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Abstract

A review on works that investigate the mechanical behaviour of variable stiffness composite laminated panels is carried

out in this paper. The review mostly focuses on buckling, failure and vibrations in laminates reinforced by curvilinear

fibres, although other issues related to variable stiffness laminates are also addressed. The peculiarities in the formulation

of curvilinear fibre reinforced plates are briefly described. As an illustration, the natural frequencies of vibration of

variable stiffness composite laminated plates with curvilinear fibres are computed by an h-version type finite element

code and are compared with the ones calculated using another model, based on a Third-order Shear Deformation

Theory. Areas of research to explore on variable stiffness composite laminates are suggested.
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Introduction

Composite materials are made of at least two constitu-
ent materials that remain separated in the finished
structure. A popular type of composites are laminated
fibre-reinforced composites,1–3 which have a number of
advantages in comparison to metal-based structures,
including the facts that they offer lightweight and stiff
surfaces, which resist well to corrosion and are also
believed to have a relatively long fatigue life.4 Most
commonly, fibre reinforced composite materials have
straight and unidirectional fibres, which are homoge-
neously distributed in each lamina, hence, in a macro-
scopic sense, it can be considered that the stiffness does
not vary in the laminate domain. However, composite
materials where the stiffness is purposely made to vary
in the laminate have, particularly since the nineties,5–9

deserved greater interest, because they may lead to
more efficient designs.

There are several techniques to obtain variable stiff-
ness composite laminated (VSCL) panels. The main
ones, represented in Figure 1, are using curvilinear
fibres,5–74 varying the volume fraction of
fibres,61,62,75–85 and dropping or adding plies to the
laminate.86–90 Attaching discrete stiffeners to the

laminate,91–98 Figure 1(d), can be regarded as a proced-
ure that varies the stiffness11 and will be briefly
addressed later. Functionally graded materials99 could
be also categorised as composite materials with variable
stiffness, but in this review we focus on fibrous compos-
ites and will not include FGM. It is also worth noting
that materials whose stiffness varies in space appear in
nature.100

This review concentrates on VSCL panels where the
fibre orientation angle is not constant in a ply,5–74 as
represented in Figure 1(a), and acronym ‘‘VSCL’’ will
be mostly used for this specific type of panel. Not
negating that other ways of varying the stiffness may,
for technologic or economic reasons, be more adequate
in specific situations, varying the fibre orientation has
a few advantages. One of them is that the stiffness
varies continuously with the membrane coordinates,
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in opposition to what occurs either when stiffeners are
attached to a laminate or when plies are terminated at
different locations. The two last options lead to abrupt
changes in the thickness direction, which produce stress
concentration and out-of-plane, interlaminar, stres-
ses.86,88 Moreover, unlike stiffeners, curvilinear fibres
do not introduce major geometry variations. Curved
fibres offer a wider degree of possibilities than vari-
ations of rectilinear fibre volume fraction and provide
a solution to the problem of continuity when one con-
siders manufacturing a structure with different fibre
angles in adjoining elements.5,6,25 Furthermore, curvi-
linear fibres also offer a way to diminish stress concen-
trations that occur, e.g. around holes or cut-outs.

For variable stiffness laminates with curvilinear
fibres, a reference fibre path can often be defined as a
function of one variable, which can be one of the
Cartesian coordinates. Discussions and equations for
reference paths on plates can be found in, for example,
Ref. 14. Four theoretical paths are introduced for gen-
eralised conical shell surfaces in Ref. 59 and more
detailed information related to fibre paths in shells
can be found in Ref. 60.

Within a specific lamina, there are two common
methods to produce other fibres from the reference
fibre, using automated tow placement machines: the
‘‘parallel fibre’’ and the ‘‘shifted fibre’’ methods.10 In
the shifted pattern, each additional path replicates the
baseline, but shifted in a direction perpendicular to the

one used to define the fibre path and the variation in
stiffness. For example, the fibre path is a function of the
horizontal coordinate and the shift is applied in the
vertical direction. In Figure 2, a more general case is
portrayed, where the reference fibre path is a function
of coordinate x1, rotated in relation to x. The dashed
lines represent the centre line of each strip of fibres and
the solid lines denote the edges of the width strip. Note
that this procedure results in overlaps and/or in gaps.
In the parallel fibre method, the adjacent fibres are
placed so that they are parallel to the reference path,
i.e. their points lay at a fixed distance measured along
the normal to the reference path.10 This actually makes
the fibre orientation change from fibre to fibre, both
in the vertical and the horizontal directions. In this

Figure 1. Examples of four types of variable stiffness composite panels.

Figure 2. Representation of shifted fibre method.
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case, the baselines do not obey to the same analytical
expression and one may use a numerical scheme to gen-
erate the parallel fibre paths.10 A simple example is
shown by the two curves in Figure 3, which are parallel,
since the distance d measured in the normal direction is
constant, but obviously cannot result from shifting in
any direction, as their curvature radii are different.

One of the reasons behind the increasing availability
of curved fibre laminates is that present tow-placement
machines are capable of controlling fibre tows individu-
ally. Tow-placement machines have a computer con-
trolled robotic arm with a fibre placement head,
allowing for a precise control of the fibre orientation
and providing the possibility to curve the fibres within
the plane of the laminate; they also have cut/restart
capabilities.13,14 This technology opened the door to
an enlarged design space, with respect to the traditional
straight-fibre reinforced composites, offering new pos-
sibilities for weight reduction and better performance,
which is particularly important in means of transport.57

The application of this technology to aircraft fuselage
regions dominated by bending, linked to regions where
shear deformation mostly affects the response, is sug-
gested in Ref. 58. In such a case, plies with fibres
aligned along a certain axis should turn to plies where
the fibres make 45� with relation to the same axis. With
curvilinear fibres, these two regions can be connected in
a continuous fashion.

Automated fibre placement (AFP) with advanced
machines is the chief procedure to obtain laminates
with curvilinear fibres and – as written above – benefits
from the machines’ capability to control tow-place-
ment; but it also induces defects.16,48 Tow overlapping
and tow dropping result in fibre and resin rich or poor
regions. A novel fibre placement technique, designated
as ‘‘Continuous Tow Shearing (CTS)’’ and which uses
shear deformation characteristics of dry tows, has been
presented in Ref. 101. Tests indicate that CTS can
decrease process-induced defects such as fibre wrink-
ling, resin rich areas and fibre discontinuity.

Another type of advanced fibre placement – different
from the one mentioned in a previous paragraph
and, for example, in Refs 13 and 14 – is tailored
fibre placement (TFP), an automated textile process
for the production of reinforcing structures.102,103

This process apparently allows manufacturing textile
preforms for composite parts with fibre layouts of arbi-
trary direction using embroidery technology; the
desired fibre quantities and orientations can be trans-
ferred into fibre preforms. But it was not possible to
find many works on failure, buckling or vibrations of
composites with curvilinear fibres manufactured via
this technology. An exception is Ref. 104, where a
bladed rotor made using tailored fibre placement is
analysed and manufacturing aspects, stresses and vibra-
tion modes are discussed.

Due to the large number of possibilities offered by
curvilinear fibres, optimisation procedures are obvi-
ously interesting in VSCL design.105,106 In Ghiasi
et al.,105 published in 2010, different parameterisation
and optimisation algorithms used in VSCL plates are
reviewed. For optimisation purposes, often the plate is
discretised into a number of small elements, then the
fibre orientation angle, or a parameter related to it, is
obtained in each element so that a certain objective is
achieved. An application of the Rayleigh–Ritz method
for optimal design of VSCL panels is investigated in
Muc and Ulatowska.106 It is almost inevitable to refer
to optimisation when addressing VSCL, but the aim of
this literature review is not to discuss optimisation tech-
niques; instead, it will give more focus to the mechan-
ical behaviour of these panels.

The remainder of the paper is constituted by three
sections. The following section addresses the use of
curvilinear fibres and is divided in three subsections.
In sub-section ‘‘Buckling and static response’’ works
devoted to the application of curvilinear fibres to maxi-
mise buckling loads on composite structures, a main
challenge in the design of compressed elements,107 are
reviewed. Works that address aspects on static behav-
iour, other than failure, are also included in this sub-
section. Failure is naturally and for obvious reasons a
major concern108–111 and research on failure on VSCL
is addressed in sub-section ‘‘Failure’’. Clearly, there is a
relation between buckling and failure, and some works
are common to the latter two sections. The potentiality
of application of VSCL is large in lightweight struc-
tures, where vibrations can cause failure, instability,
noise and life reduction due to fatigue.112–115 Sub-sec-
tion ‘‘Vibration analysis’’ reviews works on vibrations
of VSCL. In Section ‘‘Variable stiffness laminates with
rectilinear fibres’’, a partial review is carried out on
works where other means of varying the stiffness –
not curvilinear fibres – are employed in fibre reinforced
composites. After the sections devoted to review, a
model for VSCL with curvilinear fibres is presented,
illustrating the chief differences in formulation between
these and traditional laminates. A short explanation
on how to implement a finite element model using
commercially available software is also written.

Figure 3. Two parallel fibres.
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The same section presents, as an application, the com-
putation of modes of vibration. The final section is
dedicated to a concluding summary and suggestions
for future research.

Laminates reinforced with curved fibres

Buckling and static response

There is a large body of work on buckling of VSCL
panels and one can say it is now established that sig-
nificant increase in the buckling loads can be obtained
using VSCL, instead of traditional straight fibres com-
posite panels.

Early works that addressed the gains that can be
achieved in buckling performance employing curvilin-
ear fibre paths were published by Hyer et al.5–8 A sen-
sitivity analysis and a gradient-search technique were
used to select fibre orientations that increase the buck-
ling load. Improvements in buckling resistance of plates
with a hole were obtained. Another early study was
published by Gürdal and Olmedo,9 where the in-plane
elastic response of panels with curvilinear fibres was
modelled. The stress distribution was investigated, illus-
trating the different stress variations that occur in
VSCL and in traditional, straight fibre laminates. Still
in the 1990s, Refs. 10–12 included more analysis on
buckling of VSCL plates. In Ref. 10, examples of
changes in the in-plane response and buckling of vari-
able stiffness plates, manufactured by the parallel and
shifting methods, are presented in detail. Ref. 12 gives
some examples of using a commercial finite element and
optimisation program, GENESIS,116 to achieve vari-
able stiffness plates with larger in-plane stiffness and
higher buckling load.

In ensuing publications, after 2000, Tatting, Gürdal
and co-workers13–31 continued exploring the extra free-
dom that is provided by curvilinear fibre paths to opti-
mise flat and curved panels for maximum buckling
load, taking into account manufacturing limits of
tow-placement machines and exploring the change of
other properties, as for example the overall in-plane
stiffness, with the fibre path. Increases of the buckling
load up to twice the value of conventional straight-fibre
panels were achieved. In one of these references,17 the
response of plates is analysed with STAGS code117

including both geometric and material non-linearities.
The results indicate that assuming linear material
behaviour is adequate to analyse prebuckling and
near-postbuckling behaviour of these plates, but non-
linear material behaviour is an increasingly critical part
of the structural response during deep postbuckling and
up to failure. Another example of the tailoring possibi-
lities opened by VSCL is offered by Setoodeh et al.,21

where VSCL were designed in such a way that the

majority of the load was carried by the region near
the edges of the plate where the boundaries suppress
the displacements, while reducing the compressive load
at the centre. Ref. 24 reminds us that laminated panels
in aircraft and aerospace structures endure vibration
and buckling in addition to static deformations and
that, therefore, those structures can benefit from
VSCL. This is in particular so because filament winding
and tow-placement, techniques well suited to imple-
ment curvilinear fibre paths, are established procedures
used to manufacture composite shells.

In Refs 25 and 26, design tailoring for the pressure
pillowing problem of VSCL fuselage panels was
addressed using finite element software ABAQUS118

and Ritz method, with the target of improving simul-
taneously the buckling load and the failure load. The
analyses includes perfect plates (studied using Ritz
method) and plates with cut-outs (studied using the
finite element method). It was found that designing
laminates for maximum strength may be a better
choice to satisfy the structural and manufacturing
requirements than trying to optimise for maximum
buckling load. Ref. 29 had the aim of studying the
prebuckling and postbuckling behaviour, including
buckling modes, of optimised plates and using a per-
turbation method that had been developed within a
finite element environment. An improvement in stiff-
ness was also found, before and after buckling, for vari-
able stiffness laminates in comparison with
conventional laminates. The authors found that gaps
deteriorated both in-plane stiffness and buckling load,
whereas overlaps improved the structural performance.

A study, by the classical lamination theory (CLT),
on the effect of thermal residual stresses and on the
buckling performance of thin VSCL again indicates
that these panels can perform better than constant stiff-
ness ones28; residual thermal stress helps to reduce the
stress resultant distribution near the centre of the plate.
Buckling, post-buckling and thermo-mechanical buck-
ling of VSCL plates and shells are given with an opti-
misation method on lamination parameters in Ref. 30.
Analysis of thermal performance of VSCL is an import-
ant part of Ref. 18.

Improving the buckling load by using VSCL plates
instead of traditional plates is also achieved in Ref. 31,
where the distribution of four spatial lamination par-
ameters is converted to a realistic variable stiffness
design in terms of fibre orientations. These lamination
parameters are integrals through-the-thickness of the
fibre orientation angles and are connected with matrices
A (extensional stiffness), B (bending-extensional cou-
pling stiffness) and D (bending stiffness) matrices.119

In Ref. 33, the Rayleigh–Ritz method was applied for
the prebuckling and buckling analysis of VSCL. Airy’s
stress function is employed in the formulation which
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deals well with several types of boundary conditions.
A procedure to consider non-linear variation of the
fibre orientation is proposed. In Ref. 34, a methodology
based on the Differential Quadrature Method is devel-
oped for buckling analysis of panels modelled using
classical laminated plate theory; Airy’s stress function
is used to perform the prebuckling analysis of aniso-
tropic VSCL. The formulation is thought to facilitate
efficient consideration of pure stress and so-called
mixed in-plane boundary conditions (as uniform axial
compression). In Ref. 35, the simultaneous optimisa-
tion of stiffness and buckling load of a composite
laminate plate with curvilinear fibre paths was exam-
ined. An investigation by the same authors was per-
formed in Ref. 36, on the effect of gaps or overlaps,
captured by a so-called defect layer method imple-
mented by a MATLAB subroutine, on the in-plane
stiffness and buckling load of VSCLs. Tow-drop areas
caused by the individual cutting of tows reduce stiffness
and strength. It is reported that when the tows are
wider, the tow-drop areas are larger and the strength
of the design is lower.

Works where static regime was considered, but not
focusing on buckling or failure, can be found in Refs
37–44. A cellular automata method was presented in
Ref. 37, where it is suggested to improve stiffness and
displacements in bending problem of VSCL plates with
cut-outs. In Ref. 38, the optimal design of fibre rein-
forced rectangular composite plates for minimum com-
pliance is investigated and it is concluded that
significant improvements in stiffness can be gained by
using variable–stiffness design. In Ref. 39, the possibil-
ity of creating bend-free composite shells by steering the
fibre-tows is investigated. In Ref. 40, the use of curvi-
linear fibres in the local reinforcement of a circular hole
is analysed, while in reference Ref. 41 a concept for
morphing composite structures based on variable stiff-
ness composite plates is presented. The stress concen-
tration due to lay-up mismatch between two regions is
mitigated by using fibres which vary smoothly from one
region to the other.

The effect of transverse shear stresses on the bending
deflection of variable angle tow (VAT) laminates is
assessed in Ref. 42. The formulation uses multiple
shear correction factors. Large deflection and stresses
of laminated plates with curvilinear fibres are studied in
Ref. 43, using a p-version finite element, which follows
Third-order Shear Deformation Theory. Since an
equivalent single layer approach was followed, very
accurate computation of interlaminar shear stresses
required resorting to the equilibrium equations. It was
found that VSCL plates can lead to significantly smaller
deflections and to important changes in the stress field,
as altering the position of maximum stress at the plate.
But the study does not indicate that VSCL with a linear

variation of the fibre angle always outperform signifi-
cantly CSCL in similar materials. The use of curvilinear
fibres in rectangular plates without holes or cut-outs
and mainly subjected to static bending appears to be
substantially advantageous only for certain loading
conditions.

In Ref. 44, the effect of curvilinear fibres on the in-
plane flexibility and out-of-plane bending stiffness of
composite plates, representing a morphing wing skin,
was examined. A flexibility ratio was defined to assess
the in-plane and out-of-plane deformation simultan-
eously. This ratio was maximised via a multi-objective
optimisation strategy. The study indicates that plies
away from a neutral axis tend to be curved while the
plies near the same axis tend to be straight fibres. The
numerical results also show that curvilinear fibres can
be an answer to conflicting design requirements of
morphing wing skins.

Failure

Composite laminates may suffer damage in service or
during maintenance, due, for example, to low velocity
impacts or fatigue. The laminate mechanical properties
can be significantly reduced by damage, which can
occur due to fibre rupture, matrix cracking, fibre
matrix debonding, transverse-ply cracking and delam-
ination.108�111 Published works indicate that tow-
steered composite panels can be more resistant to the
onset of damage than straight-fibre laminates. Usually,
the criteria used to predict failure on-set are similar to
the ones employed for other fibre-reinforced compos-
ites; for example Tsai-Wu criterion still determines that,
in the case of plane stress, a laminate has not failed if at
every point

F1�1 þ F2�2 þ F11�
2

1 þ F22�
2
2 þ 2F12�1�2 þ F66�

2
12 5 1

ð1Þ

where Fi and Fij, i,j¼ 1, . . . ,6, are the second- and
fourth-order strength tensors that may be found in a
number of references, as, for example, in Ref. 110, s1,
s2 and s12 are the in-plane stresses in the principal
material directions. These are the fibre direction and
the direction perpendicular to it, but in the plane; there-
fore, these directions are not constant in a lamina with
curvilinear fibres. Doubts may arise about parameters
necessary to implement some failure criteria in VSCL
laminates, although often (for example in the case of
failure stresses in material directions) these are common
to the straight fibre case.

In an early work,5 two failure criteria were applied to
predict the tensile load capacity of various VSCL
designs: the maximum strain criterion, which identifies
three failure modes (longitudinal failure, transverse
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failure, shear failure), and the Tsai-Wu criterion.
Waldhart10 dedicated part of his work to the analysis
of VSCL plates with Tsai-Hill failure criterion.
Tatting11 evaluated failure of VSCL cylinders under
different types of loading as bending moment, internal
pressure, torsion and axial compression. Langley12 used
GENESIS to design VSCL plates subjected to in-plane
loading. Different methods of finding failure indexes –
including maximum strain, maximum stress, Tsai-Hill,
Hoffman and Tsai-Wu failure theories – can be used in
GENESIS. More work on failure can be found in Ref.
17, where a computational code named STAGS117 was
used to predict the progressive failure analysis of vari-
able stiffness laminates, including geometric and mater-
ial non-linearities. The importance of material non-
linearity in the stresses and strains was highlighted.
This work also includes a few comparisons between
predicted and experimental tests.

In Ref. 45, a discussion regarding the design of fibre-
reinforced composites is carried out. The analysis takes
into consideration the stress field and failure. In Ref.
46, the optimum design of laminated composites with
curved fibres and variable thickness is addressed,
attempting to minimise weight under stress constraints.
Tsai-Hill criterion is employed and it is apparent that
curvilinear fibres allow for better performance.

In Refs 19 and 47, simulations in finite element soft-
ware ABAQUS were carried out to investigate the
advantages in terms of resistance to damage of curvi-
linear over straight-fibre laminates, under compressive
loads. More specifically, in Ref. 19, numerical simula-
tions were carried out to analyse resistance to the onset
of damage, and in Ref. 47 the former analysis was
extended into the postbuckling progressive damage
behaviour and final structural failure due to accumula-
tion of damage. The buckling and postbuckling first-ply
failure response characteristics of variable-stiffness
panels, with a central hole, fabricated by AFP
Technology, were analysed in Ref. 27. Both in terms
of buckling and first-ply failure, important advantages
in comparison with constant-stiffness formats were
demonstrated via an ABAQUS-based numerical ana-
lysis. The works in Refs 19, 27 and 47 can also be
found in Ref. 48, where it is written that VSCL perform
better than conventional laminates due to favourable
residual thermal stresses developed during the laminate
curing process, due to the curvature of the fibres. It is
reinforced that one can design VSCL panels that are
insensitive to central holes. In Refs 49 and 50, failure
and interlaminar stresses of VSCL plates were investi-
gated, again using ABAQUS. Design of VSCL for max-
imum strength was investigated in Ref. 51, adopting
failure envelopes, suggested in Ref. 52, which represent
a conservative approximation of Tsai-Wu failure criter-
ion. Numerical results indicate that VSCL outperform

quasi-isotropic laminates, particularly if strength-
optimal designs are adopted.

The simultaneous improvement of failure load and
buckling load of a VSCL fuselage is explored in Refs 25
and 26 using ABAQUS and Raleigh-Ritz method, as
already referred to in the previous section. The failure
load was defined as the load level at which first failure
occurs, predicted by Tsai-Wu failure criterion. It was
concluded that laminates optimised for maximum fail-
ure loads have buckling loads that are also significantly
higher than those for quasi-isotropic laminates.

In Ref. 53, the plate thickness and the fibre angles
are optimised, with the objective of minimising the
weight of the composite panel subject to Tsai-Hill fail-
ure criterion. The adverse effect of ply drops and spli-
cing in the structure’s strength was not considered.

Although tests on panels and aerospace parts made
by AFP machines indicate that they perform similarly
or better than those made by hand layup,54 defects as
twisted rows, gaps and overlaps occur. These defects
are more pronounced in curvilinear than straight fibre
laminates. In Ref. 54, experiments, essentially on lamin-
ates reinforced by rectilinear fibres, were performed to
study the effect of gaps, overlaps, half gaps/overlaps
and twisted tows on the ultimate strength. Amongst
other outcomes, it was found that the fibre micro-
buckling influences plate failure. Impact and compres-
sion after impact of VSCL panels is simulated in
ABAQUS in Ref. 55, considering fibre orientation,
matrix crack growth and delaminations propagation.
Bilinear cohesive law-based interface elements and
cohesive contacts were used to model the delamination
and crack growth. Ref. 56 showed an optimisation
method for VSCL plates to maximise in-plane strength
represented by the Tsai-Wu failure index. In Ref. 30,
Tsai-Wu criterion is developed in terms of two strain
invariants and applied to VSCL plates under in-plane
loads. In a similar way, but with stress invariants, Ref.
29 compares failure among VSCL plates. Better results
were found for stress distribution in VSCL plates that
lead later to ultimate failure in these plates. In Ref. 62,
a cellular automata-based methodology is demon-
strated for in-plane analysis of VSCLs with Tsai-Hill
failure onset criterion. This cellular automata method
was presented in Ref. 37.

Vibration analysis

In the usual applications of laminated panels, the main
vibration-related issues tend to be fatigue, failure and
noise. Although these problems generally develop
under the action of forces, knowledge on the modes
of vibration is important to understand the dynamic
characteristics of the VSCL panels, justifying that free
oscillations are also studied.
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The number of publications that involve vibrations
of laminated fibre panels with curvilinear fibre paths is
still somewhat small, although recently increasing. In
Ref. 63, the maximisation of the fundamental fre-
quency of variable stiffness composite thin plates was
treated by CLT; this design is conducted by means of
four lamination parameters depending on the fibre
orientation. Numerical results showed that a significant
increase is achievable in the fundamental frequency
using VSCL instead of constant stiffness panels. In
Ref. 64, a study is conducted with the same goal –
maximising the fundamental frequency – but this turn
on VSCL conical shells. Also in this case a higher fun-
damental frequency is found in VSCL than in constant
stiffness shells. In Ref. 65, a study is performed to deter-
mine how a variable fibre orientation format influences
the fundamental frequency of elliptical and circular
cylinders. It was concluded that using a variable fibre
orientation format which improves the axial buckling
load32 does not have a significant effect on the funda-
mental vibration frequency. It was also found that the
circumferential wave number is not too sensitive to the
variable fibre paths considered. In Ref. 66 an optimisa-
tion method was applied to find the maximum fre-
quency for different shapes and boundary conditions;
curvilinear fibre laminates provided higher or equal
fundamental frequencies compared to straight fibre
laminates. In Refs 67 and 68, the modes of vibration
of VSCL plates were investigated in the linear regime
using classical (thin) plate theory. It was found that
plates with curvilinear fibres can have mode shapes
that markedly differ from the ones of conventional
plates, with vibration mode shapes resembling the
fibre shapes. It was also found that curvilinear fibres
affect the natural frequencies.

In Ref. 69, a new p-version finite element that uses a
Third-order Shear Deformation Theory was presented,
still for linear vibrations of VSCL. The third-order
theory followed leads to zero transverse shear stress
at the free surface and, in this sense, does not require
a shear correction factor (but the true shear stress is not
perfectly approached). It was shown that by using
curvilinear fibres, and keeping all other properties
fixed, important changes in mode shapes and natural
frequencies can be achieved. The p-version Third-Order
Shear Deformation element of Ref. 69 was extended to
include geometrical non-linearity, and to investigate
deflections, stresses and failure in the static and
dynamic regimes.70

In Refs 71 and 72, the differences in the geometric-
ally non-linear vibrations of VSCL and traditional
plates were explored. It was found that plates with
curvilinear and straight fibres that had essentially the
same dynamic characteristics at low vibration ampli-
tudes can behave quite differently at large vibration

amplitudes: one can avoid/encounter resonance in the
non-linear regime by curving fibres, even when the
linear behaviour does not change much with respect
to a reference traditional plate. In free vibrations,
different internal resonances appeared due to the curvi-
linear fibres.71 In forced vibrations,72 it was found that,
at least in some situations, curvilinear fibres lead to
lower vibration amplitudes. The modes of vibration
of composite laminated plates with curvilinear fibres
are investigated in the linear and non-linear regimes
in Ref. 73. The model proposed is based on thin
plate theory with Von Kármán strain-displacement
relations and employs a hierarchical set of basis func-
tions. Symmetric and antisymmetric laminates are
analysed, and a few conclusions are taken regarding
the natural frequencies of vibration of VSCL.

Variable stiffness laminates with
rectilinear fibres

In this section, we consider ways of making variable
stiffness panels using composites reinforced by rectilin-
ear, long fibres. It is not intended to provide a complete
review, but to alert that there are alternatives to curvi-
linear fibres and to provide some information on those.
We briefly address: varying the volume fraction of
fibres, dropping or adding plies, and attaching discrete
stiffeners.

In what concerns plates with variable fibre content
(Figure 1(b)), as early as 198975 a plane elasticity prob-
lem was solved to determine the in-plane stresses caused
by external loads. Ritz method was used. In a follow-up
publication, Ref. 76, the in-plane stresses were used to
compute the elastic potential energy, which was then
applied in vibration and buckling problems. The
latter were again dealt with by means of Ritz method
and only single-layered plates were addressed. Biggers
and co-workers77,78 redistributed material across the
plate width and through the plate thickness to improve
the design.

Examples of more recent works on composite lami-
nated plates with variable fibre spacing can be found in
Refs 80�85. Buckling and vibration were studied using
the finite element method in Ref. 80. The analysis indi-
cates that more fibres in the plate central area may
efficiently, i.e. without employing more fibres in total,
increase the buckling load and natural frequencies. It
was also concluded that using more fibres in the outer
portion of the plate may increase the critical buckling
load, but decrease the natural frequencies, because in
this case the mass increases more than the stiffness. The
flutter of this type of plates was evaluated in Ref. 81.
Non-linear free vibration of a composite rectangular
plate with variable fibre spacing, where straight and
parallel fibres are distributed more densely in the
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central region, was investigated in Ref. 82. In Ref. 83,
the variable fibre distribution concept was employed to
increase in-plane flexibility and bending stiffness of a
laminate employed in morphing aircraft skins; it was
concluded that variable fibre distribution plays a major
role in enhancing the characteristics of composite
laminates. In Ref. 84, the use of composites with vari-
able volume fraction of fibres to strength reinforced
concrete shear walls was investigated. Although it is
more general and apparently more interesting to vary
the volume fraction of fibres in the in-plane directions,
it should be mentioned that it can also be varied in the
thickness direction.85 We finish this short review on
plates with parallel but variably spaced rectilinear
fibres by recalling that this type of material is still
orthotropic, but non-homogeneous. The stress–strain
relation contains functions of space variables, functions
that are defined from the fibre and matrix constants
using the law of mixtures.

Another method of creating a laminate with variable
stiffness is to vary the laminate thickness (Figure 1(c)).
Short reviews on laminates with dropped or added
plies, including discussions on their advantages and
disadvantages, are given in Refs 10�12. Tatting11 pro-
vides more information of interest on this type of
laminates, including the stiffness terms for the particu-
lar case where the laminates are still symmetric about a
middle plane. A finite element approach based on a
First-order Shear Deformation Theory (FSDT) to
include ply drop-offs in analyses of laminates has
been presented in Ref. 87, where deflections and stresses
on beams with different drop ratios of the ply were
studied. Ply drop-off regions introduce a discontinuity
within a laminate, and it can be a place of high
stress concentration. This may lead to an early failure
of resin or to delamination, before the ultimate load-
carrying capacity of the laminate is reached. Different
laminate configurations, which included both internal
and external ply drops, were tested in Ref. 88. Static
and fatigues tests were carried out, and the initialisa-
tion, propagation and arrest characteristics of delamin-
ations resulting from ply drops were analysed by the
finite element method. In Ref. 89, the high stress con-
centration caused by the ply drop-off which leads to
failure was investigated. A combination of analytical
and numerical methods is applied to determine singu-
larity characteristics at the corners of the ply drop-
off regions arising from the material discontinuity.
In Ref. 90, a combination of a genetic algorithm
and a finite element programme was introduced to
deal with laminates with variable thickness obtained
by ply drops.

The inclusion of stiffeners in plates (Figure 1 (d))
and shells is sometimes modelled as if the stiffeners
homogeneously change the properties over the

structure, and in fact employing formulations devel-
oped for unstiffened panels. For example, in Ref. 96,
the buckling of thin-walled composite columns with
stiffeners is considered. The classical theory of compos-
ite plates and the plate model of thin-walled structures
and stiffeners is assumed. The non-linear problem is
solved by the asymptotic method. Stiffeners can also
be taken into account in a detailed fashion, and often
this is performed using finite element approaches,
where elements are applied specifically for the stiff-
eners (again Ref. 96 where the FEM is also applied,
and Refs 97 and 98, for example). However, as pointed
out in Ref. 11, stiffeners locally change the stiffness
and can be considered to be another form of obtain-
ing a variable stiffness laminate. Stiffeners provide
a way to increase critical buckling loads and natural
frequencies of vibration with less weight than the one
of a corresponding panel with uniform thickness.
A problem that arises in this type of variable stiffness
laminate is the possibility of failure at the skin-stiffener
interface region. Buckling and failure of laminates
with T-shaped stiffeners optimised with a genetic algo-
rithm are addressed in Ref. 91. An optimisation pro-
cedure for stiffened panels under mechanical and
hygrothermal loads is presented in Ref. 92. In a
recent work,93 the critical local and global buckling
loads of so-called advanced grid-stiffened conical
shells is evaluated. Different grid patterns, designated
as triangle-grid, ortho-grid and angle-grid, are con-
sidered. Various optimisation methods which are used
for fibrous composite plates with stiffeners are pre-
sented in Ref. 94.

A different type of variable stiffness plate is con-
sidered in Ref. 95, where an optimisation technique
for plates with discrete varying bending and shear stiff-
ness is proposed. The plates have constant thickness,
but with discrete variable stiffness where each discrete
domain is a sandwich plate. The proposed method con-
sists of three main steps – bending and shear stiffness
optimisation, optimal discretisation of plate’s internal
structure and calculation of optimal geometrical or
mechanical properties of the internal structure in each
discrete domain.

Although we separated four approaches to achieve
variable stiffness laminates, more than one procedure
can be used simultaneously. In Ref. 74, a method is
suggested to determine the optimal volume fraction
and fibre orientation in one layer. The plate is discre-
tised into elements and both the fibre orientation
and the fibre volume fraction are assumed to be con-
stant within each element. One should also not forget
that, due to the way the fibre paths are defined and
to the characteristics of tow placement technologies,
in reality the volume fraction of fibres and the lamin-
ate thickness change when curvilinear fibres are used.
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Demonstrative example – natural modes
of vibration

A model for VSCL with curvilinear fibres

With the intention of pointing out where the curvilinear
fibres introduce differences in formulation, it is here
briefly explained (missing details can be found in Refs
69�71) how to obtain a model representing VSCL
plates with curvilinear fibres. If an equivalent single
layer, Third-order Shear Deformation approach,2,69,70

is followed, then the displacement components in the x,
y and z directions, respectively, represented by
u x, y, z, tð Þ, v x, y, z, tð Þ and w x, y, z, tð Þ are given by

u x, y, z, tð Þ ¼ u0 x, y, tð Þ þ z�x x, y, tð Þ

� c1z
3 �x x, y, tð Þ þ w0

x x, y, tð Þ
� �

v x, y, z, tð Þ ¼ v0 x, y, tð Þ þ z�y x, y, tð Þ

� c1z
3 �y x, y, tð Þ þ w0

x x, y, tð Þ
� �

w x, y, z, tð Þ ¼ w0 x, y, tð Þ ð2Þ

where u0 x, y, tð Þ, v0 x, y, tð Þ and w0 x, y, tð Þ are the values
of displacement components u, v and w at the reference
plane. Partial derivation is represented by a comma fol-
lowed by the respective variable.

The origin of the Cartesian coordinate system is
located in the geometric centre of the undeformed
plate; axis x and y define the plate’s middle reference
plane (Figure 4).

If the fibre angle with respect to axis x changes lin-
early with x, and in a symmetric way with respect to
x¼ 0, then the fibre angle in lamina k is defined as

�k xð Þ ¼
2 �k

1 ��k
0

� �
a

xj j þ�k
0 ð3Þ

�k
0 gives the angle between the fibre and the x axis at

x¼ 0, and �k
1 gives this angle at the panel ends

(x¼� a/2). The fibre path that corresponds to equation
(3) is represented by <�k

0j�
k
1>.

In displacement-based approaches, as in the p-version
finite element method of Refs 69–72, the displacement
components are written as products of shape functions
and generalised coordinates. In this expansion of the
displacement components, there is no difference between
straight120,121 and curvilinear fibre69–72 laminates.

The strain displacement relations are also not differ-
ent from the relations in isotropic or constant stiffness
laminates. In the TSDT formulation which can be
found, for example, in Ref. 2, these relations are:

"x x, y, z, tð Þ

"y x, y, z, tð Þ

�xy x, y, z, tð Þ

8><
>:

9>=
>;

¼

1 0 0 z 0 0 �c1z
3 0 0

0 1 0 0 z 0 0 �c1z
3 0

0 0 1 0 0 z 0 0 �c1z
3

2
64

3
75

�

"p0 x, y, tð Þ

"b0 x, y, tð Þ

"b0 x, y, tð Þ

8><
>:

9>=
>;þ

0

0

"b10 x, y, tð Þ

8><
>:

9>=
>;

0
B@

1
CA ð4Þ

"p0 x, y:z, tð Þ ¼

u0,x x, y, tð Þ

v0,y x, y, tð Þ

u0,y x, y, tð Þ þ v0,x x, y, tð Þ

8><
>:

9>=
>;, ð5Þ

"b0 x, y, z, tð Þ ¼

�x,x x, y, tð Þ

�y,y x, y, tð Þ

�x,y x, y, tð Þ þ �y,x x, y, tð Þ

8><
>:

9>=
>;;

"b10 x, y, z, tð Þ ¼

w0
,xx x, y, tð Þ

w0
,yy x, y, tð Þ

2w0
,xy x, y, tð Þ

8><
>:

9>=
>;

ð6Þ

�yz x, y, z, tð Þ

�xz x, y, z, tð Þ

� �
¼

1� 3c1z
2

� �
0

0 1� 3c1z
2

� �
" #

�
w0
,y x, y, tð Þ þ �y x, y, tð Þ

w0
,x x, y, tð Þ þ �x x, y, tð Þ

( )
, ð7Þ

Although the fibre orientation varies, principal
stresses and strains are still related by the equation
that applies in traditional orthotropic lamina:

�1
�2
�23
�13
�12

8>>>><
>>>>:

9>>>>=
>>>>;

kð Þ

¼

Q11 Q12 0 0 0
Q21 Q22 0 0 0
0 0 Q44 0 0
0 0 0 Q55 0
0 0 0 0 Q66

2
66664

3
77775

kð Þ
"1
"2
�23
�13
�12

8>>>><
>>>>:

9>>>>=
>>>>;

kð Þ

,

ð8Þ

Figure 4. Curved fibre and plate dimensions. Angles �0 and

y(x) have negative values in this figure; they are defined as positive

in the counter-clockwise direction.
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with numbers 1, 2 and 3 indicating the principal mate-
rial axes x1, x2 and x3.

2,3 But curvilinear fibre laminates
differ from straight fibres laminates, precisely in the fact
that the orientation of the principal material axis is not
constant in the lamina domain.

Refs 2 and 3 give the plane-stress reduced
stiffnesses Qij as functions of the longitudinal and trans-
verse moduli of elasticity (E1

k, E2
k, respectively),

Poisson ratios (n12
k, n21

k) and shear moduli (G12
k,

G13
k, G23

k). The same references also give trans-
formed stress–strain relations for each lamina, in a
form similar to:

�x x, y, tð Þ

�y x, y, tð Þ

�xy x, y, tð Þ

8><
>:

9>=
>;

kð Þ

¼

Q11 �
k xð Þ

� �
Q12 �

k xð Þ
� �

Q16 �
k xð Þ

� �
Q12 �

k xð Þ
� �

Q22 �
k xð Þ

� �
Q26 �

k xð Þ
� �

Q16 �
k xð Þ

� �
Q26 �

k xð Þ
� �

Q66 �
k xð Þ

� �
2
64

3
75

kð Þ

�

"x x, y, tð Þ

"y x, y, tð Þ

�xy x, y, tð Þ

8><
>:

9>=
>;

kð Þ

,

�yz x, y, tð Þ

�zx x, y, tð Þ

� � kð Þ

¼
Q44 �

k xð Þ
� �

Q45 �
k xð Þ

� �
Q45 �

k xð Þ
� �

Q55 �
k xð Þ

� �
" # kð Þ

�
�yz x, y, tð Þ

�zx x, y, tð Þ

� � kð Þ

ð9Þ

However, the transformed reduced stiffnesses Q
k

ij x, yð Þ

are constant in a straight fibre panel and become
functions of x and/or y in a curvilinear fibre panel.
Often it is assumed that the fibre orientation is just a
function of x, as in equation (3), and the following
relations hold:

Q
k

11 �
k xð Þ

� �
¼ U1 þU2 cos 2�k xð Þ

� �
þU3 cos 4�k xð Þ

� �
Q

k

12 �
k xð Þ

� �
¼ U4 �U3 cos 4�k xð Þ

� �
Q

k

22 �
k xð Þ

� �
¼ U1 �U2 cos 2�k xð Þ

� �
þU3 cos 4�k xð Þ

� �
Q

k

16 �
k xð Þ

� �
¼

1

2
U2 sin 2�k xð Þ

� �
þU3 sin 4�k xð Þ

� �
Q

k

26 �
k xð Þ

� �
¼

1

2
U2 sin 2�k xð Þ

� �
�U3 sin 4�k xð Þ

� �
Q

k

66 �
k xð Þ

� �
¼ U5 �U3 cos 4�k xð Þ

� �
Q

k

44 �
k xð Þ

� �
¼ U6 þU7 cos 2�k xð Þ

� �
Q

k

45 �
k xð Þ

� �
¼ �U7 sin 2�k xð Þ

� �
Q

k

55 �
k xð Þ

� �
¼ U6 �U7 cos 2�k xð Þ

� �
ð10Þ

where Ui are constant and defined as follows:

U1 ¼
1

8
3Q11 þ 3Q22 þ 2Q12 þ 4Q66ð Þ

U2 ¼
1

2
Q11 �Q22ð Þ

U3 ¼
1

8
Q11 þQ22 � 2Q12 � 4Q66ð Þ

U4 ¼
1

8
Q11 þQ22 þ 6Q12 � 4Q66ð Þ

U5 ¼
1

8
Q11 þQ22 � 2Q12 þ 4Q66ð Þ

U6 ¼
1

2
Q44 þQ55ð Þ

U7 ¼
1

2
Q44 �Q55ð Þ

ð11Þ

The stress resultants are defined by the constitutive
relations given in Ref. 2, but now the matrices relating
the stress resultants to the strains are functions of x.
For example, the extensional stiffness matrix is

A xð Þ ¼
Xn
k¼1

hk

U1 �
k xð Þ

� �
U4 �

k xð Þ
� �

0

U4 �
k xð Þ

� �
U1 �

k xð Þ
� �

0

0 0 U5 �
k xð Þ

� �
2
64

3
75

0
B@

þU2 �
k xð Þ

� � 1 0 0

0 �1 0

0 0 0

2
64

3
75 cos 2�k xð Þ

� �

þU3 �
k xð Þ

� � 1 �1 0

�1 1 0

0 0 �1

2
64

3
75 cos 4�k xð Þ

� �

þ
1

2
U2 �

k xð Þ
� � 0 0 1

0 0 1

1 1 0

2
64

3
75 sin 2�k xð Þ

� �

þU3 �
k xð Þ

� � 0 0 1

0 0 �1

1 �1 0

2
64

3
75 sin 4�k xð Þ

� �1CA
ð12Þ

Further matrices that relate stress resultants with
strains are given in Ref. 71, for FSDT, and in Ref. 70
for Third-Order Shear Deformation Theory. If the thin,
or Kirchhoff, plate theory is employed, the necessary
matrices are also given in Ref. 71, because they are
common to FSDT matrices.

Only when integration over the domain is per-
formed, as occurs in weight-residual methods or by
application of the virtual work principle, are the fibre
angle functions evaluated. The integration over the
domain leads to equilibrium equations (in statics) or
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to equations of motion (in dynamics). In the particular
case of free vibrations, the later look like:

M€q tð Þ þ Kq tð Þ ¼ 0 ð13Þ

with M and K representing, respectively, the mass and
stiffness matrices and q the generalised coordinates,
which are functions of time (t).

The formulation of the previous paragraphs took into
consideration the analytic definition of the fibre path,
with this varying in a continuous way. But when com-
mercial finite element software is applied, it becomes
easier to assume that the fibre orientation is constant
in each element, actually turning a curve into a
number of rectilinear segments. It would also be ade-
quate to fix the orientation at each Gauss point, but
this option may not be feasible in commercial finite
element software. When the fibres are placed by shifting
them, a way to approximately define their orientation in
the finite element model is to divide the panels in narrow
stripes, with each stripe running along the shifting dir-
ection, and in each of these stripes assume that the fibres
are straight with an average orientation. As the number
of stripes increases, one tends to the true path. FEM also
allows one to vary the fibre path with x and y, although
this is more involved, requiring longer pre-processing.

Modes of vibration

Modes of vibration that result from numerical calcula-
tions performed with Abaqus software package are
now shown and compared with the ones from Ref. 69
where the more continuous model outlined in the pre-
vious section was applied. Multi-layered S4R shell
element with four nodes was employed in Abaqus.
This element follows a FSDT, has six degrees of

freedom in each node and there is one integration loca-
tion per element. The FEM implemented in Abaqus is
of the h-version type, whilst in Ref. 69 a p-version FEM
is adopted.

The geometric and material properties of the plates
are the ones of Plate 1 of Ref. 69: a¼ b¼ 1m,
h¼ 0.01m, E1¼ 173GPa, E2¼ 7.2GPa, G12¼G13¼

G23¼ 3.76GPa, v12¼ 0.29, r¼ 1540 kg/m3. This plate
has three layers and two lay-ups are considered:
[<0�,45�>,<�45�,�60�>,<0�,45�>] and [<30�,0�>,
<45�,90�>,<30�,0�>] (see Figure 4).

An eigenproblem was solved to determine the
natural frequencies and mode shapes of vibration.
The h and p version FEM results are compared in
Tables 1–3, which show the first nine frequencies for
simply-supported with movable edges, clamped and

Table 1. Natural frequencies (rad/s) of simply-supported

variable stiffness composite laminated (VSCL) plates by h and

p-version FEM.

[<0�,45�>,<�45�,�60�>,

<0�,45�>]

[<30�,0�>,<45�,90�>,

<30�,0�>]

Mode

h-version

FEM

p-version

FEM69
h-version

FEM

p-version

FEM69

1 355.41 358.49 309.06 308.80

2 600.50 589.90 503.28 503.80

3 986.65 960.36 852.06 845.51

4 1027.55 1075.21 1143.48 1131.31

5 1309.92 1327.88 1297.29 1279.85

6 1506.90 1474.67 1309.60 1307.40

7 1743.33 1726.71 1696.40 1701.66

8 2106.31 2137.13 1779.78 1758.95

9 2171.03 2262.35 2331.44 2342.00

Table 2. Natural frequencies (rad/s) of clamped variable stiff-

ness composite laminated (VSCL) plates by h and p-version FEM.

[<0�,45�>,<�45�,�60�>,

<0�,45�>]

[<30�,0�>,<45�,90�>,

<30�,0�>]

Mode

h-version

FEM

p-version

FEM69
h-version

FEM

p-version

FEM69

1 567.56 579.40 668.09 667.18

2 831.39 821.53 864.38 862.92

3 1253.18 1225.79 1244.57 1234.64

4 1448.46 1493.76 1729.13 1701.04

5 1719.96 1726.96 1799.13 1775.56

6 1818.98 1775.16 1918.95 1902.48

7 2175.80 2135.76 2282.05 2269.83

8 2505.73 2443.53 2357.20 2310.69

9 2750.46 2706.78 2908.17 2879.58

Table 3. Natural frequencies (rad/s) of free variable stiffness

composite laminated (VSCL) plates by h and p-version FEM.

[<0�,45�>,<�45�,�60�>,

<0�,45�>]

[<30�,0�>,<45�,90�>,

<30�,0�>]

Mode

h-version

FEM

p-version

FEM69
h-version

FEM

p-version

FEM69

1 144.39 140.95 118.60 110.44

2 175.18 170.21 180.60 177.48

3 348.00 344.57 308.50 266.53

4 495.15 477.56 469.71 459.73

5 580.65 592.53 582.38 468.74

6 710.88 715.99 630.96 618.25

7 718.29 718.89 - 658.13

8 865.70 872.20 757.00 771.55

9 1066.63 1007.90 872.42 856.68
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Figure 5. Vibration mode shapes of plate with [<0�,45�>,<�45�,�60�>,<0�,45�>], simply-supported case.
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free boundary conditions, respectively. A reasonable
good agreement between the results obtained by
Abaqus and by the p-version finite element was
achieved, with the small differences justified by the dif-
ference in the formulation and discretisation
procedures.

The mode shapes, computed by Abaqus, of simply
supported plate [<0�,45�>,<�45�,�60�>,<0�,45�>]
are shown in Figure 5. Due to the fibre paths, planes
x¼ 0 and y¼ 0 are not planes of symmetry and the
shapes are somewhat warped. The effect of the curvi-
linear paths of this plate become more visible in higher
order modes, where the ‘‘twisting’’ of the lobes is more
pronounced.

Closing comments

The use of curvilinear fibres paths to tailor fibre-rein-
forced laminated composites so that the stiffness varies
as a function of position is an increasingly available
option, essentially turned possible by developments
on tow placement technology. The practical interest
of variable stiffness composite laminates with curvilin-
ear fibres (VSCL) is large, particularly in aeronautics,
because the expanded design space can lead to weight
reductions and performance improvements. Provided
that a decrease in manufacturing costs is achieved,
VSCL laminates may well become more common in
other applications.

The works addressed in the literature review demon-
strate that variable stiffness laminates with curvilinear
fibres introduce new design possibilities and can be used
to improve the structural response in comparison to the
conventional straight-fibre, constant-stiffness lamin-
ates. Permitting the fibres to curve within the surface
of the laminate allows, for example, the designer to
move higher stresses away from a less-supported area
to the plate boundaries, thus increasing the buckling
capacity. Curvilinear fibres also permit one to achieve
less failure-prone designs or lead to changes in natural
frequencies and mode shapes of vibration. But, on the
other hand, this concept results in a more difficult
design, increases the complexity of mechanical analysis
and eventually requires the application of optimisation
techniques.

The literature review reveals that advances have been
achieved in the formulation, in the understanding of the
mechanical behaviour of VSCL and about the possibi-
lities offered by this technology. But there are still
many unexplored issues regarding VSCL. In particular,
more studies addressing failure under dynamic loads,
fatigue and non-linear vibrations would be welcome, as
well as more experimental tests. There appear to be no
work on acoustic-structure interaction, fluid-structure
interaction, active or passive control on VSCL.

Tow placement results in gaps, in overlapping of
some fibres and/or on fibre cutting. Although some
works have included the effect of gaps and overlaps,
defects or manufacturing issues associated with tow
placement technology have been often overlooked in
formulations. For example, a few formulations were
presented for the shifted fibre case where the associated
variation of the fibre volume fraction with the location
in the panel has been neglected. Similarly, the thickness
variation of the panel thickness was quite often not
considered. There are a number of studies where the
curvilinear fibre angle is a linear function of one par-
ameter; but formulations that consider, via analytical
expressions, a general variation of the stiffness proper-
ties over the domain appear to be lacking.
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