemented easily and to give a satisfactory
result, which succeeds to ensure quickly the stability and

improve the performance of the studied system.
Many interesting directions for future research

remain. One of the possible perspectives is to develop a reced-
ing horizon control through the BPFs for interconnected

systems.

Table 1. Detailed specifications.

Notations Physical Meaning Value Unit

m1 The mass of the first pendulum 0:4489 kg

m2 The mass of the second pendulum 0:4496 kg

l The rod length 0:325 m

a The connecting position of the spring 0:21 m

k The stiffness of spring 340:22 N=m

g The acceleration of gravity 9:81 Ms�2
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Figure 3. Evolution of the real state variables, their observers and the corresponding decentralized optimal control signals of the global system for

m = 20.

Figure 4. Evolution of the real state variables, their observers and the corresponding decentralized optimal control signals of the global system for

m = 40.
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Figure 5. Evolution of the real state variables, their observers and the corresponding decentralized optimal control signals of the global system for

m = 60.

Figure 6. Evolution of the real state variables, their observers and the corresponding decentralized optimal control signals of the global system for

m = 80.
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Figure 7. Evolution of the real state variables, their observers and the corresponding decentralized optimal control signals of the global system for

m = 100.

Figure 8. Evolution of the real state variables, their observers and the corresponding decentralized optimal control signals of the global system for

m = 120.
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