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Abstract-- The paper adopts the Latin Hypercube Sampling
with Dependence (LHSD) method to solve the Probabilistic Load
Flow (PLF) problem with correlated random variables for
distribution networks. The proposed method is investigated using
modified IEEE 34 distribution system with random loads, Wind
power and Photovoltaics (PVs). Three different cases are studied
and the comparison results shows that the LHSD method handles
correlations efficiently and presents an accurate simulation result
with a much smaller simulation size. The method has the
potential to be applied in many power system probabilistic
problems.

Index Terms-- Latin Hypercube Sampling, correlation,

probabilistic load flow, distribution networks

1. INTRODUCTION

Nowadays, intensive efforts are made to utilize renewable
energy such as wind power and photovoltaic (PV)
system. These generators are mostly integrated into utility
networks at distribution level which bring great uncertainties
and randomness into the operation of power system due to
their intermittence and variability. The probabilistic load flow
(PLF) is adopted to analyze the performance of a distribution
network under various possible uncertainties.

The PLF was first introduced by Borkowska [1]. Since
then, lots of different methods have been proposed to solve it
efficiently. The methods can be classified into two groups:
analytical [1-5] and numerical [6, 7] methods. The analytical
methods are based on the theory of convolution. But it is time
consuming to obtain the PDF of even a single line when lots
of random variables are considered. Various techniques are
proposed to reduce the computational burden such as Fast
Fourier Transform [2], Gram Charlier expansion series [3],
Cornish-Fisher expansion series [9], etc. Another recent
approach is point estimate method [23] that approximates the
moments of interested variables. In the most literature,
demands and generation sources are considered generally
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independent. Dependence is just included in few studies [6, &,
9]. However, dependence between random variables should be
considered especially in a distribution network due to the
small geographical area that the network covers.

Most numerical methods evolve from Monte Carlo (MC)
simulation. The best advantage of the MC approach is its
simplicity. However, it needs heavy computation burden to
converge. The variance reduction techniques such as control
variates, antithetic variates, important sampling [15] are
adopted to solve this problem. Recently, Latin Hypercube
Sampling (LHS) has been introduced to solve the probabilistic
problem in power systems. Reference [7] applies the LHS
method to PLF problem. LHS is a variance reduction
technique which is based on the stratified sampling. It was
first developed by McKay et al. [10] in 1979 and further
analyzed by Stein [11]. In this paper, the Latin Hypercube
Sampling with Dependence (LHSD) is adopted to solve the
PLF problem in distribution networks.

The paper is organized as follows: Section II explains the
method of the standard LHS and the LHSD method in details.
Section III presents the probabilistic model of load and
distribution generators. The procedure of PLF analysis for
radial distribution networks with correlated input variables is
described in Section IV. In Section V, the IEEE 34-bus
distribution network is used to demonstrate the effectiveness
of the method. Finally, conclusions are given in Section V1.

II. LATIN HYPERCUBE SAMPLING

The basic procedure of LHS method is sampling and
permutation, thereinto how to get a good permutation is very
important. It is the key difference between the LHS with
independence and dependence, while independence and
dependence refer to non-correlated and correlated
permutations respectively. In this section, the LHS with
independence and dependence are described in detail.

A. Standard LHS with Independence

The standard LHS method is introduced to estimate the
uncertainty of an output variable Y from a deterministic model
Y = g(X) with random input vector X which has K dimensions
X=X ..., X. To generate an independent Latin hypercube
sample of size N in dimension K, let U’ be an independent

uniform random variable on [0, 1] for i = 1,...,N and j =



1,...,K. An independent uniform random LHS realization set is

generated as [15]:
)
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where !/’ is an independent random permutation of {1,...,
N}. From (1), it is obvious that (n!” —1)/ N <V <’/ N
which means that a random value is sampled from each non-

overlapping equal probability interval. The sample values thus
represent the actual distribution better than MC method. Then,

the jth sample of X; can be determined by X" =F'(V"))

j=1..K (1)

where F' is the inverse cumulative probability function
(cdf).

However, unexpected correlations between different input
random variables are uncontrollable which affect the quality
and accuracy of the result. Various methods have been
proposed in LHS to generate an independent random
permutation 7!’ with minimum correlation such as genetic
algorithm [17], columnwise-pairwise algorithm [18], single-
switch optimization [19], Cholesky decomposition [20],
ranked Gram-Schmidt orthogonalization [21], etc. Here,
Cholesky decomposition method is chosen because it can get
good performance with less computational burden [7].

B. LHS with Dependence

Correlation should be included in Probabilistic Load Flow
evaluation especially when analyzing distribution networks. A
method proposed by Stein [11] is used for including
correlation among the input random variables. The general
idea of the LHSD is to generate a Latin hypercube sample,
albeit with the following modification: Instead of choosing an
independent random permutation in each dimension, a
particular permutation will be correlated according to the rank
correlation of the target correlation matrix. The method is
summarized as follows:

1) Generate a sample .S of standard normal variables using the
standard Latin Hypercube Sampling;

2) Calculate T, the correlation matrix of ;

3) Decompose the target correlation matrix X to get the
lower triangular matrix 4 using the Cholesky factorization

Y =AA" and also Q the lower triangular matrix of T,
T=0Q"; P"and Q" are transposed matrixs of 4 and Q,
respectively.

4) Build a new correlation matrix P by using a matrix
transformation: P=S(40™")" . One can prove that the

correlation matrix of P (denoted byX') is identical to the
target correlation matrix X :

T = (A0 T(AQ0™) = (40700 (40™) = 44" =%
(Explain: In mathematics, if X ~ N(a,V') and C is
constant matrix, then ¥ = CX ~ N(Ca,CVC"))

5) Obtain the matrix RC which contains the same rank correla
tion corresponding to the correlation matrix P,

6) Generate the Latin hypercube sample X with correlation
matrix RC by

i

N

For the sake of clarity, the pseudocode of generating
correlated samples using LHSD method is described as
follows:

Xm_FH(Rqﬂ-UwJ

/IN : sample number, K : number of input random variables
Read £ // X is the target correlation matrix
forj=1to K do

Generate UY’ and ' //U" an independent uniform
//distribution on [0, 1], ©'is independent random
permutation

) (J) _

por =Y ol K
NN

SO @@y, j=1,.,K

end for /@' is the inverse cdf of norm distribution
Calculat T //T is the correlation matrix of §

Compute Q such that Q0" =T

Compute 4 such that 44” =X
P« S0

RC < Ranking(P)

RC—UJ

//Cholesky factorisation
//Cholesky factorisation

X=F1(

Note that: sometimes, the measured target correlation matrix R
is non-positive semi-definite. The Modified Cholesky
Factorization is adopted to decompose the non-positive semi-
definite matrix R. It is a numerically stable algorithm that
produces a positive definite matrix differing from the original
matrix only in its diagonal elements. A detailed description of
the method can be found in [22].

III. PROBABILISTIC MODEL OF LOAD AND DISTRIBUTION
GENERATORS
A. Probabilistic load model

The load is assumed to be a normal distribution. So the
probabilistic density function (pdf) of load P, is given by the
following equation:

1
P)=
/&) N2no exp{

where |1, is the mean value, G, is the standard deviation.

P — 2
B ] o

20,

All the loads are correlated by specified correlation
coefficient and follow the same pdf.

B. Probabilistic Wind Power model [25]

The wind speed V is assumed to be Weibull distribution
with a scale parameter ¢ and a shape parameter k. Its pdf takes
the following form:

f(u)i(zj epoKj } 3)
c\ C C




The parameters of Weibull distribution can be estimated by
the following equations:

S
u

c=—F- 5)
r+)

where | is mean value of wind speed, ¢ is the standard

deviation. TI'is the gamma function.
The relation between the input wind speed and the output
wind power is dependent on several factors, such as the type
of the wind turbine and the efficiencies of the generator. For a
generic wind turbine, a simplified model is adopted to
characterize the relation between the wind speed and the
output of wind power
0; V <v,orV>v,,)
B,=1F; (v, <V <v,) (6)
kV +ky; (v, <V<w,)

where

P, is the rated wind power;
v,,,0,,V,, are the cut-in, rated and cut-out wind

in? out

speeds.

C. Probabilistic PV generator model

The solar irradiance is assumed to be a Beta distribution
[25] and the pdf of solar irradiance with two positive shape
parameters, typically denoted by o and B is:

o-1 B-1
_T+p)( r 1_LJ .
/) r(oc)F(B)[ ) ( @

where r and r,, are actual and maximum solar irradiance
respectively. The unit is W/m’.

The parameters of Beta distribution can be estimated by the
following equations:

&:)—{M—IJ @®)
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o
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o
Since the PV system is generally equipped with Maximum
Power Point Tracker (MPPT) and the relationship between the
input solar irradiance » and total output active power P, is
P =rdn

where A is total area of the modules, 1 is efficiency.

(10)

The pdf of total output active power P, can be obtained
from (7) and (10)

o-1 B-1
_ 1 T@+p) | A _ b
SE)= rA F(oc)l"(B)[ ] (1 P J (b

ma Tmax

max

where P =r__An is the maximum power available from

the module.

IV. PLF ANALYSIS WITH CORRELATED INPUT
VARIABLES

The iterative backward/forward sweep method [13, 14] is
adopted to solve the load flow problem in radial distribution
systems. The procedure of this method can be divided into two
main steps including backward and forward sweep. The
objective of backward sweep is to calculate each branch
current or power flow based on the KCL and update each node
voltage. The forward sweep is used to find each bus voltage
based on the KVL and update each branch current or power
flow. Its convergence doesn’t affected by the high ratio of R/X
in distribution system. Reference [14] provides a detailed
description of the algorithm.

The procedure of the PLF analysis for radial distribution
networks with correlated input variables via the LHSD method
is described as follows:

Step 1) Read the data for radial distribution networks, the
sample size N, the correlation matrix and the data
obtain from HOMER [26] software are imported into
programme;

Step 2) The parameters of Weibull and Beta distribution are
estimated by (4), (5) and (8), (9), based on the data
from Step 1) ,respectively;

Step 3) Generate a correlated sampling matrix using the LHSD
method described in Section II; the correlated
sampling matrix used for MC method is generated by
Gaussian Copula method [24] described as below;

Step 4) Solve a deterministic power flow problem for the sam
ple vector obtained in Step 3) using backward/forward
sweep method;

Step 5) Repeat Step 4 until a sufficient number N is
performed.

Step 6) Compute and plot means, standard deviations and any
other statistical information of interest.

The pseudocode of Gaussian Copula method is

//N : sample number, K : number of input random variables
Read £ // X is the target correlation matrix

Compute 4 such that 44" =X
fori=1to Ndo
for j=1to K do

generate L/ ~ N(0,1)
end for
(Z -, ZM) «— A-(L,,---,LF)" //vector of correlated
//standard norm samples
U}, U —[D(Z)), -, D(Z")]
// ® is the cumulative density function of norm distribution
/1(U},-+-,US)" are the correlated uniform distribution

i

(X[la"'X[K)T — Fﬁl[(U'la"'aU,'K)T]

i

//Cholesky factorisation

//independent of L/

// F™" is the inverse cumulative probability function
end for




V. CASE STUDY

The method described in the preceding sections is applied
to an modified IEEE 34 Distribution Network. The programs
are developed with Matlab R2009b on a PC with Intel Core 2
2.66-GHz CPU and 4 GB RAM.

The network diagram is shown by Fig.1 and the data are
presented in [12]. HOMER software is used to generate the
wind speed and solar irradiance data for one year. The
estimated parameters of wind speed are k=1.8785 and
¢=3.3795 using (4) and (5), respectively. The comparison
between actual wind speed data and Best-fit Weibull
distribution is shown by Fig. 2. The type of the wind turbines
is Enercon E33 with rated power 330kW. The cut-in, rated and
cut-out wind speed are 3m/s, 13m/s and 25m/s. The estimated
parameters of solar irradiance are o.=0.2249 and B =1.1245

using (8) and (9). The comparison between actual solar
irradiance data and Best-fit Beta distribution is shown by
Fig.3.
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Fig. 1. IEEE 34 Distribution Network
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Fig. 2 Comparison between wind speed data and Best-fit Weibull distribution
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Fig. 3  Comparison between solar irradiance data and Best-fit Beta
distribution

The probabilistic results of 50 000 times of Monte Carlo
(MC) simulation are assumed to be accurate and used to
determine the effectiveness of the LHSD method. The error
indices are used to indicate the distribution accuracy of output
random variables as follows:

Myvic —Hinsp %100%
Myic

e = Omc ~Orusp x100%
GMC
where W,., 0, are the results of 50 000 times of MC

simulation and W, ., , ©,,, are the results of LHSD method,

respectively.

Three different cases are identified and studied:

Case 1. Three wind turbines are located at Bus 29, 31 and
34. All the input random variables are independent;

Case 2. All the correlation coefficient of loads is 0.8. All
wind powers are correlated with a correlation
coefficient of 0.8. The wind powers and loads are
assumed to be uncorrelated for simplicity.

Case 3. Based on Case 2, the Photovoltaic (PVs) are added
in Bus 29 and 31. The correlation coefficient
between wind powers and PV is -0.7 due to the
complement between the wind power and PV.

In order to evaluate and illustrate the effectiveness of the
LHSD method, the error comparisons between MC and LHSD
method are shown in Table I. It is observed that the LHSD
method can get very accuracy results with much smaller
sample size and has a much smaller error value compared with

MC simulation.
TABLE I
ERROR COMPARISONS BETWEEN MC AND LHSD METHOD

Samp 500 1000 1500
le MC LHSD MC LHSD MC LHSD
Size
N
g, 1.6% 0.03% | 0.08% 0.005% 0.06% 0.005%
€, 2.31% 1.29% | 4.81% 0.57% 3.95% 0.41%
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Fig. 2 Comparison between total system loss by LHSD with N = 1000 and
MC with N =50 000

The three different cases comparisons between total system
loss and the magnitude of Voltage Bus 26 by LHSD method
with N = 1000 and MC with N = 50 000 are plotted in Fig. 2
and 3, respectively. It is clear that the distributions of output
random variables are fitted very well.

The results of case 1 and case 2 show that the mean values
of output variables remain basically unchanged as the
correlation among the input variables increase; however,
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Fig. 3 Comparison between the magnitude of Voltage Bus 26 by LHSD with
N=1000 and MC with N =50 000

the standard deviations of these variables grow significantly
when the correlation is considered. The results prove that the
correlation between the input random variables should be
considered, or else the results are over-optimistic.

The comparison between case 2 and case 3 indicates that
wind and PV hybrid system can decrease the probability of
voltage limit violation and has a smaller system loss due to the
complement between the wind power and PV.



Table II is the computation time comparisons between MC
and the LHSD method. It shows that the calculation speed of
LHSD is comparable with MC simulation.

TABLE 11
COMPUTATION TIME (SECONDS) COMPARISONS BETWEEN MC
AND LHSD METHOD
Sample Size N 500 1000 1500
MC 2.0247s 3.9602s 5.7440s
LHSD 2.5525s 4.5976s 7.4660s

VI. CONCLUSION

The paper adopts the LHSD method to solve the PLF
problem with correlated random variables for distribution
networks. The results obtained by applying the proposed
method allow deriving the relevant conclusions below:

1) The LHSD method handles correlations efficiently and
presents an accurate simulation result with a much smaller
simulation size. The computation time of LHSD method is
comparable with MC simulation.

2) The expected values of output variables remain basically
unchanged as the correlation among the input variables
increase; however, the standard deviations of these variables
grow significantly as the correlation increases. The results
indicate the importance of correlation between the input
random variables.

3) Wind and PV hybrid system show better voltage limit
violation and smaller system loss due to the complement
between the wind power and PV system.
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