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In this paper, a nonlinear flight control and a nonlinear state observer are designed in one unified
framework for a high performance aircraft. The flight control is formulated as a nonlinear optimal control
problem and the θ-D technique is utilized to design a closed-form optimal control law by solving the
associated Hamilton–Jacobi–Bellman equation approximately via a perturbation process. Motivated by
the notion that control and estimation are dual concepts, a new θ-D observer is developed to estimate
the state used in the feedback by constructing the dual of the θ-D controller. Theoretical analysis of the
proposed observer is given. Since both the optimal flight control and the state observer are unified in the
same θ-D algorithm that leads to closed-form solutions to the optimal control and observer gains, this
scheme greatly facilitates onboard implementation due to its computation efficiency. The unified design
method is applied to a highly maneuverable aircraft operating at high angles of attack. Simulation results
show that the θ-D control-θ-D observer suite exhibits excellent performance.

© 2014 Elsevier Masson SAS. All rights reserved.
1. Introduction

Flight control of high performance aircraft at high angle of at-
tack has received considerable interest due to its maneuverability
advantage over the conventional aircraft [4,9]. However, the highly
nonlinear dynamics presents great challenges in designing flight
control systems. The traditional linear control methods are inca-
pable of handling such challenges. A number of nonlinear control
techniques have been extensively investigated in the recent decade
to ensure adequate stability and performance at this extreme flight
condition. Dynamic inversion [19] is one of the popular meth-
ods that offer great flexibility for handling changing models and
nonstandard flight regimes. Wang and Stengel [24] employed a
stochastic control technique to enhance the robustness of the dy-
namic inversion controller and improve the handling qualities of a
high angle-of-attack aircraft. Neural adaptive control in [12,22] was
combined with dynamic inversion to compensate for modeling and
inversion errors. Nonlinear optimal control approaches have also
been used for flight control of high performance aircraft. The state-
dependent Riccati equation (SDRE) technique [3,15] has attracted a
great deal of attention since it is a direct extension of the linear
quadratic regulator (LQR) [2] formulation to nonlinear systems. It
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has a broad range of applications [3] including the aircraft flight
control [1] and state estimation [16]. However, solving the SDRE
on-line may impose an excessive computation load. In this paper,
flight control of the highly maneuverable aircraft operating at high
angle of attack is designed using the θ -D nonlinear optimal control
technique [25]. The θ -D technique is a systematic nonlinear opti-
mal control method derived from an approximate solution to the
Hamilton–Jacobi–Bellman (HJB) equation using a perturbation ap-
proach. It provides a closed-form optimal control law and is easy
to implement onboard. The main contribution of this paper is to
propose a new θ -D observer for obtaining the states in the feed-
back by exploiting the dual concept between optimal control and
observer. The optimal control and state estimation can be unified
in the same θ -D algorithm to compute the closed-form feedback
control law as well as the closed-form observer gain such that the
design process can be significantly simplified.

Observer design for nonlinear systems has been an active field
of research over the last few decades. Two primary approaches
and their variations have been extensively studied. One well-
established method is the exact error linearization [11] based
on a nonlinear state transformation by which the error dynam-
ics of state is linear so that the design of state observer can be
performed using linear techniques. Many variations and general-
izations to this approach include multi-input–multi-output error
linearization [10,13], input derivative linearization [7], recursive
backstepping-like nonlinear observer design [21], and dynamic ob-
server error linearization by dynamic system extension and virtual
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outputs [17]. Although the error linearization approach has been
extensively studied in theory, its integrability condition limits pos-
sible applications and the need to solve a system of partial differ-
ential equations (PDE) complicates the design process. The second
approach to the nonlinear observer design involves high-gain tech-
niques [18,23]. The system in consideration is assumed to possess
a structure with a linear and nonlinear part. A linear observer
is designed such that the linear part dominates the nonlinearity.
The Lipschitz condition is assumed to hold for the nonlinear part
and the Lipschitz constant is needed to determine the eigenvalues
of the error dynamics for stability. Thau’s method [23] is liter-
ally a verification method, rather than a design technique since
finding an observer gain to satisfy the Thau’s condition is not
easy. Rajamani [18] gave necessary and sufficient existence con-
ditions for high gain observers and shows that merely placing the
eigenvalues far into the left half-plane is not sufficient to guar-
antee stability. Associated matrix of eigenvectors must be well-
conditioned. The iterative algorithm presented in this paper for
computing the observer gains is quite involved. Zhu and Han [28]
extended these conclusions by designing a reduced-order observer
based on the solution of a Riccati equation. Robenack and Lynch
[20] proposed two observers combining the exact error lineariza-
tion and the high-gain observer result. The resultant observer gain
can be computed efficiently without knowledge of either the ob-
server canonical form or the associated transformation. However,
the requirements of existence of the observer canonical forms, the
integrability condition, and the single output measurement, limit
the application of this observer to only a restricted class of sys-
tems.

Extended Kalman Filter (EKF) [6] and its variants are widely
used to estimate the states in stochastic settings. Since lineariza-
tion about the current estimate is used in each step to compute
the observer gain, these methods cannot offer stability guarantees
and/or robustness against modeling errors. The State Dependent
Riccati Equation Filter (SDREF) [8,16] has received much attention
during the last decade. It is a dual version of the SDRE controller
[3] and does not need any linearization like the EKF. Stability of the
SDREF has not been theoretically established and on-line solution
to the algebraic Riccati equation at each instant, is computationally
intensive.

In this paper, a new nonlinear observer, called the θ -D observer
is developed based on the dual of the θ -D controller [25]. The θ -D
observer takes the same structure as the continuous steady-state
linear Kalman filter but it is applicable to nonlinear estimation
problems. It is different from the EKF in that no linearization is
required. It is also similar in structure to the SDREF. However, the
θ -D observer provides closed-form observer gains and thus obvi-
ates the need for time-wise costly on-line numerical solutions of
the algebraic Riccati equation. Compared with the exact error lin-
earization and high gain observers [20], the θ -D observer can be
applied to a much broader class of nonlinear systems because it
does not requires the system to be transformable to the canoni-
cal form and the integrability condition. The theoretical proofs on
convergence and stability of this new observer are given. Combin-
ing the θ -D optimal control and the θ -D observer in one unified
framework greatly facilitates the design process and implementa-
tion since they share the same θ -D algorithm. The excellent perfor-
mance of the unified scheme is demonstrated by the flight control
design of a highly maneuverable aircraft.

In Section 2, the θ -D optimal control technique is reviewed. De-
velopment of the θ -D observer and associated theoretical results
are given in Section 3. Applications to the flight control problem
and simulation results are presented in Section 4. Some conclud-
ing remarks are given in Section 5.
2. Review of θ -D control technique

The θ -D nonlinear control technique addresses the class of non-
linear time-invariant systems described by

ẋ = f (x) + Bu (1)

with the cost functional:

J = 1

2

∞∫
0

[
xT Q x + uT Ru

]
dt (2)

where x ∈ Ω ⊂ Rn, f : Ω → Rn, B ∈ Rn×m, u : Ω → Rm, Q ∈
Rn×n, R ∈ Rm×m; Ω is a compact subset in Rn; Q is a positive
semi-definite matrix and R is a positive definite matrix; B is a
constant matrix and f (0) = 0. It is also assumed that f (x) is con-
tinuously differentiable and zero state observable through Q .

The θ -D control method can be summarized as the following
procedure [25].

Write the original nonlinear state equation as a linear-like
structure:

ẋ = f (x) + Bu = F (x)x + Bu =
[

A0 + θ
A(x)

θ

]
x + Bu (3)

where A0 is a constant matrix such that (A0, B) is a controllable
pair and [F (x), B] is pointwise controllable. θ is an intermediate
variable for the convenience of power series expansion that will
be used in the optimal control approximation.

By virtue of a perturbation process [25], a suboptimal feedback
controller can be obtained by

u = −R−1 BT
∞∑

i=0

T i(x, θ)θ ix (i = 0, · · · ,n, · · ·) (4)

where T i(x, θ) is a symmetric matrix and is obtained by recur-
sively solving the following equations:

T 0 A0 + AT
0 T 0 − T 0 B R−1 BT T 0 + Q = 0 (5a)

T 1
(

A0 − B R−1 BT T 0
) + (

AT
0 − T 0 B R−1 BT )

T 1

= − T 0 A(x)

θ
− AT (x)T 0

θ
− D1 (5b)

T 2
(

A0 − B R−1 BT T 0
) + (

AT
0 − T 0 B R−1 BT )

T 2

= − T 1 A(x)

θ
− AT (x)T 1

θ
+ T 1 B R−1 BT T 1 − D2 (5c)

...

T n
(

A0 − B R−1 BT T 0
) + (

AT
0 − T 0 B R−1 BT )

T n

= − T n−1 A(x)

θ
− AT (x)T n−1

θ

+
n−1∑
j=1

T j B R−1 BT T n− j − Dn (5d)

It is easy to observe that Eq. (5a) is an algebraic Riccati equa-
tion. Under the controllability and observability conditions, the so-
lution T 0 will be a positive definite constant matrix. Eqs. (5b)–(5d)
are Lyapunov equations that are linear in terms of T i (i =
1, · · · ,n). Since all the coefficients of T i (i = 1, · · · ,n) on the left-
hand side of the equations are the same constant matrices, i.e.
A0 − B R−1 BT T 0 and AT

0 − T 0 B R−1 BT , closed-form solution for
T i(x, θ) can be easily obtained by solving Eqs. (5b)–(5d) succes-
sively with some linear algebra [25], which will also be discussed
in detail in the next section, θ -D observer design.
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The D i matrix is constructed in the form of:

D1 = k1e−l1t
[
− T 0 A(x)

θ
− AT (x)T 0

θ

]
(6a)

D2 = k2e−l2t
[
− T 1 A(x)

θ
− AT (x)T 1

θ
+ T 1 B R−1 BT T 1

]
(6b)

...

Dn = kne−lnt

[
− T n−1 A(x)

θ
− AT (x)T n−1

θ

+
n−1∑
j=1

T j B R−1 BT T n− j

]
(6c)

where ki and li > 0 are design parameters to modulate transient
performance. D i is chosen such that

− T i−1 A(x)

θ
− AT (x)T i−1

θ
+

i−1∑
j=1

T j B R−1 BT T i− j − D i

= εi

[
− T i−1 A(x)

θ
− AT (x)T i−1

θ
+

i−1∑
j=1

T j B R−1 BT T i− j

]
(7)

where εi = 1−kie−li t (i = 1, · · ·n) is a small number, i.e. 0 ≤ εi ≤ 1.
εi is chosen to be a small number in order to overcome the

large control problem due to the state dependent term A(x) in
Eqs. (5b)–(5d). εi is also required in the proof of convergence and
stability of the above algorithm [25].

Remark 2.1. θ is merely an intermediate variable. The introduction
of θ is for the convenience of power series expansion, and it is
canceled when T i(x, θ) multiplies θ i in the final control calcula-
tions, i.e., Eq. (4). The cancellation will be more clearly seen in the
convergence proof of the θ -D observer design in the next section.

The θ -D optimal control technique has been successfully ap-
plied to many practical engineering problems, e.g. Refs. [26,27].

3. Formulation of θ -D observer

Motivated by the duality property between the linear optimal
regulator and observer, we can formulate the θ -D observer as the
counterpart of the θ -D controller.

Consider the nonlinear system and measurements given respec-
tively by

ẋ = f (x) (8)

y = H x (9)

Note that the feedback control is included in f (x). f (x) is as-
sumed to be of class C1, and H is a constant matrix that relates
the states x to the observations denoted by y. Rewrite (8) as:

ẋ = f (x) = F (x)x =
[

A0 + θ
A(x)

θ

]
x (10)

The θ -D observer is constructed as

˙̂x = F (x̂)x̂ + K f (x̂)
[

y(x) − H x̂
]

=
[

A0 + θ
A(x̂)

θ

]
x̂ + K f (x̂)

[
y(x) − Hx̂

]
(11)

where
K f (x̂) = P (x̂)H T V −1 (12)

P (x̂) =
∞∑

i=0

T̂ i(x̂, θ)θ i (13)

and T̂ i(x̂, θ) is the solution to the following equations in which
we take the dual of A0, A(x) and B in (5a)–(5d), i.e. AT

0 , AT (x̂)

and H T .

T̂ 0 AT
0 + A0 T̂ 0 − T̂ 0 H T V −1 H T̂ 0 + W = 0 (14a)

T̂ 1
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̂ 1

= − T̂ 0 AT (x̂)

θ
− A(x̂)T̂ 0

θ
− D̂1 (14b)

T̂ 2
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̂ 2

= − T̂ 1 AT (x̂)

θ
− A(x̂)T̂ 1

θ
+ T̂ 1 H T V −1 H T̂ 1 − D̂2 (14c)

...

T̂ n
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̂ n

= − T̂ n−1 AT (x̂)

θ
− A(x̂)T̂ n−1

θ

+
n−1∑
j=1

T̂ j H T V −1 H T̂ n− j − D̂n (14d)

where D̂1, · · · , D̂n have the similar expressions as (6),

D̂1 = k1e−l1t
[
− T̂ 0 AT (x̂)

θ
− A(x̂)T̂ 0

θ

]
(15a)

D̂2 = k2e−l2t
[
− T̂ 1 AT (x̂)

θ
− A(x̂)T̂ 1

θ
+ T̂ 1 H T V −1 H T̂ 1

]
(15b)

...

D̂n = kne−lnt

[
− T̂ n−1 AT (x̂)

θ
− A(x̂)T̂ n−1

θ

+
n−1∑
j=1

T̂ j H T V −1 H T̂ n− j

]
(15c)

such that

− T̂ i−1 A(x̂)

θ
− AT (x̂)T̂ i−1

θ
+

i−1∑
j=1

T̂ j H T V −1 H T̂ i− j − D̂ i

= εi

[
− T̂ i−1 AT (x̂)

θ
− A(x̂)T̂ i−1

θ
+

i−1∑
j=1

T̂ j H T V −1 H T̂ i− j

]

where εi = 1−kie−li t (i = 1, · · ·n) is a small number, i.e. 0 ≤ εi ≤ 1.
In the above equations, V > 0 and W ≥ 0 are treated as

weights to improve the convergence of the observer. Note that they
can be construed as noise covariance matrices in a stochastic set-
ting although they do not have statistics based interpretations in a
deterministic observer design.

In order to obtain the θ -D observer gain, Eqs. (14a)–(14d) are
solved recursively. The steps are summarized as follows:

1) Solve the algebraic Riccati equation (14a) to obtain T̂ 0 once
A0, H , W and V are determined. Note that the resulting T̂ 0 is a
positive-definite constant matrix.

2) Solve the Lyapunov equation (14b) to obtain T̂ 1(x̂, θ). Note
that this is a linear equation in terms of T̂ 1(x̂, θ) and a unique
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property of this equation and Eqs. (14c) and (14d) is that the
coefficient matrices AT

0 − H T V −1 H T̂ 0 and A0 − T̂ 0 H T V −1 H are
constant matrices. Assume that Ac0 = A0 − T̂ 0 H T V −1 H . Through
linear algebra, Eq. (14b) can be brought into the form Â0 vec(T̂ 1) =
vec[ Q 1(x̂, θ, t)] where Q 1(x̂, θ, t) contains all the nonlinear state
dependent terms on the right-hand side of Eq. (14b); vec(T̂ 1) and
vec[ Q 1(x̂, θ, t)] denote stacking the elements of the matrix by
rows in a vector form; Â0 = In ⊗ AT

c0
+ Ac0 ⊗ In is a constant

matrix and the symbol ⊗ denotes Kronecker product. Thus, the re-
sulting solution of T̂ 1 can be written in a closed-form expression

vec(T̂ 1) = Â
−1
0 vec[ Q 1(x̂, θ, t)].

3) Solve Eqs. (14c) and (14d) for T̂ 2(x̂, θ) and T̂ n(x̂, θ) following
the similar procedure in Step 2.

Since all the coefficients of T̂ i, i = 1, · · ·n on the left-hand side
of Eqs. (14a)–(14d) are the same constant matrices, i.e. AT

0 −
H T V −1 H T̂ 0 and A0 − T̂ 0 H T V −1 H , closed-form solution for all
T̂ i(x̂, θ) can be easily obtained with just one matrix inverse op-

eration, i.e. Â
−1
0 . Thus, we can get the closed-form observer gain

P (x̂) = ∑∞
i=0 T̂ i(x̂, θ)θ i if we take a finite number of terms. Usu-

ally the first three terms T̂ 0, T̂ 1 and T̂ 2 in the observer equation
(13) are sufficient to achieve satisfactory performance.

The following theorem shows the convergence of the series∑∞
i=0 T̂ i(x̂, θ)θ i .

Theorem 3.1. If the following conditions are satisfied:

(i) x̂ ∈ Ω , where Ω ⊂ Rn is a compact set;
(ii) (A0, H ) and (AT

0 , G) are observable, where W = G G T ;
(iii) A(x̂) is continuous on Ω and ‖A(x̂)‖2 �= 0,∀x̂ ∈ Ω;
(iv) λmax[(A0 − T̂ 0 H T V −1 H) + (AT

0 − H T V −1 H T̂ 0)] < 0, where

λmax denotes the largest eigenvalue, the series
∑∞

i=0 T̂ i(x̂, θ)θ i ob-
tained by the algorithm (14a)–(14d) is pointwise convergent.

Proof. Considering (14b) and the selection of D̂1 in (15a), Eq. (14b)
can be written as:

T̂ 1
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̂ 1

= −ε1
(
T̂ 0 AT + AT̂ 0

)1

θ
(16)

with

ε1 = 1 − k1e−l1t (17)

For brevity, we omit the argument x̂ in A(x̂) and t in εi(t) to sim-
plify the notation. Assume that the solution to the equation

T̄ 1
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̄ 1

= −ε1
(
T̂ 0 AT + AT̂ 0

)
(18)

is T̄ 1. Also assume that

T̄ 0 = T̂ 0 (19)

Using the linearity of the Lyapunov equation (18), the solution
to (16) becomes

T̂ 1 = 1

θ
T̄ 1 (20)

Similarly assume that the solution to the equation

T̄ 2
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̄ 2

= −ε2
(
T̄ 1 AT + AT̄ 1 − T̄ 1 H T V −1 H T̄ 1

)
(21)

is T̄ 2. Then the solution to (14c) using (15b) and (20) becomes:
T̂ 2 = 1

θ2
T̄ 2 (22)

In the same manner,

T̂ n = 1

θn
T̄ n (23)

where T̄ n is the solution to

T̄ n
(

AT
0 − H T V −1 H T̂ 0

) + (
A0 − T̂ 0 H T V −1 H

)
T̄ n

= −εn

[
T̄ n−1 AT + AT̄ n−1 −

n−1∑
j=1

T̄ j H T V −1 H T̄ n− j

]
(24)

and

εn = 1 − kne−lnt . (25)

From (19), (20), (22), and (23) we note that proving the conver-
gence of

∑∞
i=0 T̂ i(x̂, θ)θ i is equivalent to proving the convergence

of
∑∞

i=0 T̄ i(x̂) where T̄ i satisfy Eqs. (14a), (18), (21) and (24) be-
cause θ i gets canceled.

Note that this part substantiates Remark 2.1 that θ i is canceled
in the control and observer gain calculations.

In order to prove the convergence of the series
∑∞

i=0 T̄ i(x̂), one
needs to find a norm bound for each T̄ i .

Given a Lyapunov equation

ĀT P̄ + P̄ Ā = − Q̄ (26)

where Ā, P̄ , Q̄ ∈ Rn×n , we have the norm bound for P̄ [14]

‖ P̄‖• ≤ ‖ Q̄ ‖•
−μ•( ĀT ) − μ•( Ā)

(27)

if Ā is a Hurwitz matrix and −μ•( ĀT ) − μ•( Ā) > 0 where μ•( Ā)

is a matrix measure of Ā induced from ‖ • ‖• . In the case of
2-norm,

μ2( Ā)
�= 1

2
λmax

(
Ā + ĀT )

(28)

In the following, ‖ · ‖ is defined as a 2-norm and denotes
μ(·) = μ2(·).

Since (A0, H ) is an observable pair, (AT
0 , H T ) is controllable. So,

condition (ii) implies that the Riccati equation (14a) has a positive
definite solution T̂ 0 (note T̂ 0 = T̄ 0) and AT

0 − H T V −1 H T̂ 0 is a
Hurwitz matrix. Given this result and the condition (iv), the norm
bound for T̄ 1 can be derived from Eq. (18) and inequality (27):

‖T̄ 1‖ ≤ ‖ε1[T̂ 0 AT + AT̂ 0]‖
−μ(A0 − T̂ 0 H T V −1 H) − μ(AT

0 − H T V −1 H T̂ 0)
(29)

Let

C = 1

−μ(A0 − T̂ 0 H T V −1 H) − μ(AT
0 − H T V −1 H T̂ 0)

(30)

Using the condition (iv), we have C > 0.
Then

‖T̄ 1‖ ≤ Cε1
∥∥T̂ 0 AT + AT̂ 0

∥∥ ≤ Cε1
[‖T̂ 0‖

(‖A‖ + ∥∥AT
∥∥)]

(31)

Since A(x̂) is continuous (condition (iii)) on a compact set Ω ,
it is bounded on Ω .

Let

C1 = max
x̂∈Ω

(∥∥A(x̂)
∥∥ + ∥∥AT (x̂)

∥∥)
(32)

Then
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‖T̄ 1‖ ≤ ε1CC1‖T̂ 0‖. (33)

Condition (iii) implies that C1 �= 0. If it is zero, the nonlinear
system will reduce to the linear system for which the solution
is T̂ 0, the solution to the Riccati equation (14a).

For later use, define

S0 = ‖T̄ 0‖ = ‖T̂ 0‖, (34)

and

S1 = ε1CC1‖T̂ 0‖ (35)

Then

S1 = O (ε1). (36)

Therefore, by choosing a sufficiently small ε1, we can always
make S1

S0
= ε1CC1 < 1.

Consider Eq. (21). A norm-bounded inequality for T̄ 2 becomes

‖T̄ 2‖ ≤ Cε2
∥∥T̄ 1 AT + AT̄ 1 − T̄ 1 H T V −1 H T̄ 1

∥∥ (37)

Let C H
�= ‖H T V −1 H‖, a constant. Then

‖T̄ 2‖ ≤ C · ε2
(
C1‖T̄ 1‖ + ‖T̄ 1‖2C H

)
≤ C · ε2

(
C1 · ε1CC1‖T̂ 0‖ + ε2

1 C2C2
1‖T̂ 0‖2C H

)
= C2ε1ε2C2

1‖T̂ 0‖
(
1 + ε1C‖T̂ 0‖C H

)
(38)

Let

C2 = max
t∈[0,T ]

(
1 + ε1C‖T̂ 0‖C H

)
. (39)

It leads to

‖T̄ 2‖ ≤ ε1ε2C2 · C2
1 · C2‖T̂ 0‖ (40)

Let

S2 = ε1ε2C2 · C2
1 · C2‖T̂ 0‖ (41)

which implies that

S2 = O (ε1ε2). (42)

Note that from Eq. (35) it can be deduced that

S2

S1
= ε2CC1C2 = O (ε2) (43)

Therefore, if ε2 is chosen sufficiently small, we can make

S2

S1
< 1 (44)

In a similar manner we can derive for T̄ n (n > 2) that

‖T̄ n‖ ≤ (ε1 · · ·εn) · CnCn
1C2...Cn‖T̂ 0‖ (45)

and

(ε1 · · ·εn) · CnCn
1C2...Cn‖T̂ 0‖ = O (ε1 · · ·εn) (46)

Once the bound for each T̄ i is determined, the convergence of
the series

∑∞
i=0 T̄ i can be proved as follows.

Define a series
∑∞

n=0 Sn with S0 and S1 defined in (34) and
(35) and

Sn = (ε1 · · ·εn) · CnCn
1C2...Cn‖T̂ 0‖ (47)

Then
Sn

Sn−1
= εn · CC1Cn = O (εn) (48)

By choosing a sufficiently small εn such that limn→∞ εn ·
CC1Cn < 1,

∑∞
i=0 Si becomes a convergent series. Since each

‖T̄ i‖ ≤ Si ,
∑∞

i=0 T̄ i is also a convergent series. Thus
∑∞

i=0 T̂ i(x̂, θ)θ i

is convergent. �
The following lemma proves the asymptotic stability of the θ -D

observer.

Lemma 3.1. Suppose that f 1(x) = A(x)x is Lipschitz continuous on a
compact set Ω ⊂ Rn with x, x̂ ∈ Ω and the conditions in Theorem 3.1 are
satisfied, then the error dynamics defined by e = x̂ − x is asymptotically
stable.

Proof. Rewrite Eqs. (10) and (11) as

ẋ = A0x + f 1(x) (49)
˙̂x = A0x̂ + f 1(x̂) + K f (x̂)

[
y(x) − Hx̂

]
(50)

where

f 1(x) = A(x)x (51)

Define

e = x̂ − x (52)

Then

ė = ˙̂x − ẋ = A0e + [
f 1(x̂) − f 1(x)

] − K f (x̂)He

= [
A0 − K f (x̂)H

]
e + [

f 1(x̂) − f 1(x)
]

Using (12) and (13) in ė yields

ė =
[

A0 −
∞∑

i=0

T̄ i H T V −1 H

]
e + [

f 1(x̂) − f 1(x)
]

= [
A0 − T̂ 0 H T V −1 H

]
e

−
∞∑

i=1

T̄ i H T V −1 He + [
f 1(x̂) − f 1(x)

]
(53)

Recall that
∑∞

i=0 T̂ i(x̂, θ)θ i = ∑∞
i=0 T̄ i(x̂). From the condition

(ii) in Theorem 3.1, we can always make A0 − T̂ 0 H T V −1 H a Hur-
witz matrix. Let F 0 = A0 − T̂ 0 H T V −1 H .

Thus, for any given positive definite matrix Q̂ ∈ Rnxn , there ex-
ists a unique positive-definite P̂ ∈ Rnxn such that

F T
0 P̂ + P̂ F 0 = −2 Q̂ (54)

Now consider the following positive definite Lyapunov function

V (e) = eT P̂ e (55)

Then

V̇ (e) = ėT P̂ e + eT P̂ ė (56)

V̇ (e) =
{[

eT F T
0 − eT H T V −1 H

∞∑
i=1

T̄ i

+ [
f T

1 (x̂) − f T
1 (x)

]]}
P̂ e

+ eT P̂

{[
F 0e −

∞∑
T̄ i H T V −1 He

]
+ [

f 1(x̂) − f 1(x)
]}
i=1
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= −2eT Q̂ e + 2eT P̂

{[
f 1(x̂) − f 1(x)

]

−
∞∑

i=1

T̄ i H T V −1 He

}
(57)

Since f 1(x) is Lipschitz continuous on a compact set Ω , it is
easy to see that ‖ f 1(x̂) − f 1(x)‖ ≤ L f ‖x̂ − x‖ = L f ‖e‖, where L f
is the Lipschitz constant. Then we have

V̇ (e) ≤ −2λmin( Q̂ ) · ‖e‖2 + 2 · L f · ‖ P̂‖ · ‖e‖2

+ 2 ·
∥∥∥∥∥

∞∑
i=1

T̄ i

∥∥∥∥∥ · ∥∥H T V −1 H
∥∥ · ‖ P̂‖ · ‖e‖2

= −2

{
λmin( Q̂ ) − ‖ P̂‖ ·

[
L f +

∥∥∥∥∥
∞∑

i=1

T̄ i

∥∥∥∥∥ · C H

]}
‖e‖2

(58)

We have shown from (45) that T̄ i satisfies

‖T̄ i‖ ≤ (ε1 · · · εi)C i C i
1C2 · · · Ci‖T̂ 0‖ (i = 1,2, · · ·) (59)

Therefore, as long as we choose proper ε1 · · · εi for ‖∑∞
i=1 T̄ i‖

and large enough λmin( Q̂ ) such that

‖ P̂‖ ·
[

L f +
∥∥∥∥∥

∞∑
i=1

T̄ i

∥∥∥∥∥C H

]
< λmin( Q̂ ), (60)

then V̇ (e) < 0.
Therefore, e = 0 is an asymptotically stable equilibrium point. �
Due to the similarity between the θ -D observer and the SDREF,

a comparison of these two is of interest. The SDREF formulation
also brings the original nonlinear system (8) into the state depen-
dent coefficient form [16]:

ẋ = F (x)x (61)

The SDREF is given by

˙̂x = F (x̂)x̂ + K f (x̂)
[

y(x) − Hx̂
]

(62)

where

K f (x̂) = P̂ s(x̂)H T V −1 (63)

and P̂ s(x̂) is the positive definite solution to the state dependent
Riccati equation:

F (x̂) P̂ s(x̂) + P̂ s(x̂)F T (x̂) − P̂ s(x̂)H T V −1 H P̂ s(x̂) + W = 0

(64)

Comparing Eqs. (10)–(13) with Eqs. (61)–(64), one can see that
the θ -D observer takes a form similar to the SDREF. The solution∑∞

i=0 T̂ i(x̂, θ)θ i of the θ -D observer is equivalent to the solution of
the state dependent Riccati equation, P̂ s(x̂). The advantage of the
θ -D observer over the SDREF is the analytical computation of the
observer gain (13). The SDREF gain though, needs solution of the
algebraic Riccati equation (64) at every instant, which is computa-
tionally intensive.

It is also noted that the θ -D observer is different from the con-
tinuous EKF in the form of ˙̂x = F (x̂)x̂ + K f (x̂)[y(x) − Hx̂] because
F (x̂) is not obtained from linearization about the current estimate.
The θ -D observer addresses the nonlinear dynamics directly with-
out approximation. It also demands much less computations than
EKF since EKF requires calculation of the Jacobian matrix and ei-
ther to integrate the nonlinear covariance matrix or to solve the
filter Riccati equation continuously to calculate the gains whereas
the θ -D observer gains are computed analytically.
4. Unified flight control and estimation of high performance
aircraft

4.1. Unified optimal control and observer design algorithm

The unified optimal control and observer designs described in
the last two sections can be summarized in the following algo-
rithm, which is given as the block diagram in Fig. 1.

This algorithm can be applied to general control-affine nonlin-
ear systems with linear measurement. As can be seen, the optimal
control and observer designs are unified by the same θ -D algo-
rithm. When the system matrices A0, A, B, Q , R are the inputs
to the θ -D algorithm, closed-form optimal control gain can be ob-
tained. When the dual of the system matrices A0, A, B, Q , R , i.e.
AT

0 , AT , H T , W , V are the input to the θ -D algorithm, closed-form
observer gain can be obtained.

Remark 4.1. In this unified θ -D optimal control and observer de-
sign, the separation principle is implicitly assumed, which usually
does not hold for general nonlinear systems. Therefore, optimal-
ity of this design scheme cannot be claimed in this paper and the
theoretical stability of the closed-loop system with the observer in
the feedback will be investigated in the future work.

4.2. Flight control of high performance aircraft

In this section, the θ -D observer and control are applied to the
flight control of a high performance aircraft operating at high an-
gles of attack. The mathematical model used in this study is simi-
lar to the X-31 research aircraft [5] and only the longitudinal mode
is considered. The longitudinal model includes nonlinear aerody-
namic stability and control derivatives that are functions of angle
of attack. Thus, at high angle of attack, the design model is highly
nonlinear and the conventional linear time-invariant framework is
not applicable. The state vector that describes the longitudinal mo-
tion is

x = [�V �α q γ �δ ]T (65)

where �V is the deviation of the velocity from the level flight trim
value of 100 m/s; �α is the deviation of angle of attack from its
trim value of 4.2◦; q is the pitch rate in rad/s; γ is the flight path
angle in radians; �δ is the change in canard deflection in degrees
from its trim value. The scalar control u is the input to the canard
actuator. The canard is the aerodynamic control surface that can
deflect the nose down by as much as 90◦ to remain unstalled at
high wing angles of attack. The aircraft considered in this study is
so unstable as to be unflyable without feedback control systems.
The longitudinal equations of motion are given by

ẋ = (AL + x2 ANL)x + Bu (66)

where the matrices AL and ANL were obtained by a best least-
squares fit to flight conditions at eight angles of attack ranging
from 4.2◦ to 43◦ and are given below [5]:

AL =

⎡
⎢⎢⎢⎢⎢⎣

−0.0443 112.80 0.0 −9.807 0.0

−0.00049 −2.5390 1.0 0.0 −0.00149

−0.00073 19.3200 −2.2700 0.0 0.39590

0.00049 2.53900 0.0 0.0 0.00149

0.0 0.0 0.0 0.0 20.0

⎤
⎥⎥⎥⎥⎥⎦

ANL =

⎡
⎢⎢⎢⎢⎢⎣

−0.23171 −0.00109 0.0 0.0 0.0

−0.012760 −0.79219 0.0 0.0 0.00036

0.00102 64.2940 −13.9710 0.0 −0.09454

0.012760 0.79219 0.0 0.0 −0.00036

⎤
⎥⎥⎥⎥⎥⎦
0.0 0.0 0.0 0.0 0.0
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Fig. 1. Unified θ -D optimal control and observer design algorithm.
B = [ 0.0 0.0 0.0 0.0 20.0 ]T .

The objective of this study is to design an optimal feedback
controller and the observer to control the angle of attack and flight
path angle.

The available measurements are assumed to be the velocity and
the canard deflection, i.e.

y = [ x1 x5 ]T (67)

To employ the θ -D technique, the nonlinear equations need to
be written in a linear-like structure (3),

ẋ = F (x)x + Bu(x̂) =
[

A0 + θ
A(x)

θ

]
x + Bu(x̂) (68)

where

F (x) = AL + x2 ANL

Note that the feedback state x̂ in the control will be the outputs
of the θ -D observer.

A0 and A(x) in Eq. (68) are chosen in the following way:

A0 = F
(
x(t0)

)
and A(x) = F (x) − F

(
x(t0)

)
The cost function is in a quadratic form of (2). The optimal con-

trol is designed using the θ -D technique

u(x̂) = −R−1 BT [
T 0 + T 1(x̂, θ)θ + T 2(x̂, θ)θ2]x̂ (69)

where T i(x̂, θ) is obtained by following the algorithm (5) and the
feedback state vector x̂ is estimated using the θ -D observer

˙̂x = F (x̂)x̂ + Bu(x̂) + K f (x̂)
[

y(x) − H x̂
]

(70)

The observer gain K f (x̂) is calculated by the observer algorithm
(12)–(15). In this problem, the first three terms in the θ -D control
(69) and observer algorithms (13) were found sufficient to yield
good performance. Note that both the optimal control law u(x̂) and
the observer gain K f (x̂) can be solved in a closed-form that offers
a great computational advantage.

The first simulation scenario is to regulate the states to zero
(their respective trim values) from a large initial angle of attack
given by x0 = [0 30◦ 0 0 0 ]T . The initial estimated states are as-
sumed to be: x̂(0) = [0 25◦ 0 0 0 ]T .

After some numerical experiments, the control weights and the
observer weights are chosen to be:

Q = diag(80,1,1,300,1), R = 300

W = I5, V = diag(0.1,0.1) (71)

where diag(.) represents a diagonal matrix and I5 represents an
identity matrix of dimension 5. The ki and li parameters in the
perturbation matrices D1(D̂1) and D2(D̂2) for both control and ob-
server are chosen to be k1 = k2 = 1, and l1 = l2 = 0.01.

Figs. 2–5 show the time responses of the velocity, angle of at-
tack, pitch rate, and flight path angle respectively. The solid line
shows the actual state trajectory employing the θ -D optimal con-
trol with the feedback states estimated by the θ -D observer. The
dashed line shows the estimated state trajectories. As can be seen,
the estimated states converge to the actual states very quickly. The
optimal control regulates the states to zero with good transient
responses. The actual velocity and the estimated velocity are too
close to be distinguishable in Fig. 1 because the velocity is a state
that can be directly measured.

For comparison, the extended Kalman filter (EKF) is used as a
nonlinear observer for the θ -D optimal control. Results with the
same controller design are shown in Figs. 6 and 7 where only angle
of attack and flight path angle responses are presented for brevity.
As can be seen in Fig. 6, the angle of attack estimate also converges
to the actual one quickly. Comparing Fig. 7 to Fig. 5, the flight path
angle estimate using the EKF has a better initial transient response
but converges more slowly to the actual as compared to the θ -D
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Fig. 2. Velocity regulation using the θ -D observer.

Fig. 3. Angle of attack regulation using the θ -D observer.

observer performance. Also, both angle of attack and flight path
angle using the EKF are regulated to zero relatively more slowly
than using the θ -D observer. Fig. 8 gives the canard deflection
and control command histories (i.e. optimal control) using the θ -D
observer and the EKF. Both of them show satisfactory responses.
Overall, the EKF also produces comparably good results for this
scenario.

The second scenario is to track a command flight path angle γc .
The commanded γc starts from 0 until 5 seconds and gradually in-
creases to 45◦ , holds until 15 seconds, and then returns to 0 at 20
seconds as shown in Fig. 9. In order to ensure a good tracking per-
formance, an integral state of the flight path angle is augmented
into the original state, i.e.

γ̇I = γ (72)

The state space for this tracking problem becomes

x = [�V �α q γ �δ γI ]T (73)

and the associated AL and ANL matrices are changed accordingly.
The optimal control is applied as a servomechanism for this

tracking problem [26], i.e.
Fig. 4. Pitch rate regulation using the θ -D observer.

Fig. 5. Flight path angle regulation using the θ -D observer.

Fig. 6. Angle of attack regulation using EKF.
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Fig. 7. Flight path angle regulation using EKF.

Fig. 8. Canard deflection and control command histories using θ -D observer and
EKF.

u = −R−1 BT [
T 0 + T 1(x̂, θ)θ + T 2(x̂, θ)θ2][x̂ − x̂r]T (74)

where x̂r = [0 0 0 γc 0
∫

γc ]T is the reference state vector.
Initial states are set at zero and the initial estimated states are

set slightly off the actual, i.e. x̂(0) = [0 2◦ 0 2◦ 0 ]T . Note that the
observer state space is the same as in the first scenario because
the integral state does not need to be estimated.

Weights used for control and estimation are chosen to be

Q = diag(1,1,1,100,1,200), R = 10,

W = I5, V = diag(0.01,0.01).

The ki and li parameters are the same as those in the first sce-
nario.

Figs. 9 and 10 demonstrate the flight path angle response and
the angle of attack response respectively, which show that the
flight path angle tracks the command very well and both estimated
angles from the θ -D observer converge to the actual values very
quickly.

For comparison, the EKF is also used for state estimation in
this flight path angle tracking scenario. The difference between
these two observers is significant as shown in Figs. 11 and 12.
The flight path angle tracking and the angle of attack response
Fig. 9. Flight path angle tracking using the θ -D observer.

Fig. 10. Angle of attack tracking response using the θ -D observer.

Fig. 11. Flight path angle tracking using EKF.
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Fig. 12. Angle of attack tracking using EKF.

Fig. 13. Canard deflection and control command histories using θ -D observer and
EKF.

are obviously worse. Also, the estimates using the EKF converge
to the actual states considerably more slowly than those using the
θ -D observer. Typically, these can happen due to the linearization
involved in the EKF process. Better performance of the θ -D ob-
server can be attributed to the fact that its formulation does not
involve a linearization process in spite of a state-dependent linear
like structure. Besides the tracking accuracy, there is a remarkable
difference between the EKF and the θ -D observer in terms of com-
putations. For EKF, either the nonlinear covariance matrix needs to
be numerically integrated or the filtering Riccati equation has to
be solved continuously to calculate the gain. The computation for
either option is numerically intensive and grows significantly with
the size of the state space. In contrast, however, the θ -D gains are
computed analytically. The canard deflection and control command
histories using the θ -D observer and EKF are shown in Fig. 13. Both
exhibit reasonable response.

In order to test the robustness of the θ -D method based flight
control and observer, the aircraft model is assumed to have uncer-
tainty. Specifically, the nonlinear coefficient matrix ANL is assumed
to have ±15% uncertainty. The flight control and observer are still
designed based on the nominal model. Figs. 14 and 15 show the
Fig. 14. Flight path angle tracking under +15% modeling uncertainty.

Fig. 15. Flight path angle tracking under −15% modeling uncertainty.

flight path angle tracking response under this uncertainty. Com-
pared to the normal case in Fig. 9, only slight degrading of tracking
performance can be observed, mainly in the last five seconds, and
the θ -D method shows satisfactory robustness.

5. Conclusions

In this paper, a unified θ -D formulation was utilized to design
both the nonlinear optimal controller and the observer based on
the duality concept. The major advantage of this approach is that
the optimal control and observer gains can be obtained as closed-
form expressions using the same θ -D algorithm and consequently
do not need complex on-line computations. The θ -D observer does
not involve a linearization process required by EKF and addresses
the nonlinearity directly. The unified θ -D optimal control and ob-
server are applied to the flight control of a highly maneuverable
aircraft with high nonlinearity and unstable dynamics. The effec-
tiveness of this technique has been demonstrated by regulating
the high angle of attack and tracking flight path angle command.
The simulation also shows the favorable results compared with the
widely used extended Kalman filter.
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