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The instantaneous frequency (IF) is a very important feature of nonstationary signals in numerous 
applications. The first overview of the concept and application of the IF estimators is presented in seminal 
papers by Boashash. Since then, a significant knowledge has been gained about the performance of the 
IF estimators. This knowledge has been used not only for development of various IF estimators but 
also for introduction of novel time–frequency (TF) representations. The IF estimation in environments 
characterized by low signal-to-noise (SNR) has achieved significant benefits from these theoretical 
developments. In this paper, we review some of the most important developments in the last two 
decades related to the concept of the IF, performance analysis of IF estimators, and development of IF 
estimators for low SNR environments.

© 2014 Elsevier Inc. All rights reserved.
1. Introduction

Signals generated and sampled in time are often analyzed and 
processed in the frequency domain. Basic tool for mapping a signal 
from time into the frequency domain is the Fourier transform (FT). 
The FT-based analysis is efficient when the frequency content of 
the analyzed signal does not change over time. However, in many 
applications, we deal with signals where important information 
about the physical process is conveyed within the time varia-
tions of the signal’s spectral components. The time–frequency (TF) 
analysis provides efficient tools for analyzing such signals. The 
instantaneous frequency (IF) represents one of the most impor-
tant parameters in the TF analysis. Its representation, estimation, 
and relation to the physical quantities represent key topics in 
the TF analysis [1–5]. One of the oldest applications of signals 
with time–varying frequency is in communications based on fre-
quency modulation, where the information is conveyed through 
the frequency variations. In radar and sonar systems, information 
about the position and/or velocity of the target is contained in 
the phase (and hence in the IF) of the returned signal [4,6–8]. 
At each instant, the speech signal can be represented with sev-
eral FM components whose IFs bear information important for 
speech analysis and recognition [9]. The motion parameters of ob-
jects in video-sequences can be embedded in the IF of correspond-
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ing signals [10,11]. In seismology, TF tools can be very helpful in 
representing seismic signals and extracting the IF [12]. The IF es-
timation tools can be used in hydrocarbon detection since oil and 
gas reservoirs can cause anomalies in the energy and frequency of 
seismic signals [13]. In biology, the tracking of some animal popu-
lations can be performed using the IF extracted from sounds pro-
duced by these animals [14]. Numerous applications of the IF are 
present in medicine. For example, in newborn’s electroencephalo-
gram (EEG), the IF estimation can be used for seizure detection, 
modeling and classification [15]. Image processing techniques, such 
as image segmentation, can be combined with the TF signal anal-
ysis and multichannel signal analysis to improve the performance 
of EEG abnormalities detection based on the IF estimation [16].

The IF concept is reviewed in Section 2, along with the model 
of an ideal TF mapping using the stationary phase method. The IF 
in TF representations is addressed in Section 3, including the IF es-
timation model, use of time–scale representations, IF estimation in 
low SNR environments, as well as the IF estimation of multicompo-
nent signals. Parametric and combined parametric–nonparametric 
IF estimators are considered in Section 4. In Section 5, several 
alternative TF methods related to the IF estimation are briefly re-
viewed. Conclusions are drawn in Section 6.

2. Definitions

Consider a complex sinusoid

x(t) = Ae j(Ω0t+φ0) = Ae jφ(t), (1)
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where A, Ω0 and φ0 represent a constant amplitude, (angular) fre-
quency, and phase offset of x(t), respectively. Its phase derivative,

Ω(t) = φ′(t) = Ω0, (2)

is constant and equal to angular frequency. The frequency Ω0 can 
be considered as the rate of change of the phase function φ(t). Sig-
nal (1) can be interpreted as a vector in the complex plane with 
a constant amplitude A and an angle φ(t), rotating with a con-
stant angular velocity Ω0, making Ω0/(2π) cycles per second. The 
signal form x(t) = Ae jφ(t) can be generalized for an arbitrary differ-
entiable phase function φ(t). Then, in analogy with (2), we can still 
interpret the phase derivative as the instantaneous rate of change 
of the phase function (instantaneous angular velocity).

Consider the signal

x(t) = A(t)e jφ(t), (3)

where A(t) represents an amplitude that varies significantly slower 
than the phase φ(t), |A′(t)| � |φ′(t)|. Within the frequency frame-
work, we can interpret the phase derivative at t = t0 as the fre-
quency of signal that would behave as a complex sinusoid with 
constant frequency Ω = φ′(t0) and amplitude A(t0). Thus we may 
consider a sinusoid e jΩt that locally fits x(t) around t0, i.e., a sinu-
soid that produces constant phase of the product x(t)e− jΩt at the 
considered instant t0 and its vicinity. Then φ′(t0) = Ω holds. This 
consideration leads to the method of stationary phase which states 
that if the phase function φ(t) is monotonous and amplitude A(t)
is sufficiently smooth function [17,18,8], then the FT of a signal 
A(t)e jφ(t) can be approximated as

∞∫
−∞

A(t)e jφ(t)e− jΩtdt � A(t0)e jφ(t0)e− jΩt0

√
2π j

φ′′(t0)
, (4)

where t0 is the solution of φ′(t0) = Ω .
The most significant contribution to the integral on the left side 

of (4) comes from the region where the phase of exp( j(φ(t) −Ωt))
is constant, since the contribution of intervals with fast varying 
φ(t) − Ωt averages to zero. In a narrow time region around t , the 
phase φ(t) behaves as Ωt . Thus, we may say that, for a particular 
instant t , the IF (rate of the phase change, φ′(t)) of signal A(t)e jφ(t)

corresponds to frequency Ω . In this way, for each time instant t , 
we obtain the corresponding frequency Ω = φ′(t), and map the 
signal from the time into the frequency domain. This mapping can 
be written as a two dimensional TF function by using δ(Ω − φ′(t))
and amplitudes according to (4), which is illustrated in Fig. 1.

The method of stationary phase has been used as a starting 
point in developing reassignment techniques as well. Namely, for 
each TF point (t, Ω), the TF representation values can be reas-
signed towards the local gravity center (a point where they con-
tribute the most) in order to approach an ideal TF representation 
in terms of concentrating energy along the IF and the group delay, 
as its dual notion [19,20].

3. IF in TF representations

The IF concept has played a significant role in definition and 
analysis of TF representations. The key idea behind the representa-
tions defined using the IF is to achieve high (full) concentration of 
the signal generalized energy along its IF [21]

ITF(t,Ω) = 2π Aq(t)δ
(
Ω − φ′(t)

)
= Aq(t)

∞∫
e jφ′(t)τ e− jΩτ dτ , (5)
−∞
Fig. 1. Illustration of the stationary phase method which relates a signal in time, at 
an instant t , with the FT value at frequency Ω = φ′(t) via the TF domain.

where q is the power of amplitude (depending on the representa-
tion order) and ITF(t, Ω) denotes the ideal TF representation. The 
whole signal generalized power Aq(t) would be concentrated at a 
single point Ω = φ′(t) for a given instant t . Thus, the TF represen-
tations could be defined as

TF(t,Ω) =
∞∫

−∞

p∏
i=1

xbi (t + ciτ )e− jΩτ dτ , (6)

where p, bi and ci are constants. For signal x(t) = A(t) exp( jφ(t)), 
phase function of the product in (6) is

p∑
i=1

biφ(t + ciτ ) = φ′(t)τ + �φ(t, τ ). (7)

The ideal representation (5) is achieved for the spread factor 
�φ(t, τ ) = 0. When �φ(t, τ ) �= 0, the representation will be 
spread around the IF.

For example, we can easily derive the Wigner distribution (WD) 
following this analysis. For a linear FM signal, with φ(t) = at2 +
bt + c, it is known that

φ(t + τ/2) − φ(t − τ/2) = φ′(t)τ .

Thus, the WD is obtained for the coefficients b1 = 1, c1 = 1/2, c2 =
−1/2, and b2 = −1 (negative b2 means complex conjugate of the 
signal). The WD represents an ideal TF representation of linear FM 
signals [8].

In general, the phase functions φ(t + ciτ ), i = 1, . . . , P , are ex-
panded in Taylor series around τ = 0. The coefficients bi and ci in 
(7) should satisfy the following conditions:

• Sum of coefficients with φ(t) equals 0. This condition may be 
omitted if the absolute value of distribution is used.

• Sum of coefficients with φ′(t)τ equals 1.
• Coefficients with φ(p)(t)τ p , up to the desired order, equal 0.

If we add the requirement that the TF representation is real-
valued, then c2i+1 = −c2i and b2i+1 = −b2i hold. The fourth-order 
(p = 4) polynomial Wigner–Ville distribution (PWVD) ideally con-
centrates the signals with polynomial phase up to the fourth or-
der [1]. Assuming integer signal powers in (6), we may show that 
the lowest possible powers are b1 = −b2 = 2 and b3 = −b4 = −1. 
If we take b1 = −b2 = L (L is an even number) and c1 = −c2 =
1/(2L), the L-Wigner distribution is obtained [21,22]. Complex-
time distributions may be derived using a similar analysis, allowing 
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Table 1
Coefficients of some TF representations with their spread factors.

Representation Coefficients Spread factor

Wigner 
distribution

b1 = −b2 = 1 φ′′′(t)τ 3/24 + . . .

c1 = −c2 = 1/2

Rihaczek 
distribution

b1 = 1 b2 = −1 φ′′(t)τ 2/2 + . . .

c1 = 0 c2 = −1

Polynomial 
Wigner–Ville 
distribution

b1 = −b2 = 2 φ(5)(t)τ 5/3 + ...

b3 = −b4 = −1
c1 = −c2 � 0.675
c3 = −c4 � 0.85

L-Wigner 
distribution

bL = −b2 = L φ′′′(t)τ 3/(24L2) + . . .

c1 = −c2 = 1/(2L)

Complex-time 
distribution

b1 = −b2 = 1 φ(5)(t)τ 5/(425!) + ...

b3 = −b4 = j
c1 = −c2 = 1/4
c3 = −c4 = − j/4

complex arguments [23]. The coefficients of some TF representa-
tions with their spread factors are presented in Table 1.

Similarly to (5), TF representations that are concentrated along 
the second phase derivative φ′′(t), i.e., along the IF rate, can be 
introduced [24,25].

3.1. IF estimation model

The IF estimation is crucial in numerous signal processing ap-
plications [1,2]. Techniques based on the TF analysis represent the 
state-of-the-art in this area due to high accuracy and robustness to 
the noise influence. One of the basic properties of TF representa-
tions is that the IF can be obtained as [26,8]∫ ∞

−∞ Ω TF(t,Ω)dΩ∫ ∞
−∞ TF(t,Ω)dΩ

= Ω(t) = d

dt
arg

[
x(t)

] = φ′(t). (8)

This theoretically important relation is rarely used in the IF es-
timation since it is very sensitive to noise (multiplication by Ω
increases noise at high frequencies). In the case of multicompo-
nent signals, relation (8) will result in a single value that generally 
does not correspond to the IFs of the signal components. Instead, 
the nonparametric IF estimation based on the maxima position of 
the TF representation will be used as follows [1,27,28]:

Ω̂(t) = arg max
Ω

TF(t,Ω). (9)

The position of maximum Ω = φ′(t) can be found as a solution of

∂TF(t,Ω)

∂Ω
= 0.

Deviation of detected maxima positions from the signal’s IF is 
caused by the noise and the spread factor �φ(t, τ ). According to 
(5) and (7), the TF representation with the spread factor �φ(t, τ )

can be written as,

TF(t,Ω) = Aq(t)

∞∫
−∞

e j(φ′(t)τ+�φ(t,τ ))e− jΩτ dτ .

Including both disturbances, the spread factor and the noise, the 
derivative ∂TF(t, Ω)/∂Ω can be written as

∂TF(t,Ω)

∂Ω

= ∂

∂Ω

(
Aq(t)

∞∫
w(τ )e j(φ′(t)τ+�φ(t,τ ))e− jΩτ dτ + Ξ(t,Ω)

)
,

−∞
where Ξ(t, Ω) represents all terms in the TF representation in-
fluenced by an additive noise. An equivalent window function 
w(τ ) is added to emphasize the fact that all calculations are 
done over a finite lag interval. It is usually an even function, de-
creasing away from the origin, i.e. it satisfies w(τ ) = w(−τ ) and 
w(|τ1|) ≥ w(|τ2|) for |τ1| < |τ2|.

Due to the higher order phase derivatives �φ(t, τ ) and the 
noise influenced terms Ξ(t, Ω), the TF maxima position is shifted 
from the true IF position φ′(t) by �Ω . First we will present an 
analysis assuming small disturbances in the sense that maximum 
position deviation remains within the auto-term. The auto-term 
width depends on the lag interval width and the spread factor 
�φ(t, τ ). The zero-value of ∂TF(t, Ω)/∂Ω will be shifted from 
Ω = φ′(t) to Ω = φ′(t) + �Ω . The error �Ω can be analyzed by 
using a linear model of the TF derivative with respect to the small 
disturbances �φ(t, τ ) and Ξ(t, Ω), [29,8],

∂TF(t,Ω)

∂Ω

∣∣∣∣
Ω=φ′(t)+�Ω

= ∂TF(t,Ω)

∂Ω

∣∣∣∣ Ω=φ′(t),
�φ(t,τ )=0,
Ξ(t,Ω)=0

+ ∂Ξ(t,Ω)

∂Ω

∣∣∣∣ Ω=φ′(t),
�φ(t,τ )=0

+ �Ω
∂2TF(t,Ω)

∂Ω2

∣∣∣∣ Ω=φ′(t),
�φ(t,τ )=0,
Ξ(t,Ω)=0

.

For the new maximum position of the disturbed TF, the IF estimate 
satisfies

∂TF(t,Ω)

∂Ω

∣∣∣∣
Ω=φ′(t)+�Ω

= 0.

Note that 
∫ ∞
−∞ w(τ )τdτ = 0. For small �φ(t, τ ), it holds

exp( j�φ(t, τ )) ∼= 1 + j�φ(t, τ ). The approximative error in the 
IF estimation is

�Ω =
Aq(t)

∫ ∞
−∞w(τ )τ�φ(t, τ )dτ + ∂Ξ(t,Ω)

∂Ω

∣∣
Ω=φ′(t),

�φ(t,τ )=0

∂2TF(t,Ω)

∂Ω2

∣∣
Ω=φ′(t),

�φ(t,τ )=0,
Ξ(t,Ω)=0

.

For example, the bias and variance of the pseudo-WD-based
IF estimator with the Hann window of the width h are approxi-
mately [8]

E{�Ω} = Bias (t,h) ∼= 1

76
Ω(2)(t)h2, (10)

Var{�Ω} = σ 2(t,h) ∼= 14
σ 2

ε

A2(t)

1

h3
, (11)

where Ω(2)(t) is the second derivative of the IF and σ 2
ε is the vari-

ance of additive Gaussian noise. Obviously, the bias is an increasing 
function of h, while the variance is a decreasing one, pointing out 
that there is a trade-off in selection of the window width in the 
pseudo-WD-based IF estimator. Similar bias and variance relations 
may be derived for other TF representations (spectrogram, PWVD, 
quadratic class of distributions) as functions depending on the ker-
nel size, the window width, and the distribution order [30].

Fig. 2 depicts the pseudo-WD-based IF estimation of an FM sig-
nal corrupted by a Gaussian noise

x(t) = e j
∫ t

0 Ω(u)du + ε(t) (12)

where

Ω(t) = 1.8π

3

(
cos(4πt/256) − 1

3
cos(12πt/256)

+ 1
cos(20πt/256)

)
.

5
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Fig. 2. The IF estimation of a noisy nonlinear FM signal by using the WD with a 
narrow window (left) and a wide window (right). Cases with negligible noise (top 
row), moderate noise (middle row), and higher noise (bottom row) are presented. 
The true IF is presented by the green line, while the estimated IF is presented by 
the red line. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.)

The signal is considered for −128 < t < 128 and sampled with 
�t = 0.5. The top row in Fig. 2 compares the IF estimations ob-
tained using a narrow window with 5 samples (left), and a wide 
window with 81 samples (right), when the noise is almost neg-
ligible (SNR = 100 dB). Windowed signals are zero-padded up to 
256 samples. Narrow window based estimation follows the true 
IF, while the bias in the wide window based estimation is no-
table. Here the auto-term contains significant inner interferences 
caused by the spread factor. The IF estimates for the moderate 
noise case (SNR = 12 dB) are presented in the middle row. Fluctu-
ations within the auto-term caused by noise are significant in the 
narrow window case. The bottom row depicts the IF estimation in 
a higher noise (SNR = 9 dB), showing that some IF estimates com-
pletely miss the auto-term. The IF estimation at low SNR will be 
considered later.

The MSE of the TF-based IF estimators can, in general, be writ-
ten as the sum of the squared bias and variance as [31,29,8]

MSE(t,h) = σ 2(t,h) + Bias 2(t,h) = V (t)/hm + B(t)hn.

According to (10) and (11), for the pseudo-WD we get m = 3, 
n = 4, V (t) = 14σ 2

ε /A2(t) and B(t) = (Ω(2)(t)/76)2. Obviously, 
there is an optimal window h(t) = hopt(t) that follows from 
∂MSE(t, h)/∂h = 0. However, such a window depends on signal it-
self since parameter B(t) depends on the IF derivatives. For the 
estimation of the optimal window width hopt(t) without prior 
knowledge of parameter B(t), an algorithm based on the intersec-
tion of the confidence intervals (ICI) is introduced [31], and briefly 
described here. Let us introduce a set H of window-width values 
h1 < h2 < . . . < h J . Define the confidence intervals Ds = [Ls, Us]
for s = 1, 2, . . . , J of the estimates, with the following upper and 
lower bounds

Ls = Ω̂s(t) − Kσ(hs),

Us = Ω̂s(t) + Kσ(hs),
Fig. 3. Illustration of the IF estimation using the WD with constant and variable 
windows. FM signal is corrupted by Gaussian white noise with SNR = 20 dB. (a) The 
WD with wide window; (b) The WD with a narrow window; (c) The WD with 
adaptive window whose width is presented in (d).

where Ω̂s(t) is an estimate of Ω(t), obtained from (9) using 
the window width hs , and σ(hs) represents its standard devia-
tion. For small window widths hs , the bias of Ω̂s(t) is negligible, 
thus Ω(t) ∈ Ds . Then, obviously, Ds−1 ∩ Ds �= ∅, since at least the 
true value Ω(t), belongs to both confidence intervals. For wide 
windows the variance is small, but the bias is large. Clearly, a 
large enough s exists such that Ds ∩ Ds+1 = ∅ for a finite K and 
Bias (t, hs) �= 0. The idea behind the algorithm is that the optimal 
window width can be determined as highest hs for which the suc-
cessive confidence intervals Ds−1 and Ds have at least one point 
in common. Intersection of the confidence intervals Ds−1 and Ds∣∣Ω̂hs−1(t) − Ω̂hs (t)

∣∣ ≤ K
[
σ(hs−1) + σ(hs)

]
, (13)

works as an indicator of the event hs ∼ hopt . The algorithm is not 
sensitive to the value of K , so K ∼ 3 could be used [31]. There are 
many methods in literature for an efficient SNR estimation needed 
for the calculation of σ(hs) [31–34].

The ICI algorithm performance is illustrated in Fig. 3. An FM 
signal corrupted by Gaussian white noise with SNR = 20 dB is 
considered. The signal has the form represented by (12) with the 
following IF

Ω(t) =

⎧⎪⎪⎨
⎪⎪⎩

−2π/3 for t < −299
−2π/3 cos(6π(t + 128)/256) for − 299 ≤ t < −128
2π/3 cos(2πt/256) for − 128 ≤ t < 299
2π/3(400 − t)/100 for t ≥ 299.

The signal is sampled with �t = 0.5. Set H = {32, 38, 46, 54, 64, 76,

90, 108, 128, 152, 182, 216, 256} of window widths is used. Nar-
row windows produce noisy estimates, whereas wider windows 
produce biased estimates. The ICI algorithm takes window width 
adaptively, producing an accurate IF estimation. The algorithm uses 
the widest windows in the constant and linear IF segments (no 
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higher order phase derivatives), while narrower windows are used 
when the IF is not linear (higher order phase derivatives exist).

3.2. IF estimation with time–scale representations

Alternative to the TF representations are the time–scale rep-
resentations, of which the most notably is the wavelet transform 
(WT) [34–39]. The WT is not an often used tool for analysis of 
FM signals due to several reasons. In [34] it has been shown that 
for any basic wavelet function, different relationship between scale 
and frequency has to be established. For example, for the wavelet 
transform given as

CWT(t, s) =
+∞∫

−∞
x(u)

1√
s
ψ∗

(
u − t

s

)
du (14)

where ψ∗(u) represents the mother wavelet function, the rela-
tionship between the scale and frequency depends on parameters 
of ψ∗(u). For three commonly used mother wavelets, this relation-
ship is summarized in [34, Table I]. Also, in [34], a general analysis 
of the scalogram (energetic version of the WT) as the IF estimator 
is presented, together with the expressions for the bias and vari-
ance of a scalogram-based estimator.

The second issue is the fact that it is meaningful to apply the 
WT only in the case when we are interested in varying resolution 
of the representation for different frequencies. This is again of in-
terest only for signals with quite specific variations in frequency. 
Consider, for example, practically important and simple case of a 
linear frequency modulated (LFM) signal. This signal has the IF of 
the form Ω = at +b, where a and b are constants. In Fourier analy-
sis, the optimal window width (effective time interval used in the 
transform calculation) for the analysis of LFM signal is a signal-
dependent constant proportional to the square root of the IF rate 
h ∼ √

a, [40,8]. The effective width in time of the wavelet function 
ψ∗(t/s) changes with frequency. It means that, in the case of an 
LFM signal, the WT is optimally concentrated at a single time (or 
frequency) point. When the IF of an LFM signal is lower than this 
frequency, the WT will use too wide windows and its concentra-
tion will be poor due to significant nonstationarity included within 
such windows. On the other hand, when the IF of an LFM signal is 
higher than this frequency, the WT will use too narrow windows, 
and again the WT concentration will be poor. This example shows 
that the WT cannot be used in the analysis of some standard sig-
nals such as LFM signal.

The S-transform S(t, ω) is introduced as the phase correction 
of the continuous WT [41], i.e.

S(t,ω) = e jωtCWT(t, s)

=
+∞∫

−∞
x(τ )

|ω|√
2π

e− (t−τ )2ω2
2 e− jωτ

dτ . (15)

Conceptually, it is a hybrid of short-time Fourier analysis and 
wavelet analysis. It uses variable window length, but preserves the 
phase information by using the Fourier kernel in the signal decom-
position [41]. As a result, the phase spectrum is absolute in the 
sense that it is always referred to a fixed time reference. Quan-
titative analysis of the S-transform as the IF estimator is given 
in [42], where it is shown that the IF estimation, obtained as the 
peak position of the considered adaptive S-transform, can outper-
form (in terms of the MSE) estimation obtained using the STFT or 
the pseudo-WD for specific signals whose IF changes correspond
to the S-transform window width changes. The linear Gabor trans-
form based tool for TF analysis and IF estimation of nonstationary 
signals produced by atmospheric clutter having hyperbolic modu-
lation has been proposed in [43,44].
3.3. IF estimation at low SNR

In low SNR environments, there is a significant probability that 
the TF values caused by noise exceed the TF values along the IF of 
the analyzed signal. The detected maximum then can be at an ar-
bitrary position, thus producing high estimation error (see Fig. 2, 
bottom row). This effect is more emphasized for narrower win-
dows used in calculation of the TF representations. Three strategies 
are in use for handling the IF estimation at low SNR. They are re-
viewed below.

1. The cross WD (XWD) is proposed to extend the operating SNR 
range of the WD [45]. It is calculated as

XWD(t,Ω) =
∞∫

−∞
x̃(t + τ/2)x∗(t − τ/2)exp(− jΩτ)dτ , (16)

where x̃(t) represents a unit amplitude signal obtained as 
x̃(t) = exp( j 

∫ t
−∞ Ω̂(τ )dτ ). The initial IF estimate Ω̂(τ ) can be 

obtained by using any estimator, for example, the maxima po-
sition of the TF representation (STFT or WD). The IF Ω̂(τ ) is 
estimated in an iterative procedure where each step includes 
the maximization of new XWD(t, Ω) that is calculated using 
the improved unit amplitude signal, obtained with the IF es-
timate calculated in the previous step. In each iteration we 
improve the signal energy concentration, increasing the prob-
ability of correct IF estimation. The cross PWVD is proposed to 
improve the IF estimation of polynomial phase signals at lower 
SNRs [46].
Asymptotic performance of the XWD as an IF estimator has 
been assessed in [47]. The obtained results are used, in turn, to 
develop an algorithm for selection of adaptive window width 
in the IF estimation.
Performance of the XWD in the estimation of sinusoidal FM 
signal is presented by the green line in Fig. 4.

2. Modifications of the ICI algorithm. Based on the estimated 
SNR and percentage of outliers, set of the window widths in 
the ICI algorithm is divided into three subsets: (1) subset of 
the narrowest windows, Hn , that produce poor results at low 
SNR, (2) subset of middle-width windows, Hm , with low per-
centage of outliers caused by low SNR, and (3) subset of wide 
windows, H w , that are robust to low SNR influence, but usu-
ally yield biased estimates. In the modified ICI algorithm [48], 
windows from set Hn are not used, since they are character-
ized by high probability of outliers, whereas those from the 
Hm ∪ H w subset are used. The IF estimates obtained using win-
dows from Hm have to be filtered (e.g., using median filter) in 
order to eliminate possible outliers, although the probability 
of outliers is low. The estimates obtained with H w windows 
are used unchanged. The rest of the algorithm is the same 
as the standard adaptive ICI algorithm described in Section 3. 
In this way, short windows are eliminated from considera-
tion since they produce significant number of outliers. The 
algorithm starts with the narrowest window (with the small-
est bias) from Hm where the influence of errors due to low 
SNR is eliminated. Then the algorithm proceeds towards wider 
windows until the optimal window width is reached. Fig. 4
presents the performance of the modified ICI in the estima-
tion of a sinusoidal FM signal.
An application of the ICI algorithm that includes lower order 
distributions is presented in [49]. The performance of the orig-
inal ICI algorithm can be significantly improved by introducing 
an additional criterion for a proper window width selection, 
which takes into account the amount of overlap between the 
current and previous confidence intervals relative to the cur-
rent interval length [33].
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Fig. 4. Top: IF estimation of a sinusoidal FM signal in Gaussian noise with low SNR 
using the WD. The position of maximum works inaccurately for all three consid-
ered SNRs. The modified ICI, XWD and Viterbi algorithm are close to exact IF for 
SNR = −1 dB. For lower SNR, the modified ICI has considerable errors, while the 
XWD can still be used for SNR = −3 dB. For the lowest SNR = −5 dB, only the 
Viterbi algorithm produces satisfactory results. Bottom: The MSE for several IF esti-
mators for the above signal. The estimator based on the position of maximum has 
breakdown point about SNR = 8 dB and below this value it becomes extremely in-
accurate, the XWD estimator has higher bias, but it can work for SNR = 0 dB, the 
modified ICI algorithm compensates the bias for high SNR and it has better accu-
racy than the estimator based on the position of maximum, whereas for low SNR 
its accuracy is close to that of the XWD algorithm. The Viterbi algorithm is the most 
accurate for low SNR, which is paid by increased calculation complexity. (For inter-
pretation of the references to color in this figure, the reader is referred to the web 
version of this article.)

3. Tracking filters in the TF plane. The IF estimation errors due 
to low SNR are of impulsive nature (see Fig. 4). In this case, 
the median filter could be used to remove IF estimates charac-
terized by significant deviation from the neighboring IFs. The 
accuracy of median filter, applied to the obtained IF estimate, 
is limited due to the correlation between errors at consecu-
tive samples. More sophisticated techniques are then required. 
One such technique considers the Viterbi algorithm [50] for 
the IF tracking [51]. The algorithm is based on two criteria: 
(A) IF estimate should pass through the highest values of the 
TF representation, and (B) the IF variation between consecu-
tive instants should be as small as possible. Considering the 
TF representation as a grayscale image with the lightest tones 
associated to the highest representation values, the task of the 
Viterbi algorithm is to form as smooth line as possible by con-
necting as light points of image as possible. The IF estimate 
can be represented as a path (n, k(n)), n = n1, n1 + 1, . . . , n2, 
in the TF plane that minimizes the following function:

n2∑
n=n1

f
(
TF

(
n,k(n)

)) +
n2−1∑
n=n1

g
(∣∣k(n) − k(n + 1)

∣∣). (17)

In (17), the first sum considers criterion (A) ( f (·) is a non-
increasing function), while the second sum considers criterion 
(B) (g(·) is a non-decreasing function). For the considered in-
stant n, function f can be formed as follows. First, TF(n, k)

is sorted into nonincreasing order, i.e., frequency indices k j , 
j = 1, 2, ..., Q , are determined so that the following relation 
holds:

TF(n,k1) ≥ TF(n,k2) ≥ · · · ≥ TF(n,kQ ). (18)
The function f is then formed as f (TF(n, k j)) = j − 1, which 
corresponds to the idea that larger transform values yield 
smaller values of f (TF(n, k j)) and therefore are more impor-
tant candidates for the IF estimates. For example, zero value 
of f (TF(n, k j)) corresponds to the maximum value of TF(n, k). 
For function g(|x − y|), we can take linear form with respect to 
|x − y|, for example, g(|x − y|) = c(|x − y| −�) for |x − y| > �

and zero elsewhere. The threshold is denoted by �.
Performance of the Viterbi in the estimation of sinusoidal FM 
signal is presented by the blue line in Fig. 4. For lower SNR, i.e. 
below 2–3 dB, it provides more accurate estimates than those 
obtained by the XWD or modified ICI.
In [52], the Viterbi algorithm is used for resolving over-
the-horizon radar (OTHR) Doppler returns, characterized by 
close IF trajectories. More precisely, it is used to detect TF-
domain positions of the signal of interest in heavily cluttered 
data. Based on the obtained positions, cross-terms free high-
resolution TF representation can be calculated.

There are several alternative approaches handling the IF estima-
tion in low SNR environments. A family of TF distributions, based 
on the directionally smoothed PWVD, has been proposed in [53]
in order to reduce outliers, inherent to quadratic TF distributions 
at low SNR, and therefore to improve the IF estimation.

For the IF estimation in presence of both multiplicative and ad-
ditive noise, an estimator based on the position of the polynomial 
Wigner–Ville distribution (PWVD) is proposed [54]. The optimal 
window length, that resolves the bias-variance trade-off in the IF 
estimation, is obtained from derived analytical expressions for the 
bias and asymptotic variance of the estimator.

Note that papers listed in this section consider Gaussian noise. 
The IF estimation in non-Gaussian environments, i.e. impulse noise 
environments, is addressed in [55,56].

3.4. IF estimation of multicomponent signals

In practical applications, it is quite common that the analyzed 
signal contains several components of form (3). For example, a 
radar signal can contain signals reflected from various targets or 
signals received through multiple paths. Speech and sound signals 
are also very rich in components. Signals produced by vehicle en-
gines contain components on several time-varying resonance fre-
quencies [57]. Such signals can be represented as

x(t) =
M∑

m=1

Am(t)e jφm(t) = A(t)e jφ(t), (19)

where Am(t) are slow varying amplitudes. Note that a real val-
ued signal x(t) = 2 

∑M
m=1 Am(t) cos(φm(t)) could be considered as 

x(t) = ∑M
m=1 Am(t)e− jφm(t) + ∑M

m=1 Am(t)e jφm(t) [17].
The resulting amplitude A(t) variations can be of the same 

order as variations of the phase function. Here we may use esti-
mators that produce a single resulting IF as Ω = φ′(t). However, 
in the case of multicomponent signals (19), real physical quanti-
ties are usually not related to the single resulting IF; instead, they 
are related to the individual IFs Ωm = φ′

m(t), m = 1, 2, . . . , M , of 
the signal components. Therefore, in the case of multicomponent 
signals, an ideal TF is of the form

ITF(t,Ω) =
M∑

m=1

2π Aq
m(t)δ

(
Ω − φ′

m(t)
)
, (20)

where Am(t) and φ′
m(t) represent the amplitude and the phase 

derivative of the m-th component. Within the TF analysis frame-
work, it implies cross-terms free (or reduced) realization of TF 
representations. After more than three decades of development, 
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the problem of estimating multicomponent signals is still open 
for research. In many cases, signal components can be separated 
in time, frequency, or the TF domain, so that the IF can be de-
termined for each component. Various separation algorithms exist, 
while the TF-based ones are the most effective [57,58].

One direction in the analysis of multicomponent signals is to di-
vide the TF domain into regions corresponding to individual com-
ponents and applying the standard IF analysis within these regions. 
Since the ideal representation of an M-component signal contains 
only M non-zero values at the considered instant, it is sparse in 
frequency, and it can also be used as a starting point for defini-
tion and efficient implementation of algorithms for processing of 
signals that are sparse in the TF domain [59,60].

Another research direction in the analysis of multicomponent 
signals is aimed towards obtaining a TF representation concen-
trated along the IF of components as sharply as possible. The ob-
tained TF representation image can be separated into components 
and the IF estimated from each component separately. The sim-
plest approach is the so-called peeling, where the IF is estimated 
based on the maxima position of the strongest component [57]. 
Other components are estimated after the strongest one has been 
removed from the image. If no component is significantly stronger 
than the others, the TF plane can be segmented using some pat-
tern recognition techniques [57]. Mathematical morphology and 
other sophisticated tools are sometimes used in the segmentation 
process [57,61]. Namely, the IF estimation based on the maxima 
position is related to common edge estimation algorithms used 
in digital image processing. The IF trajectories of signal compo-
nents can be discontinuous, for example due to noise influence. 
For connecting components, we can use the morphological tech-
niques such are dilatation, erosion and component linking [62,57]. 
A more robust modification of this transform has been proposed 
recently [63]. In [58], it is shown that, at low SNR, multicomponent 
signals can be separated using a blind source separation strategy 
and estimated using the ICI algorithm proposed for monocompo-
nent signal IF estimation [29,31]. The blind source separation is 
the separation of a set of source signals from a mixture of signals, 
without information (or with very little information) about the 
source signals or the mixing process. Commonly, the information 
is based on statistics or, in our case, on the fact that components 
are FM signals. A comprehensive analysis of the blind source sepa-
ration can be found in [64].

The IF estimation of multicomponent signals based on image 
processing has been dealt with in [62]. The signal is first trans-
formed to the TF domain using a reduced interference quadratic 
TF distribution. The IF estimation of signal components is then 
achieved by implementing two steps, namely local peak detection 
followed by an image processing technique called component link-
ing. Application of this method to real signals is illustrated with 
newborn EEG signals.

The vector representation of multicomponent FM signals can 
lead to one more direction in this analysis. If the rotation speeds of 
vectors are of different orders, we may imagine that our detection 
system is so inert that it cannot observe the fastest rotation. Then, 
we can detect the trajectory of the fastest rotating vector central 
point (e.g. by detecting local maxima and local minima caused by 
the fastest rotation). We remove this rotation, and continue in the 
same way with the next fastest rotation. This is the basic idea of 
the empirical mode decomposition (EMD) approach in the IF anal-
ysis [65]. The decomposition is illustrated on a three component 
signal x(t) = A1e jφ1(t) + A2e jφ2(t) + A3e jφ3(t) , where A1 > A2 > A3
and |φ′

1(t)| � |φ′
2(t)| � |φ′

3(t)|. Imaginary part of x(t) is used in 
decomposition presented in Fig. 5. The EMD, however, has limited 
application range due to problems with mode mixing and sensitiv-
ity to noise influence [66,67]. These problems attracted significant 
Fig. 5. Vector illustration of a multicomponent signal and its decomposition.

research in description of phenomena related to the EMD and its 
modifications in order to reduce the observed problems [68,66].

Alternative decomposition scheme has been proposed in [69]
where nonstationary signals are decomposed using discrete evolu-
tionary transform into series of the chirp functions. This technique 
is applied to the IF estimation for excision of jammers from signals 
in communication systems [70]. In the decomposition strategies 
presented in [71–74] various basis functions, such as chirplets [75], 
are used for nonstationary signal decomposition. These techniques, 
however, are limited to situations when the signal can be decom-
posed into a relatively small number of atoms or basis functions 
and when the signal is embedded in a moderate level of noise. 
Additional problem can be in a reduced efficiency due to the in-
creased computational complexity in parameter estimation, such 
as four-dimensional search in the case of chirplets [75].

A decomposition strategy based on the eigenvalues or singular 
values of the TF representations is presented [76,77]. For example, 
in [77] the TF representation is decomposed into a series of TF 
representations of separate signal components. This method allows 
detection of a weak radar return in a heavy clutter.

The EMD approach and the TF representation-based eigen-
value decomposition (EVD) are illustrated on an example. A signal 
x(t) = 2 cos(5π/4 − 5π(t − 128)2/12 000) exp(−((t − 128)/72)2) +
3 cos(πt/6 + 4π(128 − t)2/3000 + 3π(128 − t)310−5/5) exp(−((t −
150)/42)2), within −50 ≤ t ≤ 350 discretized with step 1, is con-
sidered. Its EMD decomposition is presented in Fig. 6 (first column) 
and the TF-based EVD decomposition is presented in Fig. 6 (second 
column). Since the EMD detects the highest IF first, for each time 
instant, it would be mixing the components if the shorter duration 
component were with higher IF values, as in the case presented 
in Fig. 6 (third column). The TF-based EVD decomposition is not 
influenced by the IF values of the components, Fig. 6 (fourth col-
umn). The TF-based decomposition is obtained up to the initial 
phase ambiguity in each component.

The main difference between decomposition based on eigen-
values and singular values, on one side, and decomposition into 
atomic functions, on the other side, is similar to difference be-
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Fig. 6. The EMD approach and the TF representation based eigenvalue decomposition (EVD) applied on a two-component signal: The original signal and its TF representation 
(S-method [78]) are presented on top. The components (intrinsic mode functions IMF) obtained by the EMD (first column) and the components based on the EVD of the 
S-method (second column). The EMD and the TF-based EVD decomposition, for a shorter duration component on a higher IF, are shown in the third and fourth columns, 
respectively.
tween nonparametric and parametric estimation techniques. When 
signal model is known in advance and fits well the atomic func-
tion, these techniques would produce better results; otherwise, it 
is better to apply decomposition that does not assume specific sig-
nal model such as eigenvalues decomposition. In addition, both 
decomposition techniques are able to deal with moderate noise 
level.

Similar idea like in atomic decomposition is considered in 
[79–81,63] where it has been established time-varying auto-
regressive (TVAR) model of nonstationary signals. The main simi-
larity comes from the dependence of these techniques on proper 
selection of basis function. In original form, this technique is very 
sensitive to noise influence.

4. Parametric and combined IF estimators

The most common parametric signal model is the polynomial-
phase or polynomial-FM model, that is grounded by the Weier-
strass theorem. A polynomial phase signal (PPS) can be defined 
as x(t) = A exp( j 

∑P
k=0 aktk) where P is the polynomial order and 

{ak|k ∈ [0, P ]} are the phase coefficients. The IF of the PPS equals 
Ω(t) = ∑P

k=1 kaktk−1 and it comprises all phase coefficients ex-
cept a0. For P = 1 (complex sinusoid), the FT represents an ap-
propriate estimation tool since the signal energy is ideally con-
centrated at a single point in the frequency domain. For P > 1, 
the signal energy is spread over a frequency range. In that case, it 
would be convenient to use an operator that can transform the PPS 
into a complex sinusoid. The maximum likelihood (ML) estimation 
of the phase parameters requires multidimensional search, which 
can be computationally exhaustive procedure [82]. The PPS param-
eters can be efficiently estimated by reducing the polynomial order 
in the signal phase and estimating the phase parameters, starting 
from the highest one. The most popular estimators from this class 
are the high order ambiguity function (HAF) [83], and its variations 
[84–86].

To transform the signal x(t) to a complex sinusoid, the HAF uses 
the phase difference (PD) operator

PDp[
t;τ (l)

1 , ..., τ
(l)
p

] = PDp−1[t + τ
(l)
p ;τ (l)

1 , ..., τ
(l)
p−1

]
× (

PDp−1[t − τ
(l)
p ;τ (l)

1 , ..., τ
(l)
p−1

])∗
, (21)

where p = 1, 2, . . . , P − 1, represents the PD order, and τ (l)
i , i =

1, . . . , p, are the lag parameters. Superscript l identifies lag set 
used in the PD calculation.1 In addition, PD0[t] = x(t). Since the 
frequency of sinusoid equals Ω = 2P−1 P !aP

∏P−1
i=1 τ

(l)
i , the highest-

order phase parameter is estimated as follows:

âP = 1

2P−1 P !∏P−1
i=1 τ

(l)
i

arg max
Ω

∣∣HAF(l)(Ω)
∣∣2

,

1 Lag set identifier l is introduced to denote that the PD can be calculated with 
various lag sets, which is later used in the PHAF calculation.
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HAF(l)(Ω) =
∞∫

−∞
PDP−1[t, τ (l)

1 , ..., τ
(l)
P−1

]
exp(− jΩt)dt.

Once aP is estimated, aP−1 can be obtained from the dechirped 
signal x(t) exp(− jâP t P ). The procedure is repeated until all the 
phase parameters are estimated. However, numerous problems ap-
pear in the estimation process, namely (a) noise influence in-
creases with each PD leading to increased estimation MSE and 
high SNR threshold, (b) appearance of cross-terms when multi-
component signals are considered, and (c) error propagation from 
higher to lower order phase parameters. To reduce the influence of 
cross-terms, the product HAF (PHAF) is proposed as the product of 
several HAFs calculated using different sets of lag parameters [84]

PHAF(Ω) =
∏

l

HAF(l)(FlΩ),

where Fl = ∏P−1
i=1 τ

(l)
i /τ

(1)
i is the frequency scaling factor. The scal-

ing in frequency ensures that, in all the HAFs, the auto-terms 
appear at the same frequency Ω proportional to 

∏P−1
i=1 τ

(1)
i . The 

frequencies of cross-terms, however, are not proportional to this 
product after scaling in frequency [84]. Multiplying HAFs, there-
fore, enhances the auto-terms more significantly than cross-terms.

If the presented higher-order transforms, including possible 
post-processing of the IF estimates, cannot produce satisfactory 
results at low SNR, it is recommended to resort to linear signal 
representations. The optimal processing can be performed if the 
signal form is known (matched filters). In many cases, we can 
assume that the signal phase can be locally approximated by a 
polynomial (using a finite Taylor series), reducing the analysis to 
the PPS case. In the TF analysis, this is referred to as the local 
polynomial FT (LPFT) [87,88]

LPFT(t,�) =
∞∫

−∞
x(t + τ )w(τ )e− jθ(�,τ )dτ , (22)

where w(τ ) is a sliding localization window, θ(�, τ ) = Ωτ +
Ω2τ

2/2! + · · · + ΩMτ M/M! and M is the LPFT order. The LPFT is 
an M-dimensional transform which concentrates at � = (φ(1)(t),
φ(2)(t), ..., φ(M)(t)), and the IF and its derivatives can be estimated 
as

�̂(t) = arg max
�

∣∣LPFT(t,�)
∣∣,

where the IF is the first element of �̂(t). Note that the STFT repre-
sents a special case of the LPFT obtained with M = 1. Due to time 
localization by the sliding window, the LPFT of relatively low or-
ders could be used, e.g., M = 2 or 3, even if the phase order P is 
much higher. Also the time localization enables the LPFT to deal 
with signals that have nonpolynomial modulation. The LPFT is a 
linear transform, and it requires a search over M parameters for 
each instant. The search for optimal parameters is a compromise 
between accuracy and complexity. Direct search over parameter 
space could be performed when accuracy is crucial. The LPFT with 
M = 2 can be connected to the fractional Fourier transform (FrFT) 
[8,89–91].

Alternatives to the LPFT are the Radon–Wigner transform [92], 
Wigner–Hough transform [93], Hough–Radon transform [94], di-
rectional smoothed PWVD bank [53], where quadratic distributions 
are projected along lines with small number of parameters. These 
techniques are, however, characterized by significant calculation 
complexity. They entail the calculation of a TF representation and 
performing a transform in order to estimate the signal parameters, 
whereas the LPFT calculation and local parameter estimation are 
performed jointly.
Fig. 7. The IF of a sinusoidal FM signal estimated by the QML approach and STFT for 
SNR = 0 dB. The QML estimator produces estimates that are very close to the true 
IF frequency. The IF estimates obtained by the STFT (N = 42) are significantly worse 
than those obtained by the STFT (N = 22).

Another approach related to the LPFT is the phase unwrap-
ping, where the PPS parameters are estimated directly from the 
signal phase. It produces accurate estimates only at higher SNRs. 
However, the phase unwrapping approach can be used to im-
prove the accuracy of methods that can work at lower SNRs [95]. 
Assuming that the initial estimates of the phase parameters, âk , 
are obtained by some standard technique, the dechirping of the 
signal x(t) exp(− j 

∑P
k=1 âkt P ) yields a PPS with parameters {a0, 

δak = ak −âk|k ∈ [1, P ]}. Then, the phase unwrapping (coupled with 
signal decimation and filtering) can be used to estimate errors δak , 
thus refining initial estimates. This algorithm is extended to deal 
with multicomponent PPSs in [96]. This extension has significantly 
lower complexity than computationally intensive nonlinear least 
squares (NLS) methods [82].

The IF estimators, robust to noise influence, should be used in 
the initial stage (prior to refinement). The TF representations, in 
particular the linear ones, are the main candidates for this purpose. 
For example, the STFT with various window widths h, STFTh(t, Ω), 
can be used for obtaining the initial IF estimate Ω̂h(t). Approx-

imation of Ω̂h(t) by a polynomial, i.e., Ω̂h(t) ≈ ∑P
k=1 kâk,htk−1, 

yields rough estimation of the signal parameters {âk,h|k ∈ [1, P ]}, 
which in turn can be refined using the approach proposed by 
O’Shea in [95], giving estimates {â( f )

k,h |k ∈ [0, P ]}. The procedure 
is repeated for all the considered window widths h, and for 
the optimal window width, ĥ, we declare the one that satisfies 
ĥ = arg maxh | ∫t x(t) exp(− j 

∑P
k=0 â( f )

k,h tkdt)|. This technique could 
be extended to deal with unknown phase order P , as well as with 
non-polynomial modulations. The performance of this combined 
approach, referred to as the quasi-ML (QML) [97], is evaluated on 
a sinusoidal FM signal. In Fig. 7, the IF estimates obtained by using 
the STFTs with fixed window widths are compared with the QML 
approach.

Another refinement technique is considered in [82], where 
the rough estimate of multicomponent signals has been refined 
using a nonlinear least squares approach. The obtained results 
clearly demonstrated that the component-by-component estima-
tion is suboptimal and can be improved using the NLS approach.

In general, low order parametric methods achieve excellent ro-
bustness to noise, whereas higher order techniques, such as those 
based on quadratic TF representations or higher order PD, have 
limited robustness to noise. Also it is important to emphasize that 
when exact parametric signal model is not known or when signif-
icant errors occur in the model, parametric techniques introduce 
significant estimation bias.
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5. Other TF methods related to the IF estimation

The Viterbi algorithm, presented in Section 3.3, could be consid-
ered as an image based technique for tracking IF lines (similar to 
diverse edge tracking algorithms). The reassignment method is also 
a form of the approaches defined in order to improve the readabil-
ity of TF representations [98,20]. In this method, the values of the 
TF representation of a signal are reassigned so as to achieve bet-
ter energy concentrated in the TF plane, close to or on the IF. The 
basic idea for reassigning comes from the method of stationary 
phase. The synchrosqueezed TF representation based methods re-
assign the complex signal representation toward the IF in order to 
improve readability [99]. They preserve the unbiased energy con-
dition. Ridge detection methods are also members of this class of 
TF post-processing methods. They are based on reassigning the TF 
representation values toward the TF ridges, improving the overall 
TF representation readability [100]. A similar strategy for improv-
ing the readability of the TF representation of a signal containing 
multiple resonances in combustion engine is proposed in [101]. 
These methods are meant for the TF readability improvement and 
they are not directly used for the IF estimation. Thus, they are not 
given in detail in this review. It is common for all these techniques 
that they are post-processing procedures including pattern analy-
sis of the TF representation (image). Also, some parametric meth-
ods like those based on the Radon–Wigner distribution and the 
Hough transform [93,102,94] are only briefly mentioned herein. 
These techniques can be reduced to various local polynomial pro-
cessing algorithms already described in the paper.

6. Conclusions

Developments in the IF estimation in the past 20 years have 
been reviewed. The focus was on three important directions:

• performance analysis of the IF estimators,
• development of adaptive algorithms that can produce highly 

accurate results under moderate level of noise, and
• development of IF estimators that can work at low SNR.

Some other developments in the field have also been addressed.
The following set of conclusions could be drawn for monocom-

ponent signals:

• In the case of signals under reasonable SNR (SNR > 10 dB) 
the adaptive algorithms based on the ICI rule could serve as 
excellent IF estimators, especially in the case of signals with 
abrupt changes in the frequency when parametric estimators 
commonly have poor accuracy;

• For moderate level of noise and a known model of the IF law 
we can employ various parametric estimators (based on the 
LPFT, FrFT, projection algorithms etc.). We prefer techniques 
based on the linear time–frequency representations (such as 
the LPFT or FrFT) as more robust to the noise influence. We 
also prefer cases when smaller number of parameters is ad-
justed in the transform. They are more robust to the model 
deviations and less computationally demanding;

• In low SNR environment (SNR ≤ 2 dB), the Viterbi based IF 
tracking algorithm is, in our opinion, currently the most ac-
curate estimation tool. Alternatives to the Viterbi based algo-
rithm could be the directionally smoothed Wigner distribution, 
adaptive fractional spectrogram, or when the calculation com-
plexity is critical, the X-Wigner distribution and the forms of 
the modified ICI algorithm.

In case of multicomponent signals, there are several possible 
strategies applied in various circumstances:
• Obtaining a sharp TF image of signal (including application of 
post-processing techniques), segmentation of image and sepa-
ration of components, and the IF estimation of separate com-
ponents. These approaches are usually robust to the noise in-
fluence, but tracking and connecting components is not trivial 
when components intersect each other, when components are 
close to each other in frequency, or when some components 
have much smaller magnitudes than the others;

• Decomposition of the TF plane into mode functions produces 
good results for well separated components and high SNR en-
vironments. The most prominent method from this group is 
based on the EMD;

• Eigen-decomposition of the TF representations with reduced 
interference shows excellent results for all signals that are 
highly concentrated in the TF plane with breakdown point 
somewhere about SNR = 5 dB;

• Decomposition into (parametric) atomic functions shows ex-
cellent accuracy even at low SNR, but it is very sensitive to sig-
nals quite different from base functions (technique could be-
come inaccurate or infeasible requiring large number of atoms 
in decomposition);

• Parametric estimation methods based on the phase differenti-
ation have limited application due to high SNR threshold for 
signals with higher order polynomial modulations. There are 
encouraging results in the techniques with reduced number 
of phase differentiation and with techniques employing linear 
biased estimators (for example the STFT), polynomial interpo-
lation and phase unwrapping;

• The use of linear TF representations (LPFT or FrFT) with one 
time-varying design parameter, along with the adjustment of 
this parameter at each instant (QML estimator). The obtained 
results are quite accurate and robust to noise.

However, the analysis and IF estimation of multicomponent sig-
nals still remain open research issues due to their significance and 
ubiquitous presence. More general solutions are required, that have 
the potential to be used under various circumstances. From our 
point of view, a vast potential lies in estimators based on linear 
TF representations, that are robust to noise and do not induce 
spurious cross-terms, like the QML estimators. However, there is 
no simple strategy for their application to multicomponent sig-
nals and for signals with abrupt IF changes. A recent development 
has shown that the estimation of signal parameters component 
by component has limited accuracy. However, the accuracy of IF 
estimation of multicomponent signals can be improved by using 
refinement strategies.

There is still more room for better theoretical understanding of 
various approaches and of the IF concept itself. In addition to algo-
rithms and methods that will appear in the future, we should point 
out that some old approaches have reappeared recently and will 
continue to reappear in the future. For example, the TVAR tech-
niques have been considered as very sensitive to noise influence, 
but some recent modifications have significantly improved their 
applicability. Also, the IF estimator based on the XWD, proposed 
more than two decades ago, had been regarded as outdated, but 
recent advances brought a new life to it. Therefore, we believe that 
the future will bring novel estimation strategies and algorithms, 
new insights into the IF concept, along with the improvements of 
the existing IF estimation strategies that will increase their appli-
cation range.
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[29] V. Katkovnik, Lj. Stanković, Instantaneous frequency estimation using the 
Wigner distribution with varying and data-driven window length, IEEE Trans. 
Signal Process. 46 (9) (1998) 2315–2325.
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Ljubiša Stanković was born in Montenegro in 1960. He received the 
B.S. degree in EE from the University of Montenegro (UoM), the M.S. de-
gree in Communications from the University of Belgrade and the Ph.D. in 
Theory of Electromagnetic Waves from the UoM. As a Fulbright grantee, 
he spent 1984–1985 academic year at the Worcester Polytechnic Institute, 
USA. Since 1982, he has been on the faculty at the UoM, where he has 
been a full professor since 1995. In 1997–1999, he was on leave at the 
Ruhr University Bochum, Germany, supported by the AvH Foundation. At 
the beginning of 2001, he was at the Technische Universiteit Eindhoven, 
The Netherlands, as a visiting professor. He was vice-president of Mon-
tenegro 1989–1990. During the period of 2003–2008, he was Rector of the 
UoM. He is Ambassador of Montenegro to the United Kingdom, Ireland, 
and Iceland. His current interests are in Signal Processing. He published 
about 400 technical papers, more than 130 of them in the leading jour-
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