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a b s t r a c t

This paper reports a hybrid intelligent controller for application in single axis MEMS vibratory gyroscopes.
First, unknown parameters of a micro gyroscope including unknown time varying angular velocity are
estimated online via normalized continuous time least mean squares algorithm. Then, an additional
interval type-2 fuzzy sliding mode control is incorporated in order to match the resonant frequencies and
to compensate for undesired mechanical couplings. The main advantage of this control strategy is its
robustness to parameters uncertainty, external disturbance and measurement noise. Consistent estimation
of parameters is guaranteed and stability of the closed-loop system is proved via the Lyapunov stability
theorem. Finally, numerical simulation is done in order to validate the effectiveness of the proposed
method, both for a constant and time-varying angular rate.

& 2013 ISA. Published by Elsevier Ltd. All rights reserved.
1. Introduction

MEMS gyroscopes are low-cost, low-power, and low-weight
inertial sensors with IC integration capability which are widely
used in aerospace (attitude determination system), military (mis-
siles navigation and guidance), automotive industry (rollover
detection and vehicular navigation), and consumer electronics
(mobile sets and cameras) for accurate measurement of angular
velocity [1–5]. As the name implies, MEMS vibratory gyroscopes
are a special variant of MEMS gyros in which a vibrating element
rather than a rotating one is used for inducement of Coriolis force.
This unique structural property facilitates batch micro-fabrication
and eliminates mechanical wearing. The so called proof mass can
vibrate along two hopefully orthogonal axes: drive axis (x) and
sense axis (y). When the gyro, being excited along the drive axis,
undergoes an angular velocity in the direction of z-axis, i.e. the
direction perpendicular to the plane of the proof mass, energy of
vibration will be transferred from the drive mode to the sense
mode via the Coriolis force. Measurement of vibration along the
sense axis yields information about the magnitude of unknown
angular velocity. This configuration is only sensitive to the z
by Elsevier Ltd. All rights reserved
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component of angular velocity vector. Hence, the name z-axis or
single axis is used for gyroscopes of this class.

Ideally, MEMS gyroscopes mechanical design is subject to two
important constraints:
1.
.

Mode matching or resonant frequency matching. The reason
behind this constraint is that the sensitivity of the gyro, i.e. the
ratio of sensed vibrations along the sense axis over angular
velocity will be maximized by matching the resonant frequency
of drive and sense axes.
2.
 Decoupling the two modes of vibration. This would eliminate
the effect of the drive axis on the sense axis so that the only
active actuation on the sense axis would be the Coriolis force.
This so called quadrature error is strong enough to completely
mask the Coriolis signal.

However, due to fabrication tolerances and environmental
effects, true values of resonant frequencies deviate from their
nominal values (frequency mismatching), and undesired mechan-
ical couplings are developed between the two axes. This leads to
considerable reduction in sensitivity of the gyro [6]. Hence,
practical control techniques for identification of uncertain para-
meters, mode matching and quadrature cancellation are active
research lines in the context of MEMS gyroscopes. Recently,
inherently robust designs such as parametric excitation or multi-
degree of freedom gyros have been introduced to increase the
sensitivity in the mechanical domain and robustness against
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parameter variations [7,32]. The purpose of this work, however, is
to focus on harmonically excited MEMS gyroscopes with two
degrees of freedom.

Sliding mode control is a variant of variable structure control
algorithm which was first introduced by Uktin [8]. It is a robust
control technique for asymptotic stabilization of the origin or
generally the equilibrium point in uncertain nonlinear systems [9].
By this method, the dynamics of such systems are first forced to
comply with a predefined reduced order stable differential
equation (or stable manifold). This sliding surface will then “slide”
the trajectory to the origin, regardless of unknown but bounded
perturbations in parameters. Besides that, sliding mode control
has also the capability of compensating for external disturbance,
provided that an upper bound can be determined for it. Accord-
ingly, this control strategy can be used to force a gyroscope with
unknown parameters, and in the presence of external disturbance,
to track an ideal reference gyroscope for which resonant frequen-
cies are matched and cross coupling terms are eliminated.

Type-2 fuzzy logic is a generalization of conventional fuzzy
logic in which the values of membership functions are themselves
fuzzy [10]. Controllers based on type-2 fuzzy logic are capable of
maintaining performance in the presence of high level noise and
nonlinearity [11,12]. Additionally, a type-2 fuzzy logic controller
has a smoother behavior in steady state than its type-1 counter-
part [13]. Consequently, by incorporating type-2 fuzzy logic in
conventional sliding mode control, a hybrid intelligent tracking
controller with robustness against measurement noise can be
achieved. Moreover, undesired chattering phenomenon which is
normally present in the sliding mode controlled systems is either
reduced or exterminated by using such combination. Numerous
works have also reported the successful integration of sliding
mode control and fuzzy logic of either type in real world applica-
tions [14–18].

Several methodologies have been proposed in the literature for
parameter estimation and control of MEMS gyroscopes. Sungsu
et al. [19] proposed an adaptive add-on control scheme. The idea
behind this add-on control was to achieve a zero sense axis
displacement in a conventional force-balancing system by adding
an additional outer loop. Chien-Yu Chi et al. [20] proposed a
stochastic approach in which the state space representation of
gyroscope was augmented by unknown parameters and then
extended Kalman filter was used for optimal estimation of both
the parameters and the states. The stability of this estimation
algorithm, however, is not guaranteed. Qing et al. [21] proposed a
demodulation approach based on estimated dynamics of the
system by an extended state observer in order to estimate the
rotation rate. Zheng et al. [22] used the so called active disturbance
rejection method to compensate for all unknown terms and
disturbances absorbed in a single term. Chin et al. [23] proposed
a method by which absolute angle could be measured without
integrating the estimated angular rate. This was achieved through
forcing the gyroscope to track a predefined ideal dynamics [24].
Fei et al. [25] presented a novel model reference direct adaptive
control combined with proportional–integral sliding mode control
to achieve both robustness and adaptation. The convergence rate
of angular velocity estimation presented in this paper is uncontrol-
lable. Park et al. [26] developed a weighted energy control for
nullifying the imperfections and calculating the rotation angle
without integrating the angular rate. In [27] Batur et al. showed by
simulation that sliding mode control outweighs model reference
adaptive control in the estimation of unknown angular velocity.
The estimation algorithm used in the aforementioned work is
similar to that of [19]. Dong et al. [28] combined Lyapunov based
adaptive control with polynomial approximation technique in
order to estimate the time varying rotation rate. Saif et al. [29]
suggested terminal sliding mode control as a fast method for

 
 

 

tracking high frequency (up to 200 Hz) angular velocity. In [30]
five unknown constant parameters are first estimated off-line via
the least squares method, and then the estimated parameters are
used in active nonlinear controller/observer for both axes and
estimation of time-varying angular velocity.

For identification of linear in parameters systems, which is the
case for harmonically excited MEMS gyroscopes with linear stiff-
ness and damping terms, recursive least squares is an optimal
online solution which can be used to estimate the unknown
parameters, including angular velocity. However, this algorithm
is costly since it requires matrix inversion [31]. For elimination of
this drawback, simplified algorithms such as the least mean
squares (LMS) or stochastic approximation approach (SA) can be
used to estimate the parameters. In this paper, unknown para-
meters are continuously estimated via the LMS method. Estimated
parameters are then used in interval type-2 fuzzy sliding mode
controller (IT2FSMC) for tracking a reference trajectory. To put it in
a nut shell, novelties presented in this paper are: using the
normalized LMS algorithm as a fast identification algorithm for
detection of high frequency (up to 400 Hz) angular rates, and
exploiting interval type-2 fuzzy logic combined with sliding mode
control to achieve robustness against external disturbance, para-
meter uncertainty and measurement noise.

This paper is organized as follows: in Section 2 dynamic
equations of z-axis MEMS gyroscope are derived. In Section 3,
continuous time least mean squares algorithm for online estima-
tion of unknown parameters is elaborated. In Section 4 interval
type-2 fuzzy sliding mode control for model reference following is
introduced. In Section 5, numerical simulations are presented to
verify the effectiveness of the proposed algorithm. Conclusions are
drawn in Section 6.
2. Dynamics of MEMS vibratory gyroscope

A typical z-axis MEMS vibratory gyroscope is composed of a
proof mass which has two degrees of freedom along two axes, say
x and y. This proof mass is suspended above a silicon substrate by
means of micro-beam suspension. In harmonically excited elec-
trostatic MEMS gyroscopes, interdigitated comb fingers act
as variable-area capacitors for actuation in the drive axis, and
detection in the sense axis. This method of actuation and detection
is the most favorable one among other methods due to its linear
behavior, large displacement capability, displacement indepen-
dency, and ease of fabrication [32]. Detection of nano-scale
displacements in the sense axis, however, can be enhanced via
using variable gap capacitors for the cost of nonlinearity and
occurrence of pull-in phenomenon.

The working principle of a MEMS vibratory gyro is as follows:
first, the proof mass is excited at a frequency near to the natural
frequency of the drive axis. When the gyroscope is subjected to an
external angular velocity in the direction of the z-axis, induced
Coriolis force, which has the same frequency as the drive axis
vibrations, forces the sense axis to vibrate at the same frequency.
Provided that the natural frequencies of both axes are matched,
induced vibration in the sense axis will be in its resonant mode,
resulting in large amplitudes, and higher signal to noise ratio in
the mechanical domain.

Consider the schematic diagram of a z-axis MEMS gyroscope
depicted in Fig. 1. Reference frame is denoted by E1E2 and rotating
frame attached to the sensor frame is denoted by e1e2. Now we can
write kinematic equations according to this figure as follows:

rA ¼ rB þ r

_r A ¼ _r B þ ðvrel þΩ � rÞ
€r A ¼ €r B þ ðarel þΩ � vrelÞ þ ð _Ω � r þΩ � ðvrel þΩ � rÞÞ



Fig. 1. Schematic diagram of a z-axis MEMS gyroscope.
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€r A ¼ €r B þ arel þ 2Ω � vrel þ _Ω � r þΩ � ðΩ � rÞ ð1Þ

where we have used the fact that _r ¼ vrel þ Ω � r and _v rel ¼ arelþ
Ω � vrel. Here r, vrel and arel are relative position, relative velocity
and relative acceleration viewed from the rotating frame, respec-
tively

r ¼ xe1 þ ye2

vrel ¼
def _xe1 þ _ye2

arel ¼
def €xe1 þ €ye2 ð2Þ

Matching the origin of frames (rB ¼ 0) and doing straightfor-
ward vector calculations yields

€rA ¼ ð€x−2Ω_y− _Ωy−xΩ2Þe1 þ ð€yþ 2Ω_xþ _Ωx−yΩ2Þe2 ð3Þ
Eq. (3) is the acceleration of the proof mass expressed in the

coordinates of the rotating frame. Now define f x and f y as total
external forces acting on the proof mass along directions e1 and e2,
respectively. We will have

€r A ¼
1
m

ðf xe1 þ f ye2Þ ð4Þ

where m is the effective mass of the proof mass. The suspension
structure, which is responsible for suspending the proof mass
above the substrate, consists of interconnected micro beams
providing compliance in two orthogonal directions. This structure
is often modeled as independent linear springs in both directions,
provided that the displacements are sufficiently small. Due to
fabrications imperfections, a cross coupling stiffness is also devel-
oped which should be taken into account. Also, various sources of
damping are present in both directions, most dominant of which is
viscous damping caused by the surrounding air. For thorough
discussion on the system modeling aspects of MEMS gyros,
interested reader is referred to [32,33].

Considering linear mass spring damper configuration along
both axes, f x and f y will be

f x ¼ u0x−ðkxxxþ dxx _xþ kxyyþ dxy _yÞ
f y ¼ u0y−ðkyyyþ dyy _yþ kyxxþ dyx _xÞ ð5Þ

where u0x and u0y are external (control) forces along x and y
directions, respectively. These forces are applied via interdigitated
electrostatic comb fingers. kxy and dxy are stiffness and damping
cross coupling terms caused by fabrication tolerances and are
assumed to be symmetric, i.e. kxy ¼ kyx and dxy ¼ dyx. Combining
Eqs. (3)–(5) will yield the complete dynamics of z-axis MEMS
vibratory gyroscope

€xþ dxx
m

_xþ kxx
m

−Ω2
� �

xþ kxy
m

− _Ω
� �

yþ dxy
m

−2Ω
� �

_y¼ 1
m

u0x ð6Þ

€yþ dyy
m

_yþ kyy
m

−Ω2
� �

yþ kyx
m

þ _Ω

� �
xþ dyx

m
þ 2Ω

� �
_x¼ 1

m
u0y ð7Þ

Eqs. (6) and (7) are linear ordinary differential equations whose
parameters are either unknown or uncertain. We can make
simplifying assumptions as follows [33].

If natural frequencies are orders of magnitude greater than the
operating frequency of the gyro, which is normally the case,
ðkxx=m−Ω2Þ and ðkyy=m−Ω2Þ can be reduced to kxx=m and kyy=m
respectively. It should be stressed that even if this assumption is
violated, the equations still remain structurally linear in para-
meters by absorbing, for example, the term ðkxx=m−Ω2Þ into a new
single parameter.

_Ω can be neglected relative to the term kxy=m by assuming
small variations in the angular velocity, i.e. _Ω≪kxy=m.

By introducing dimensionless length and time qn and tn we can
write the simplified equations in dimensionless form

tn ¼def f 0t
ln ¼def l=l0; l¼ x; y; x=l0-x; y=l0-y

€xþ dxx
mf 0

_xþ kxx
mf 0

2 xþ
kxy
mf 0

2 yþ
dxy
mf 0

−
2Ω
f 0

� �
_y¼ u0x

mf 20l0
ð8Þ

€yþ dyy
mf 0

_yþ kyy
mf 0

2 yþ
kyx
mf 0

2 xþ
dyx
mf 0

þ 2Ω
f 0

� �
_x¼ u0y

mf 20l0
ð9Þ

Here, f 0 and l0 are scaling frequency (in Hz) and length (in meters),
respectively. Note that the time derivatives in Eqs. (8) and (9) and
in other equations in the rest of this paper are with respect to
dimensionless time tn. Now we can write the dimensionless
equations in state space form

X ¼ def x _x y _y
h iT

U ¼def ux uy

h iT
δU ¼def δux δuy

h iT

A¼def

0 1
−w2

xx −αxx

0 0
−wxy −ðαxy−2Ω0Þ

0 0
−wxy −ðαxy þ 2Ω0Þ

0 1
−w2

yy −αyy

2
666664

3
777775

B¼def
0 0
1
0
0

0
0
1

2
6664

3
7775

_X ¼ AX þ BðU þ δU Þ ð10Þ
We have added the matched external disturbance δU to the

state space equations which accounts for mechanical-thermal
noise. This disturbance is the result of molecular agitation in the
surrounding air of the proof mass. Mechanical-thermal noise is
typically modeled as a white noise, i.e. zero mean uncorrelated
signal with flat spectrum [34]. Dimensionless parameters of
Eq. (10) are defined according to Table 1.
3. Parameter estimation

As was described earlier in Section 1, in MEMS gyroscopes, true
values of parameters, i.e. stiffness and damping terms, are often
different from their nominal values due to fabrication



Table 1
Definition of dimensionless parameters.

w2
xx ¼ kxx

mf 20
w2

yy ¼ kyy
mf 20

αxx ¼ dxx
mf 0

αyy ¼ dyy
mf 0

ux ¼ u0x

ml0 f
2
0

uy ¼ u0y

ml0 f
2
0

αxy ¼ dxy
mf 0

wxy ¼ kxy
mf 20

Ω0 ¼ Ω
f 0
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imperfections. These parameters might also drift over time due to
aging and environmental effects, mostly temperature. Hence,
online identification of unknown parameters is necessary for
accurate estimation of angular velocity and model based controller
design. Based on this fact, all stiffness/damping terms and the
unknown angular velocity i.e. wxx,wyy,wxy,αxx,αyy, αxy and Ω0 are all
candidates for parameter estimation.

According to Eq. (10) we have

_x2 ¼ −w2
xx −αxx −wxy −ðαxy−2Ω0Þ

h i
X þ ux þ δux ð11Þ

_x4 ¼ −wxy −ðαxy þ 2Ω0Þ −w2
yy −αyy

h i
X þ uy þ δuy ð12Þ

We can represent Eqs. (11) and (12) in standard regression form
as follows:

y1 ¼ XTθn

1 þ δux

y2 ¼ XTθn

2 þ δuy ð13Þ

where we have

y1 ¼def _x2−ux

y2 ¼
def _x4−uy

θn

1 ¼
def −w2

xx −αxx −wxy −ðαxy−2Ω0Þ
h iT

θn

2 ¼
def −wxy −ðαxy þ 2Ω0Þ −w2

yy −αyy
h iT

ð14Þ

Eq. (13) is linear in parameters. Hence, parameter estimation
techniques such as recursive least squares (RLS) or the least mean
squares (LMS) can be applied for online estimation of parameters.
In RLS, which is the optimal method, the cost function is the
integral of mean squared of observed errors of parameters esti-
mate, while the LMS algorithm is based on the method of gradient
descent with instantaneous energy of estimation error as the cost
function. Although RLS has superior convergence properties rela-
tive to other parameter estimation methods [31], its computations
for covariance matrix are involved. Furthermore, for tracking time
varying parameters a so called forgetting factor should be included
in the algorithm. This factor, however, ruins the robustness of the
algorithm to noise, which is a distinguishing property of RLS.

Based on the discussion above, we adopt the LMS algorithm for
the identifier. To begin, consider the following special optimization
problem in discrete domain:

min
θ

f ðθÞ ¼min
θ

1
2
ðbTθ−cÞ2

� �
¼min

θ

1
2
θTb bTθ−bTθc þ 1

2
c2

� �
ð15Þ

where θ and b are column vectors of the same dimension n� 1,
and c is an arbitrary scalar. Since the Hessian matrix of the cost
function, i.e. b bT is only positive semi definite, Newton method
which has superior convergence rate is not applicable. For this
cost function either Quasi-Newton method or gradient descent
method can be used. Gradient descent is superior to Quasi-Newton
method in the sense of global convergence and computational
complexity [35]. Gradient descent method for the aforementioned
cost function, assuming that we are in the kth iteration of
minimization, consists of three steps:
1.
 Determination of a descent direction along which the value of
the cost function is guaranteed to decrease. This direction in
gradient algorithm is the negative direction of gradient vector
of the cost function with respect to parameter vector θ .
Mathematically speaking:

dk ¼ −∇θf k ¼ � b bTθk þ bc ð16Þ
where f k is the value of cost function evaluated at θk.
2.
 Exact line search: finding the proper step size for which the
value of f ðθÞ is minimized along the descent direction chosen in
step 1. Note that in this special case, exact line search method is
simple to be derived analytically

αk ¼min
α

f ðθk þ αdkÞ ¼
1

bTb
ð17Þ
3.
 Parameters update:

θkþ1 ¼ θk þ αkdk ¼ θk �
b

bTb
ðbTθk−cÞ ð18Þ

Relating the above algorithm to the parameter estimation
problem in MEMS gyro, we estimate the model of Eq. (13) by
parameter vectors θ1 and θ2. But before that we pass both sides of
(13) through the stable filter HðsÞ ¼ 1=ðsþ aÞ; a40 so that pure
differentiation of signals x2 and x4 is avoided. Mathematically
speaking:

ŷ1f ¼ XT
f θ1

ŷ2f ¼ XT
f θ2 ð19Þ

where subscript f stands for “filtered”. Now our problem reduces
to the estimation of unknown vectors θn

1 and θn

2 with θ1 and θ2
respectively. Continuous time least mean squares algorithm can be
formulated as follows:
1.
 Estimation of regressed variables yi; i¼ 1;2 at time instant t by
estimated parameters θ1 and θ2

ŷif ¼
def

XT
f θ i; i¼ 1;2 ð20Þ
2.
 Residue computation at time instant t for each of the regression
forms in (19)

εi ¼def yif−ŷif ¼ yif−X
T
f θ i ; i¼ 1;2 ð21Þ
3.
 Determination of the cost function to be minimized based on
the instantaneous energy of the residue

f ðθ iÞ ¼
def 1

2
ε2i ¼

1
2
θTi X f X

T
f θ i−X

T
f θ i yif þ

1
2
y2if ð22Þ
4.
 Determination of the adaptation law (parameters update) in
continuous time format based on gradient descent method

_θ i ¼ −α
∂f
∂θ i

¼ αXf ðyif−X
T
f θ iÞ; i¼ 1;2 ð23Þ

Here θ i is the estimate of θn

i and α is the step size parameter.
One possible choice of α is γ=ðϵþ Xf

TX f Þ where γ40 and ϵ is a
small positive constant in order to avoid potential division by
zero. This normalizing step size ensures the proper tuning of
the adaptation rate according to the norm of regression vector



Fig. 2. A typical interval type-2 membership function.
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Xf . Moreover, one can readily verify that this step size for γ ¼ 1
and ϵ¼ 0 corresponds to that of exact line search method in
discrete time optimization, Eq. (17). But it should be stressed
that line search method is rather meaningless for a continu-
ously time varying cost function, Eq. (22).

Using the above adaptation rate, Eq. (23) can be reformulated
as follows:

_θ iðtÞ ¼
γXf ðtÞ

ϵþ Xf ðtÞTX f ðtÞ
ðyif ðtÞ−Xf ðtÞTθ iðtÞÞ ; i¼ 1;2 ð24Þ

In the literature, this algorithm is also referred to as “Normal-
ized Gradient Algorithm” or “Projection Algorithm” [31,36]. Value
of γ should be chosen heuristically based on the specific optimiza-
tion problem. According to Eq. (14) estimation of angular velocity
can be expressed as

Ω̂ðtÞ ¼ 1
4
ðθ14ðtÞ−θ22ðtÞÞ ð25Þ

where θ14 and θ22 are the fourth and second elements of θ1 and θ2,
respectively.

Remark 1. One important characteristic of the continuous time
LMS algorithm is that the estimates are bounded and do not get
worse in time. Mathematically speaking:
d
dt

‖θn

i −θ iðtÞ‖2≤0; i¼ 1;2 ð26Þ

where jj:jj2 is the Euclidian norm. Proof of inequality (26) can be
found in the appendix at the end of the last section.

Remark 2. The least mean squares algorithm, Eq. (24), acts as a
first-order low pass filter, passing the low frequency components
of the measurement signal and rejecting its high frequency
components. Hence, this algorithm can tolerate noise of suffi-
ciently small energy.

Remark 3. Transfer function HðsÞ acts as a low pass filter. Design
parameter a should be chosen such that the bandwidth of the
involved signals is covered by the bandwidth of the filter and high
frequency noise is attenuated.

Remark 4. Inequality (26) does not guarantee convergence to the
true values of parameters. Consistent estimation of parameters
depends on the regression vector to be persistently exciting. This
can be telegraphically argued as follows: since any sinusoidal
signal is persistently exciting of order two, provided that signals x1
and x3 are sinusoidal with distinct frequencies, the regression
vector Xf will be persistently exciting of order four [31]. Hence, all
four parameters in each of the regression forms can be estimated
consistently. Complete mathematical proof is provided in [36, p.
236]. As we will see in the next section, condition of distinct
frequencies for x1 and x3 is established via the proposed controller.

4. Interval type-2 fuzzy sliding mode control

4.1. Type-2 fuzzy logic

Type-2 fuzzy logic which was first introduced by Zadeh [37] is
an extension of conventional fuzzy logic in which membership
functions are themselves fuzzy. In other words, a secondary
membership function is assigned to each value of the primary
membership function. This additional degree of freedom allows for
handling real world applications in which membership values
cannot be determined exactly [11]. There are several reasons
which serve as justifications for considering uncertainty in the
value of membership functions, most important of them is noisy
or uncertain input to the fuzzy system.

 
 

 

In real-world control problems such as MEMS gyroscope, type-
2 fuzzy logic based controller is a practical solution which can be
exploited to minimize the effect of uncertainties produced by
system and/or measurement noise and environmental effects.
Such advantages cannot be achieved by conventional fuzzy logic
controllers or pure sliding mode control.

An interval type-2 (IT2) membership function is a special kind
of T2 membership function in which the membership value of
every point is a crisp set in interval of [0 1]. This means that each
membership function can be described by two MFs namely: upper
MF and lower MF. See Fig. 2. IT2 membership functions are widely
used for their reduced computational cost compared to general T2
ones, making them suitable for real time applications [38].

Structure of a type-2 (T2) fuzzy system is identical to its so called
type-1 counterpart except for involving membership functions (MF)
and defuzzifier. In a general fuzzy system with IT2 fuzzy MFs in the
antecedents, crisp input is first converted to IT2 fuzzy input sets.
These input sets activate each rule with an interval of strength. Using
conventional defuzzifier in this case results in an interval of output
values rather than a crisp one. Hence, an additional process called
type reduction should be done to generate a crisp output. Fig. 3
illustrates the block diagram of the most general T2 fuzzy logic
system [11].

An IT2-TSK fuzzy system, which is exploited in this paper, is a one
whose membership functions in the antecedents are IT2 ones, and
the consequences are crisp functions. Now consider the ith rule of an
IT2-TSK fuzzy system with crisp input x and crisp output yiðxÞ

IF x is Ai THEN y is yiðxÞ
where Ai is an IT2 membership function and yiðxÞ is a crisp one.

Process of input–output mapping can be formulated as follows:
1.
 Calculate the weight interval (or firing interval) of each rule:

wi∈½min μAi
ðxÞ max μAi

ðxÞ� ð27Þ
2.
 Compute the weighted output from all rules (type reduction)
based on center of sets type reducer [11]

ylðxÞ ¼ min
wi

∑yiðxÞwi
∑wi

� �

yuðxÞ ¼ max
wi

∑yiðxÞwi

∑wi

� �
ð28Þ
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Fig. 3. Structure of a typical type-2 fuzzy system.
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3.
 Calculation of crisp output (defuzzification) based on arith-
metic mean

yðxÞ ¼ yl þ yu
2

ð29Þ

Interested reader is referred to [10,13] for other possible
methods and algorithms used in each of the steps above.

4.2. Interval type-2 fuzzy sliding mode control (IT2FSMC)

As mentioned in Sections 1 and 2, fabrication tolerances
inherent in current micro-fabrication technology cause frequency
mismatching and undesired cross coupling effects between the
two modes of vibratory gyroscopes, leading to considerable
reduction in the sensitivity of the gyro and difficulty in angular
velocity detection. The idea behind this paper is to incorporate
type-2 fuzzy logic into conventional sliding mode control in order
to achieve the following goals:
1.
 Eliminating cross coupling terms and matching the resonant
frequencies.
2.
 Using robustness property of sliding mode control, while
avoiding chattering.
3.
 Minimizing the effect of measurement noise [39].

4.
 Handling parameters uncertainty.

To begin with, first we define the reference trajectory for a z-
axis MEMS gyroscope. As was described in Section 1, sensitivity of
the gyro will be maximized if both axes are driven in their
resonant mode and mechanical couplings are eliminated. Based
on this fact, reference trajectory satisfies the following reference
dynamics [25]:

_Xm ¼ AmXm

Am ¼def

0 1
−w2

1 0
0 0
0 0

0 0
0 0

0 1
−w2

2 0

2
666664

3
777775 ð30Þ

where w1 and w2 are distinct nominal resonant frequencies of the
drive and sense axes, respectively, i.e. w1 ¼wx and w2 ¼wy. It is
worth emphasizing that the above reference model plays a crucial
role in consistent estimation of parameters. See Remark 4.

Now the problem of maximizing the sensitivity of the gyro and
eliminating mechanical cross talk terms is equivalent to forcing
the system dynamics to follow the reference dynamics defined
above. We can write the tracking error dynamics as follows:

e ¼def X−Xm
_e ¼ AX þ BðU þ δU Þ−AmXm ð31Þ

Sliding surfaces s1 and s2 are defined as

G1 ¼def λ1 1 0 0½ �T G2 ¼def 0 0 λ2 1½ �T

s1 ¼def e2 þ λ1e1 ¼ GT
1e s2 ¼def e4 þ λ3e3 ¼ GT

2e ð32Þ
For systematic derivation of fuzzy rules we define the following

Lyapunov function candidate and differentiate it with respect to
time:

V ¼def 1
2 s

2
1 þ 1

2 s
2
2

_V ¼ s1_s1 þ s2_s2
_V ¼ s1ðGT

1ðAX−AmXmÞ þ ux þ δuxÞ þ s2ðGT
2ðAX−AmXmÞ þ uy þ δuyÞ

ð33Þ
We have used Eqs. (31) and (32) in (33). Note also that we have

GT
1BðU þ δU Þ ¼ ux þ δux and GT

2BðU þ δU Þ ¼ uy þ δuy. We wish to
design fuzzy IF–THEN rules in a manner that the sign of
_sisi ði¼ 1;2Þ becomes negative. In other words, the proposed fuzzy
IF–THEN rule base will decide on the sign of _si based on that of si.
In achieving this, we do not have the exact value of uncertain
matrix A. Hence, we replace it by the output of the identifier. With
this explanation, the proposed IT2-TSK rule base can be stated as
follows:

IF s1 is N THEN uN
x ¼−GT

1ðÂX−AmXmÞ þ η

IF s1 is Z THEN uZ
x ¼−GT

1ðÂX−AmXmÞ
IF s1 is P THEN uP

x ¼−GT
1ðÂX−AmXmÞ−η ð34Þ

IF s2 is N THEN uN
y ¼ −GT

2ðÂX−AmXmÞ þ η

IF s2 is Z THEN uZ
y ¼ −GT

2ðÂX−AmXmÞ
IF s2 is P THEN uP

y ¼−GT
2ðÂX−AmXmÞ−η ð35Þ

where η is a positive constant, and Â is the estimate of matrix A
which is calculated from the output of the identifier described
in Section 3

Â¼def
0 1
θ11 θ12

0 0
θ13 θ14

0 0
θ21 θ22

0 1
θ23 θ24

2
66664

3
77775 ð36Þ

In (34) and (35), we have made the implicit assumption of
“certainty equivalence principle” [31] which states that the esti-
mates are treated as they are true, i.e. Â can compensate for A. For
antecedents of fuzzy IF–THEN rules, Positive (P), Negative (N) and
Zero (Z) are defined by the following IT2 membership functions:

μPðx; dÞ ¼maxð0;minðx=d;1ÞÞ; d¼ d07Δd

μZðx; dÞ ¼maxð0;1−
���x���=dÞ; d¼ d07Δd

μNðx; dÞ ¼maxð0;minð−x=d;1ÞÞ; d¼ d07Δd ð37Þ
Here, d0 is the half the width of zero membership function and Δd
is the uncertainty associated with it (see Fig. 4). Based on
definitions above and using Eqs. (27) to (29), the output of
IT2FSMC can be expressed as

ux ¼
1
2
ðuL

x þ uU
x Þ

uL
x ¼min

d

uN
x μNðs1;dÞ þ uP

xμPðs1;dÞ þ uZ
xμZðs1;dÞ

μNðs1; dÞ þ μPðs1; dÞ þ μZðs1; dÞ

� �

uU
x ¼max

d

uN
x μNðs1; dÞ þ uP

xμPðs1;dÞ þ uZ
xμZ ðs1;dÞ

μNðs1; dÞ þ μPðs1; dÞ þ μZðs1; dÞ

� �
ð38Þ

uy ¼
1
2
ðuL

y þ uU
y Þ
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uL
y ¼min

d

uN
y μNðs2;dÞ þ uP

yμPðs2;dÞ þ uZ
yμZðs2;dÞ

μNðs2; dÞ þ μPðs2; dÞ þ μZðs2; dÞ

 !

uU
y ¼max

d

uN
y μNðs2; dÞ þ uP

yμPðs2; dÞ þ uZ
yμZ ðs2; dÞ

μNðs2; dÞ þ μPðs2; dÞ þ μZ ðs2; dÞ

 !
ð39Þ

Block diagram of the closed loop system is illustrated in Fig. 5.
Detailed block diagram of the proposed controller is depicted in Fig. 6.

Now we wish to prove that the tracking error defined in (31)
will become bounded, and the size of the error bound can be

 
 

 

Fig. 4. IT2 membership functions used for IF–THEN rules in IT2FSMC.

Fig. 5. Block diagram of the closed loop system.

Fig. 6. Block diagram of th
controlled using the proposed fuzzy sliding mode control. First, we
show that the region defined by D¼ def −d1≤s1≤d1; −d1≤s2≤d1

	 

where d1 ¼ d0 þ Δd is the region of attraction for the trajectories of
the closed loop system. Outside region D, only either positive or
negative rules are active, i.e. μP ¼ 1 or μN ¼ 1 and μZ ¼ 0. Referring
to Eqs. (34), (35) and (38) and (44) it is straightforward to show
that outside region D sliding control laws are simplified to the
following expressions:

ux ¼−GT
1ðÂX−AmXmÞ−ηsgn ðs1Þ

uy ¼−GT
2ðÂX−AmXmÞ−ηsgnðs2Þ ð40Þ

Substituting the above control laws in Eq. (33) we will have

_V ¼ s1ðGT
1ðA−ÂÞX−ηsgn ðs1Þ þ δuxÞ þ s2ðGT

2ðA−ÂÞX−ηsgnðs2Þ þ δuyÞ
_V ¼ s1ððθn

1−θ1ÞTX−ηsgn ðs1Þ þ δuxÞ þ s2ððθn

2−θ2ÞTX−ηsgnðs2Þ þ δuyÞ

≤js1j‖θn

1−θ1ðtÞ‖‖X‖−ηjs1j þ js1jjδuxj þ js2j‖θn

2−θ2ðtÞ‖‖X‖−ηjs2j
þjs1jjδuyj ≤js1jð‖θn

1−θ1ðtÞ‖‖X‖þ jδuxj−ηÞ þ js2jð‖θn

2−θ2ðtÞ‖‖X‖
þjδuyj−ηÞ≤js1jð‖θn

1−θ1ð0Þ‖‖X‖þ jδuxj−ηÞ
þjs2jð‖θn

2−θ2ð0Þ‖‖X‖þ jδuyj−ηÞ ð41Þ

We have used Eqs. (10), (32) and (36) in the second line and
inequality (26) in the last line of (41). Now if we choose η such that
η4 ð‖X‖maxð‖θn

1−θ1ð0Þ‖; ‖θn

2−θ2ð0Þ‖Þ þmaxðjδuxj; jδuyjÞÞ we will
have _Vo0 outside D. This means that the error trajectories cannot
stay outside this region. Next, defining the following Lyapunov
function and differentiating it with respect to time yields:

V ¼def 1
2
e21

_V ¼ e1 _e1 ¼ e1e2 ¼ e1ðs1−λ1e1Þ ¼ −λ1e21 þ e1s1
≤je1jðjs1j−λ1je1jÞ
≤je1jðd1−λ1je1jÞ ð42Þ
As long as je1j4d1=λ1 we have _V≤0. Hence it can be concluded

that je1jod1=λ1 as time approaches infinity. In a similar manner
we can show that je3jod1=λ2. Now we have from (32)

je2j ¼ js1−λ1e1j

≤js1j þ λ1je1j≤d1 þ λ1
d1
λ1

� �
¼ 2d1

je4j ¼ s2−λ2e3jj

≤js2j þ λ2je3j≤d1 þ λ2
d1
λ2

� �
¼ 2d1 ð43Þ

In summary we have shown that je1j≤d1=λ1; je2j≤2d1,
je3j≤d1=λ2 and je4j≤2d1, and so the claims on error bounds are
e proposed IT2FSMC.
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proved. It should be stressed that we do not have the exact value
of θni in order to determine the lower bound of η. However, we can
use the nominal values of parameters which are roughly known
after fabrication of the gyro in order to estimate the lower bound
of η.

 
 

 

Remark 5. In the special case where Δd¼ 0, IT2 fuzzy controller
reduces to its T1 counterpart which can be shown to be equivalent
to pure sliding mode with saturation, due to the special definition
of membership functions.
Table 2
Simulation parameters.

Parameter Value

m 0:57�
Kxx 80.987
Kxy 5
Kyy 71.627
dxx 0:429�
dxy 0:0429
dyy 0:687�
f 0 2� 104

q0 10−6

Ω 103

w1 5.9597
w2 5.6047
λ1 10
λ2 10
η 10
a 20
d0 1
Δd 0.2
ϵ 10−4

γ 4

a Not applicable.

Fig. 7. Estimation of un
Remark 6. Since consequents of fuzzy IF–THEN rules are noisy due to
X and uncertain due to Â, using IT2 membership functions in IF parts
are justified.
5. Results and discussion

In this section a simulation study is done in order to validate
the effectiveness of the proposed algorithm. Parameters used in
the simulation are listed in Table 2 [25]. Matched external
disturbance and measurement noise are both assumed to be zero
Unit

10−8 kg

10% N/m
N/m

10% N/m

10−3 N s/m

� 10−3 N s/m

10−3 N s/m

Hz

m

rpm

N/Aa

N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A

N/A

known parameters.



Fig. 9. Estimation of time-varying angular velocity.

Fig. 8. Estimation of constant angular velocity.

Fig. 10. Tracking beha
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mean white noise with Gaussian distribution and variance of 10−6.
Initial conditions for the identifier are chosen as follows:

θ1ð0Þ ¼ ½0:9ð−w2
x Þ 0 0 0�T

θ2ð0Þ ¼ ½0 0 0:9ð−w2
y Þ 0�T ð44Þ

The chosen amplitude of reference states xm1 and xm3 are
assumed to be unity (¼ 10−6 m)

Remark 7. According to Eq. (9) the first and third rows of the state
space equations are pure kinematic relations. Hence, only matched
disturbance is considered in simulations.

Remark 8. We have considered the partial knowledge of natural
frequencies in the initial condition of the identifier, Eq. (44).
However, it can be chosen to be identically zero due to the global
convergence property of gradient algorithm. In this case, larger
deviation will occur in the transient phase of tracking.

Fig. 7 depicts the estimation of parameter vectors θ1 and θ2.
Estimation of constant angular velocity is illustrated in Fig. 8. As it
can be seen, all unknown parameters are consistently estimated in
about 2 ms.

In the case of time varying angular rate, the unknown angular
velocity is assumed to be a square wave with period of 2.5 ms
(400 Hz). Fig. 9 verifies that in this case the variation of the
angular velocity is detected fast enough by the estimator. Accord-
ing to this figure, settling time is approximately 1 ms. This fast
identification rate owes its fast adaptation to the adaptive gain
γ=ðϵþ XT

f X f Þ used in the adaptation law.
Fig. 10 illustrates signals x1 and x3 along with their

reference signals x1m and x3m. After relatively short time (0.1 ms)
perfect tracking is achieved. Control signals u1 and u2 are depicted
in Fig. 11. To illustrate the reduction of chattering, plots of the
sliding surfaces s1 and s2 for IT2FSMC and pure sliding mode
control are demonstrated in Figs. 12 and 13, respectively. As
expected, chattering is reduced significantly due to the soft
switching property of fuzzy logic embedded in sliding mode
control.

Fig. 14 plots the mean square error of X−Xm against uncertainty
Δd associated with the membership functions. This figure verifies
that the noise effect is reduced by increasing the uncertainty, a
vior of x1 and x3.
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Fig. 11. Control signals ux and uy.

Fig. 12. Sliding surfaces s1 and s2 in IT2FSMC.

M. Fazlyab et al. / ISA Transactions 52 (2013) 900–911 909

 
 

 

property which makes T2 fuzzy controller superior to its T1
counterpart in presence of noise. According to this figure, the
optimal value of Δd is 0.4 for d0 ¼ 1.
6. Conclusions and future directions

In this paper, a novel hybrid intelligent controller based on
combining interval type-2 fuzzy logic with sliding mode control
for resonant frequency matching and mode decoupling of a z-axis
MEMS gyroscope is proposed. It is shown by simulation that
this controller has the property of reducing the noise as well
as offering robustness against parameter uncertainty. All para-
meters of the gyroscope and the unknown angular velocity
are consistently estimated via the normalized continuous time
least mean squares algorithm. Fast adaptation property of the
algorithm is also shown via estimation of a high frequency
angular velocity.

It should be highlighted that in all steps of estimator
and controller design, full state measurement was assumed. In



Fig. 14. Mean squared of tracking error vs. Δd.

Table 3
Abbreviations used in this paper.

LMS Least mean squares
RLS Recursive least squares
SA Stochastic approximation
T2 Type-2
IT2 Interval type-2
IT2-TSK Interval type-2 TSK (Takagi–Sugeno–Sang) fuzzy system
IT2FSMC Interval type-2 fuzzy sliding mode control

Fig. 13. Chattering phenomenon in the case of pure sliding mode control.

Table 4
Gyroscope modeling symbols.

m Mass of the proof mass
E1 and E2 Orthonormal basis vector of the inertial frame
e1 and e2 Orthonormal basis vector of the gyroscope frame
rA and r Position vector of the proof mass in inertial and gyroscope

frame
rB Origin’s position vector of the gyroscope frame
vrel and arel Relative velocity and acceleration of the proof mass it

rotating frame
Ω Unknown external angular velocity
x and y Position of the proof mass in the rotating frame
kxx and kyy Linear stiffness constants in x and y directions
dxx and dyy Linear damping constants in x and y directions
kxy and dxy Linear cross coupling stiffness and damping constants
wxx and wyy Dimensionless linear stiffness constants in x and y

directions

M. Fazlyab et al. / ISA Transactions 52 (2013) 900–911910

 
 

 

real gyroscopes, however, only positions are measured. This
restrictive assumption can be relaxed via coupling a robust
Kalman filter to the identifier to estimate the unknown velocities
at the same time as identifying the parameters. This contribution
along with experimental validations will be addressed in future
works.

Parameter identification and angular velocity estimation in a
new class of MEMS gyros with parametric excitation will be also
pursued by the authors in separate manuscripts.
αxx and αyy Dimensionless linear damping constants in x and y
directions

wxy and αxy Dimensionless linear cross coupling stiffness and damping
constants

u0x and u0y Electrostatic forces acting on the proof mass in x and y
directions

ux and uy Dimensionless electrostatic forces acting on the proof mass
in x and y directions

δux and δuy Dimensionless external disturbances acting on the proof
mass in x and y directions
Nomenclature

Throughout this paper, all vector are denoted by letters with
under bar, and all matrices are denoted by upper case letters. All
vectors are assumed to be in column format. Superscript T stands
for transpose operation. Symbols uses in this paper are listed in
Tables 3–6.

Ali
Highlight



Table 6
Controller symbols.

Xm Reference state vector
e Tracking error
Am Reference state matrix
w1 and w2 Reference frequencies in x and y directions

Â Estimation of state matrix A

s1 and s2 Sliding surfaces
G1 and G2 Defining vectors of sliding surfaces
N=Z=P Negative, zero, and positive interval type-2

membership functions
μjðx;dÞ Value of membership function j at x,

where d is the slope parameter

Table 5
Identifier symbols.

i¼1,2 Subscript i refers to the ith regression form
θn Unknown parameters vector to be estimated
θ Estimated parameters vector
θik kth component of θ i

θk Parameter estimation vector at time index k
θ ðtÞ Parameter estimation vector at time t
X f Filtered state vector (repressor)

ε Estimation residue
y Measured signal in regression equation
yf Filtered measured signal in regression equation
α Step size in the gradient algorithm
Ω̂ Estimated angular velocity

jj:jj2 Euclidian norm
ϵ and γ Constant parameters of step size in gradient descent algorithm
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Appendix A

In this appendix we prove the inequality (19) or equivalently
the stability of the continuous time LMS. In the ideal case where
there is no noise in the regression form, we have according to (13)
and (19)

yðtÞ ¼ XT
f θ

n

εðtÞ ¼ yðtÞ−XT
f θ ¼ XT

f ðθn−θÞ
_θ ¼ αXf X

T
f ðθn−θÞ ðA:1Þ

Defining the following Lyapunov function and differentiating it
with respect to time yields:

V ¼ def 1
2 ðθn−θÞT ðθn−θÞ ¼ 1

2 ‖θ
n−θ2

2‖

_V ¼ ðθn−θÞT ð− _θ Þ ¼−ðθn−θÞTαXf X
T
f ðθn−θÞ ðA:2Þ

It can be easily verified that the matrix M defined by
M¼ def αXf X

T
f has one nonnegative eigenvalue αXT

f X f≥0 and n−1
zeros eigenvalues, where n is the dimension of column vector Xf .
Hence _V is negative semi definite. We then have

_V ¼ ‖θn−θ2‖
d
dt ‖θ

n−θ2‖≤0

d
dt

‖θn−θ2‖≤0 ðA:3Þ
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