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Glassy polymers constitute a large class of engineering solids. In order to successfully analyze the warm (near the ~ass 
transition temperature) mechanical processes by which many glassy polymeric products are manufactured, as well as to 
ascertain the response of the resulting part to service life loading conditions, a constitutive law that properly accounts for the 
large, inelastic deformation behavior of these materials is required. Such behavior is known to exhibit strain rate, temperature, 
and pressure dependent yield, as well as true strain softening and hardening after yield. This paper develops a three-dimen- 
sional constitutive model based on the macromolecular structure of these materials and the micromechanism of plastic flow 
which encompasses these above dependencies. The experiments necessary to determine the material properties used in the 
model are also identified. The model predictions for the true stress-strain behavior of PMMA are then compared with 
experimental data reported in the literature. 

1. Introduction 

Many industrial and commercial products 
manufactured from glassy polymers are done so 
primarily by warm mechanical processes such as 
extrusion, drawing, blow moulding, and calender- 
ing. These processes usually produce a textured 
solid. The design of the actual process necessary 
to create a particular product can be an expensive 
trial and error procedure. This is because the 
material behavior of glassy polymers at large de- 
formations is not yet well characterized or under- 
stood. It is therefore of interest to quantify the 
large inelastic deformation behavior of these 
materials in order to better predict the develop- 
ment of texture and residual stresses under vari- 
ous processing conditions as well as to ascertain 
the response of an isotropic glassy polymeric 
product to loadings which produce finite strains 
and rotations. 

The yield and post-yield behavior of glassy 
polymers as depicted in Fig. 1 has been shown to 
exhibit several distinct characteristics. The initial 
yielding of the material is known to depend on 
pressure, strain rate, and temperature. After yield- 

ing, the material may possess the response of true 
strain softening. This is a drop in the true stress 
with plastic straining and is the global response 
associated with small-scale inhomogeneous defor- 
mation such as shear banding. As larger strains 
are approached, the material hardens. Here we 
will develop a physically-based constitutive law 
which will model these traits of the inelastic be- 
havior of glassy polymers at finite strains. 

It has been previously documented that a glassy 
polymer must overcome two physically distinct 
sources of resistance before large strain inelastic 
flow may occur (Haward and Thackray, 1968; 
Argon, 1973). Below the glass transition tempera- 
ture Og, prior to initial yield, the material must be 
stressed to exceed its intermolecular resistance to 
segment rotation. Once the material begins to 
flow, molecular alignment occurs, altering the con- 
figurational entropy of the material. This is the 
second source of deformation resistance. Haward 
and Thackray (1968) have modelled these resis- 
tances in 1-D using an Eyring dashpot to repre- 
sent the intermolecular resistance and a Langevin 
spring (as derived from a non-Gaussian statistical 
mechanics theory of rubber elasticity (Treloar, 
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Fig. l .  Schematic of the true stress-stretch relationship for an 
amorphous polymer in the glassy state. 

1975)) to represent the entropic resistance. Argon 
(1973) developed a micro-mechanical model de- 
scribing the rate-dependent intermolecular resis- 
tance and suggested that the subsequent harden- 
ing was due to entropic resistance resulting from 
molecular alignment. Parks, Argon and Bagepalli 
(1984) later extended these models to incorporate 
full 3-D effects. In this case, the intermolecular 
resistance was taken to be constant leading to 
rate-independent plastic flow. The entropic resis- 
tance was modelled as suggested by Argon and by 
Haward and Thackray. This material description 
yields a back stress tensor which has a unique 
correspondence to the inelastic distortion in the 
polymer. The inelastic extension ratios describe 
the texture developed in the material. This con- 
stitutive model could be broken into two distinct 
parts: the elastic, ideally plastic response and the 
entropic hardening response. 

Here, the Parks, et al. 3-D model is extended to 
include the effects of deformation rate, pressure, 

true strain softening, and temperature on the plas- 
tic resistance. The incorporation of these effects 
will enable the realistic simulation of forming 
processes, as well as other boundary value prob- 
lems of inhomogeneous deformation. The finite 
strain kinematics that were used here are those 
followed by Parks, et al. as originally detailed by 
Fardshisheh and Onat (1972). These are reviewed 
below for completeness. Experiments necessar3 
for the systematic identification of material con- 
stants used in the material model are identified. 
The constants for one such amorphous polymer. 
polymethylmethacrylate (PMMA), are determined 
from experimental data found in the literature. 

2. Three-dimensional constitutive model 

The constitutive model begins with an overview 
of the kinematic formulation used to ap- 
propriately account for finite strain effects. The 
modelling of the physics of this class of material is 
then discussed. This begins with the assumption 
that the plastic resistance to flow may be decom- 
posed into two parts as previously described: the 
intermolecular resistance to segment rotation and 
the entropic resistance to molecular alignment 
(Fig. 2). The intermolecular resistance model be- 
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Fig. 2. Schematic of the model for the stress-strain behavior of 
a glassy polymer. 
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gins with the rate-dependent micromechanical 
model developed by Argon (1973), which is subse- 
quently modified to include additional effects on 
yielding which, previously, had not been specifi- 
cally accounted for in the model. The 3-D en- 
tropic resistance is modelled by the Wang and 
Guth (1952) non-Gaussian statistical mechanics 
network model of rubber elasticity. 

2.1. K inemat i c s  o f  f in i te  strain 

The finite strain formulation begins with a de- 
scription of the deformed body via its deformation 
gradient, F = V x  x ,  where X represents the refer- 
ence position and x the current position of a 
material point. For the polymers under considera- 
tion here, the reference configuration is the iso- 
tropic state of the material consisting of randomly 
oriented molecular chains (Fig. 3). In Section 3, 
we will see that plastic straining is the result of the 
thermally-activated rotation of molecular chain 
segments. We assume that, during plastic flow, the 
material deforms in a homogeneous manner on a 
scale larger than the strain-producing, rotating 
molecular segments, and the molecular chains de- 
form affinely with respect to the plastic shape 
change. 

The deformation gradient is multiplicatively de- 
composed into elastic and plastic components (Lee, 
1969), F =  F e F  p. The plastic deformation gradi- 
ent, F p, represents the configuration obtained by 
complete elastic unloading to a stress free state, 
and physically indicates the degree of permanent 
molecular orientation existing in the material. The 
deformation gradient may also be expressed as the 

product of the elastic stretch, the rotation, and the 
plastic stretch: F =  V e R U  p. We may decompose 
R into the products of elastic and plastic compo- 
nents, R = R e R  p, where R e = VCR e = R e u  e and 
F p = R P U  p = V P R  p via the polar decomposition 
theorem. However, the elasticity and/or plasticity 
of the rotation tensor is indeterminate. If we 
choose R = R p and R e= 1, we are lumping all 
rotation effects into the affine plastic deformation 
response of the material. This results in a symmet- 
ric and, therefore, unique elastic deformation 
gradient, F eT = F e. An added benefit of this choice 
is that the back stress tensor associated with the 
inelastic deformation (see section 2.3) may be 
computed in an already-rotated configuration. Al- 
ternatively, if we choose R = R e and R p = 1, F e 
will again be unique, but the back stress will have 
to be rotated when used in future calculations. 
Here, we take F = RP and R e=  1. Therefore, we 
have F o  = R U  p = V o R ,  which describes the re- 
laxed configuration obtained after elastically un- 
loading without rotation to a stress free state. This 
kinematic representation will also simplify the rate 
kinematics as will be shown below. It is also 
assumed that plastic flow is an incompressible 
process, thereby requiring det F p = 1. 

The rate-kinematics are now examined begin- 
ning with the velocity gradient, L, which is given 
by 

l . =  xzxo= P r - l  = o + w ,  (1) 

where D, the rate of deformation, is the symmetric 
portion of L; and W, the spin, is the skew portion 
of L. The following expression for the velocity 
gradient is obtained after incorporating the prod- 

Fig. 3. Schematic of an amorphous polymer. 
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uct decomposition of the deformation gradient 

L = F'F ~-' + FeLPF ~-', (2) 

where, L p = lbPF p-' : D  p + W p, (3) 

and D p and W p are, respectively, the symmetric 
and skew parts of L p. The tensor L p is the 
velocity gradient of the relaxed configuration. The 
tensor D p describes the rate of change of shape of 
the relaxed configuration F p. The spin of the 
relaxed state, W p, required to sustain the adopted 
symmetry of F ~, is uniquely defined by W, D + 
D p, and F e, and therefore may not be constitu- 
tively prescribed. This measure of spin is given by 

WP = W -  ~//'[D + DP], (4) 

where ~¢', defined in Onat (1987), is a fourth-order 
tensor, which is a function of F ¢ only, and is of 
the order of the elastic strain. Had we not im- 
posed the symmetry of Fe; the resultant constraint 
on W p represented by equation (4) would not be 
operative, but some other condition would have to 
be imposed in order to resolve the essential inde- 
terminancy of the product decomposition. This 
would alter the integration of these equations, but 
should not affect the overall solution because the 
choice of R = Fp rather than R = R e is, in princi- 
ple, arbitrary for this material. However, it does 
warrant further investigation in future research. A 
rate of plastic shape change, D p, must be constitu- 
tively prescribed for the material either in the 
loaded or unloaded configuration. The magnitude 
of b p is given by the plastic shear strain rate, "~P, 
for which a physically-based constitutive model is 
developed in later sections. The tensor direction of 
D p is specified by the deviatoric portion of the 
driving stress state, T*, at a material point. This 
driving stress state, T*, which is schematically 
depicted in one-dimension in Fig. 2, is given in the 
continuum by the tensor: 

r *  = r -  ½ P n r  °, (5) 

where: B is the back stress tensor due to entropic 
hardening, which will be constitutively prescribed 
below; J is the volume change given by det F~; 
and T is the Cauchy stress tensor. The resulting 
normalized deviatoric portion of the driving stress 

state, N, is used to specify the direction of D in 
the flow rule 

b p = -~PN, (6) 

where. 

N =  I__~.__T . ,  v~'r (7) 

tr(r*'):] '/2 (8) 

In the absence of a more kinematically explicit 
microscopic mechanism, and admitting the possi- 
bility of large elastic stretches, the question of 
whether this flow rule applies to the loaded con- 
figuration is not easily resolved. The unloaded and 
loaded configurations differ by an elastic stretch. 
F ¢= [F¢] T. The rate of plastic shape change is 
given by DP -- sym[L P] in the unloaded configura- 
tion, and bP=sym[F~LP(FC) -j] in the loaded 
configuration. Therefore, for the case of a rigid- 
'plastic' material, DP = DP = b p. When the 
material exhibits an elastic response, the dif- 
ference between b p and D r' will be of the order 
of the elastic strain, which we assume to be small. 
A thermodynamic formalism (Parks et al., 1984) 
suggests a flow rule of the sort 

(9) 

DP=½[F:DP(¥ ' ) - I  + (F: ) - ' bPF:] ,  (10) 

where 

Again, for the rigid case,/)P = O p =/ )P  = b p, and, 
including elasticity, the differences will be of the 
order of the elastic strain. It seems unlikely that 
such differences are A experimentally measurable. 
Here, we take O p = D p, or 

D p -- ?PN. (11) 

The Cauchy stress tensor is taken to be uniquely 
defined by the elastic modulus tensor acting upon 
the natural logarithm of the elastic deformation 
gradient (Anand, 1979) 

1-£'a" [Ln Fe], (12) T= 
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where, the isotropic elastic moduli are given by 

.Z ¢= 2It J +  ( r -  -~It)l ® I,  (13) 

where It(O) is the temperature-dependent shear 
modulus, K(O) is the temperature-dependent bulk 
modulus, and J and I are the fourth- and sec- 
ond-order identity tensors respectively. It is noted 
that isotropic elasticity is taken to hold for all 
time since the magnitude effects of developing 
elastic anisotropy in glassy polymers is small 
(Hadley, 1975), especially in the overall solution 
of a problem involving large strain plasticity. With 
the description of the kinematics and the constitu- 
tive connection between stress and elastic defor- 
mation complete, we now move on to the develop- 
ment of a constitutive law for the plastic strain 
rate, "~P, and the back stress tensor, B, already 
mentioned in this section. 

2.2. Intermolecular resistance: rate and temperature 
dependence 

At temperatures below the glass transition tem- 
perature of an amorphous polymer, it is assumed 
that plastic flow and subsequent molecular chain 
alignment does not commence until the inter- 
molecular resistance of the material to segment 
rotation has been overcome. This deformation re- 
sistance is due to the restriction imposed on 
molecular chain motion due to neighboring chains 
(Fig. 3). Flow commences once the free energy 
barrier to molecular mobility is overcome through 
the thermally activated rotation of these segments 
under stress. Argon (1973) has derived an expres- 
sion for the free energy change, AG*, necessary to 
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Fig. 4. Argon double-kink model of the intermoleeular resis- 
tance. 

produce segment rotation based on a double-kink 
model of a chain segment rotating against the 
elastic impedance of surrounding chains which are 
modelled as an equivalent elastic medium (Fig. 4): 

[ ( ) 5 / 6 1  3,~#~:a 3 r . (14) 
AG* = 16(1 - r) 1- 0.0~7it 

The corresponding plastic strain rate is given by 

?P = ~0 exp( - AG*/kO).  (15) 

The material properties in these expressions in- 
clude the shear modulus, It(O); : Poisson's ratio, 
v(O); the net angle of rotation, t~, of the molecu- 
lar segment between the initial configuration and 
the activated configuration, ~; the mean molecu- 
lar radius, a; and the pre-exponential shear strain 
rate factor, ?0. The absolute temperature is given 
by O, and k is Boltzmann's constant. These val- 
ues may be consolidated as follows, let 

(16) 

(17) 
s o = 0.077it/(1 - v), 

A =- 39~r~2a3/16k 

Equation (15) may then be rewritten as 

] 
-6- - Toj j j" 

or, alternatively as 

A , [ "?o ~]6 / ,  
• = s 0 1 -  

(18) 

(19) 

It is noted that as the temperature approaches 
absolute zero, ~" approaches s o if non.negligible 
plastic strain rates are to be sustained. Therefore, 
s o may be termed the athermal shear yield strength 
of the material. 

The rate and temperature dependence of the 
intermolecular shear resistance of the material are 

i This form is appropriate at the plastic limit. It can be 
generalized, if desired, for the low stress limit by subtracting 
from it a term representing the 'reverse flux' of configura- 
tions to obtain a hyperbolic sine dependence on stress. 

2 The shear modulus is also dependent on strain rate through 
distributed anelastic processes. This dependence will be 
ignored here. 
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described by equation (19), where s o is also im- 
plicitly a function of temperature because of the 
temperature dependence of the elastic moduli. This 
expression will be used later as the basic building 
block for the incorporation of pressure and strain 
softening effects. However, having introduced the 
intermolecular resistance, it is now important to 
complete the picture of the total deformation re- 
sistance with a description of the second compo- 
nent, the entropic resistance. 

2.3. Entropic resistance 

The modelling of the entropic resistance was 
previously reported by Parks et al. (1984) and is 
briefly summarized below. The basic macromolec- 
ular structure of isotropic glassy polymers consists 
of randomly oriented molecular chains connected 
by physical entanglements (Fig. 3). As these poly- 
mers are stretched, and once the intermolecular 
resistance has been overcome, the chains begin to 
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Fig. 5. Physical description of the back stresses in principal stress space, where A~P represent the principal stretches; Bi represent the 

principal back stresses. 
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orient themselves in an affine manner. If these 
materials with high molecular weight (Mw > 105) 
have been permanently deformed below O 8, and 
subsequently heated to a temperature above O s 
(i.e., the rubbery region) without constraint, the 
isotropic structure and macroscopic shape are fully 
recovered (see Fig. 5). These and related observa- 
tions motivate our modelling of the orientation 
hardening in these materials by the statistical 
mechanics network models of rubber elasticity 
(Treloar, 1975). Therefore, the entropic resistance 
is determined by finding the external stress state 
resulting when the material is stretched at temper- 
atures above Og, i.e. the 'rubbery' regime, and 
assuming that this state represents an internal 
resistance which is 'locked' in the material, i.e. not 
recoverable, at temperature below ¢9g. Our inter- 
nal variables, B i, or principal back stress compo- 
nents, are defined by this state and are uniquely 
related to the texture or 'locked-in' plastic 
stretches, Pi p , in the glassy regime as measured 
with respect to the initial isotropic state. The 
stress state is found by beginning with the expres- 
sion for the Helmholtz free energy, F, in the 
model statistical mechanics network 

F= u -  o s ,  (20) 
where U is the internal energy, S is the configura- 
tional entropy, and O is the absolute temperature 
of the system. The internal energy of the system 
may be further decomposed into intermolecular 
and intramolecular components. The intermolecu- 
lar component, as described earlier, is due to 
resistance to chain mobility imposed by surround- 
ing chains, while the intramolecular component is 
due to resistance imposed by the chain itself, e.g. 
from its own bulky side groups and energy bar- 
tiers between different isomeric states. Well below 
Og, the intermolecular component is usually the 
more dominant of the two. The case of isothermal 
deformation is now examined and it is seen that 
the change in the Helmholtz free energy, AF, is 

A F  = AU,.,,, + AU=t,a - ~9 AS. (21) 

The external stresses are equal to the gradient in 
the Helmholtz free energy, A F, with respect to the 
corresponding strain. In the rubbery regime, 
changes in the intermolecular (and often in the 

intramolecular energy) are negligible compared to 
the change in the configurational entropy which is 
large due to the orienting of the chains. Therefore, 
these energy changes may be neglected in the 
determination of the external stresses at tempera- 
tures above Og. In the adaptation of these results 
to the material in the glassy regime, the resulting 
principal back stress components, B i, are accord- 
ingly related to the gradient of the entropy change 
with respect to the principal plastic stretch, piP, in 
that tensorial direction 3 

OAS 
Bi  = - e p i  p 3pip . (22) 

The Wang and Guth (1952) non-Oaussian statisti- 
cal mechanics network model is used to describe 
the change in entropy. This model accounts for 
the orientation effects up to large stretches, prop- 
erly describing the 'locking' of these materials 
which is induced by network constraints. At low 
stretch ratios, this model reduces to the more 
standard Gaussian statistical mechanics model of 
rubber elasticity (Treloar, 1975). After incorpora- 
tion of the Wang and Outh network model into 
equation (22), a detailed expression for the back 
stress in terms of specific molecular characteristics 
is obtained: 

B i = C  ~ ViP,~-I  

1 3 V'P"~-I  ( ~ p  /] (23) 
3/~1 J ~ ~ - } J '  

where N is the number of rigid chain links be- 
tween entanglements, C R is essentially the rub- 
bery modulus which is equal to n k O ,  where n is 
the number of chains per unit volume, k is Boltz- 
mann's constant, and .Z is the Langevin function 

3 It may be argued that a configurational entropy model for 
temperatures above @s' where different configurational states 
can be freely sampled by thermal fluctuations, should not be 
appficable below Os, where configurations are frozen-in. 
However, in amorphous polymers, if for each state of defor- 
mation below @s, an excursion to a temperature above O s is 
taken, the material will return to its original state of maxi- 
mum entropy. Therefore, the Wang and Guth model adopted 
here is considered a very good measure of the back stress. 
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defined by 

1 ~P (24) 
"~(fli) = c°th(fli) - flii = 1 /~ '  

with the inverse given by-9~-I(ViP/v~ ) = fli. The 
temperature dependence of the back stress enters 
the model through the rubbery modulus C a. As 
will be discussed below, it is also worth noting 
that experiments indicate that strain rate affects 
the back stress of some amorphous polymers at 
very large deformations, but then only at suffi- 
ciently high temperatures and very low strain rates. 
This is indicative of some relaxation phenomenon, 
possibly due to entanglement drift produced by 
reptation at large stretches and over long periods 
of time. This effect is not included in the current 
model. It should not have a significant influence 
on most forming processes which are usually con- 
ducted at moderate to high strain rates ('~ >t 0.01 
s e e -  1). 

Operationally, the back stress tensor, B, is 
computed by noting that it is coaxial with the left 
plastic stretch tensor, k "p, which is determined 
from the polar decomposition of the plastic defor- 
mation gradient, FP: 

F p = RPU p = VPR p. (25) 

The principal components, ViP, and axes of V p 
are then found and the associated B i are calcu- 
lated from equation (23). The back stress tensor B 
is obtained by rotating the diagonal tensor consist- 
ing of elements B i to the unloaded configuration 
F p from the eigen space of V p. We note here, in 
passing, that if we had chosen R p = 1 and R = R e, 
then F v =  U p. The resulting principal compo- 
nents of the back stress tensor, B i, would be 
identical, but the tensor would be coaxial with U p 
not V p. We could call this tensor By , .  In future 
calculations, such as determining the driving stress 
state T* '  (equation 5), Bt/, would have to be 
rotated by R = R e to obtain B: B = R B v p R  T. Tiffs 
is one of the reasons for having chosen R = R p 
and R e--- 1 in section 2.1. 

2.4. lntermolecular resistance: softening and pres- 
sure dependence 

As mentioned previously, the yield and post- 
yield behavior of glassy polymers exhibit pressure 

dependence and true strain softening, as well as 
rate and temperature dependence. Temperature 
and rate effects have already been modelled. It is 
now of interest to model the effects of strain 
softening and pressure on the intermolecular resis- 
tance. The expression for this resistance, equation 
(19), will now be modified to incorporate these 
effects. The intermolecular resistance is not inter- 
preted as the effective equivalent shear stress, ~', 
present at a material point 

~'= [½ tr (T* 'Z)]  I/2, (26) 

where T*'  is the driving stress state defined in 
equation (5). 

Strain softening is the term given to the drop in 
true stress with strain upon initiation of deforma- 
tion, which is characteristic of many polymers, 
whether amorphous or semi-crystalline. Other 
materials, including granular solids, also exhibit 
this behavior. Softening is invariably accompanied 
by inhomogeneous deformation on small scale in 
the form of shear banding. We incorporate soften- 
ing into the constitutive law for "~P by modifying 
the athermal yield strength, So, of the material as 
plastic straining occurs. We assume that as the 
material begins to undergo plastic deformation, 
there is some average restructuring of the molecu- 
lar chain in the 'flowing state' that causes an 
actual fall in the athermal shear resistance of the 
material. This assumption is motivated by examin- 
ing experiments on companion polycarbonate (PC) 
samples which have been given different heat 
treatments and, therefore, different initial struc- 
tures. Under identical testing conditions, these test 
specimens initially yield at different stress levels 
and subsequently soften to approximately the same 
level (Haward, 1980). In particular, PC quenched 
from O 3 will yield at a low stress level and show 
little softening. On the other hand, if this same 
material is first annealed somewhat below Og, it 
will yield at a much higher stress level and subse- 
quently soften until it reaches the lower stress 
level at which its quenched companion flows. This 
strength level is thought to be associated with a 
'preferred' structure being reached during plastic 
straining, possibly due to the attainment of a local 
flow dilatation, i.e. increased local free volume, 
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associated with the shear banding on a small scale. 
That this is indeed so has been established in 
amorphous metallic alloys (Argon et al., 1985). 

In order to construct an evolution equation for 
the athermal shear resistance, s o, certain char- 
acteristics of strain softening are identified by 
examining stress-strain curves. Such curves (Ha- 
ward, 1973; Hope et al., 1980a; Hope et al. 1980b) 
indicate that softening is dependent on plastic 
strain rate, temperature, and structure. We define 
the total yield drop to be the difference between 
the peak stress prior to softening and the lowest 
stress level reached subsequent to plastic flow. In 
general, this drop depends on the strain rate and 
temperature. The rate of the drop with respect to 
strain depends on the structure and strain rate. 
The following phenomenological softening evolu- 
tion equation encompasses most of the above de- 
pendencies: 

where the quantity s is the current athermal defor- 
mation resistance of the material indicating the 
current state of the structure. The initial structure 
is represented by the value of s at the upper yield 
point, So; h is the slope of the yield drop with 
respect to plastic strain; sss is the value s reaches 
at steady state, i.e. the 'preferred' structure, and, 
as indicated, s~ may depend on temperature and 
strain rate. 

The instantaneous elastic shear modulus, g, is a 
fundamental scaling factor of the intermolecular 
resistance, as can be inferred from equation (16). 
Therefore, a decrease in the intermolecular resis- 
tance with plastic straining must be accompanied 
by a decrease in the elastic shear modulus. We 
may hypothesize that this reduction in g is indeed 
the basic cause of the effect in the localization 
zone. At the flow state, the steady state flow 
dilatation results in a decreased intermolecular 
interaction that reduces the shear modulus of the 
material in the flow state (possibly by only 10%) 
which then lowers the athermal flow resistance by 
a corresponding amount. The effect on the plastic 
flow of the material is large as seen in the amount 
of strain softening exhibited by glassy polymers. 
However, the effects of modulus drop per se on 

the large strain response of the solid is negligible. 
Amorphous polymers are also known to age 

under certain pressure and temperature condi- 
tions. In these materials, aging apparently leads to 
the recovery of the initial resistance s o after some 
time. Thus, after aging, an increase in the yield 
stress can be observed with no additional plastic 
straining. The aging of polyvinylchloride (PVC) 
under sustained load is discussed in Haward 
(1973). When this material is taken past yield in 
tension, partially unloaded and held for some time 
at a stress level insufficient to further propagate 
the neck, and then reloaded, an initial increase in 
the yield stress is observed. However, when un- 
loaded to zero load and then reloaded, no increase 
is observed. The holding times were not given. 
This is indicative of aging in PVC. This aging 
phenomenon was also observed by Kramer (1970) 
in nylon where he concluded that the stress caused 
better interchain packing in the amorphous re- 
gions of the nylon. This suggests our assumption 
that aging increases the athermal shear resistance 
of the polymer. For future applications, equation 
(27) may be generalized to include aging 

g=h.(1--~).'~P+a(s, O, p), (28) 

where the function a represents the rate of aging 
which is presumed to depend on the current struc- 
ture, s, the temperature, O, and the hydrostatic 
pressure, p = - ½tr(T). The rate of aging tends to 
increase as the temperature, O, approaches Og as 
demonstrated by the results of annealing. Cur- 
rently, for most amorphous polymers, more ex- 
perimental data is required before an appropriate 
function for a may be determined. In this current 
application, it will not be included. 

The peak shear yield strength of isotropic 
amorphous polymers has been found to be essen- 
tially linearly dependent upon pressure for mod- 
erately large hydrostatic stresses. This has been 
shown experimentally by comparing the peak yield 
stress in compression at constant strain rate with 
that in tension as well as by superposing pressure 
on various tests (Rabinowitz et al., 1970; Spitzig 
and Richmond, 1979; Sauer et al., 1973). This 
dependence may be linearized in the rate-depen- 
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dent case as 

ty=~'yo(l+et~o), (29) 

where ~'~o is the peak shear yield strength at zero 
pressure level, p - - - - -~ t r  T is the hydrostatic 
pressure, a is the pressure coefficient, and ~'y is 
the shear yield strength under pressure. The pres- 
sure dependence of the effective equivalent shear 
stress necessary to sustain (visco-)plastic strain 
rate ?P may be similarly obtained by once again 
modifying the expression for the athermal shear 
resistance, s. To this end, we introduce the param- 
eter g, dependent on pressure as well as the evolv- 
ing athermal shear resistance s: 

= s(1 + ap/s). (30) 

In applications, this parameter, the 'effective' 
athermal shear resistance, will be used in equation 
(18) rather than s 0, to provide a constitutive law 
for "~P which accounts for the effects of tempera- 
ture, pressure, rate, and strain softening: 

This law for the rate of plastic straining is incor- 
porated into equation (11) of the 3-D continuum 
model providing D p, the rate of plastic deforma- 
tion. 

2.5. Additional temperature effects 

Here, we briefly note that temperature may 
also be 'evolving' during deformation. At high 
strain rates, adiabatic heating may have a signifi- 
cant impact on the material response. In this case, 
and assuming small elastic stretches, plastic dis- 
sipation would result in a rate of change of tem- 
perature O-(~o/pc) tr[T*'DP]. Here, p is the 
density of the material, c is the specific heat per 
unit mass, and ~0 is the fraction of heat dissipated. 
The plastic working term due to the back stress, 
tr[BDP], is not taken as dissipative, but rather as 
being stored in the material due to the locked in 
orientation (Parks et al., 1984). Thus, we expect 
that ~o -:- 1 in practice. 

Another limiting case is the case of isothermal 

deformation where 8 =  0. In general, thermo- 
mechanical coupling should be considered where 
(9 may be both a loading parameter as well as 
evolving due to adiabatic heating, and the thermal 
properties of the material must be considered. In 
the work presented in this paper, temperature is 
taken to be a specified parameter of current state. 
Temperature appears explicitly in our expression 
for plastic shear strain rate, implicitly in the shear 
modulus and athermal shear resistance, and. of 
course, due to the thermal expansion/contraction 
accompanying any changes in temperature. We 
assume that the thermal expansion/contraction is 
sufficiently small, and the elastic constitutive law 
becomes 

T=  loz'e [ ln(F e -  a o A~91 )], (32) 

where a o is taken as the average value of the 
thermal coefficient of expansion over that temper- 
ature range. 

3. Summary of model 

For completeness, the basic equations neces- 
sary to implement this constitutive model are sum- 
marized below: 

Elastic-plastic decomposition of the deforma- 
tion gradient: 

F = FCFP; (33) 

F~r =F~; (34) 

Polar decomposition of the plastic deformation 
gradient: 

F p ..--. VPRP, 

Cauchy stress tensor: 

r=7 l 
Driving stress tensor: 

(35) 

(36) 

T* = T -  1FCBFe; (37) 
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Principal components of the back stress tensor: 

B i = c  ~ ViPAe -1 

/ \ ]  3 
-½ ~ VjP.2'-'| VJP | |  (38) 

Rate of deformation of the relaxed configura- 
tion: 

O p = ~PN; (39) 

Spin of the relaxed configuration: 

W p = W -  ~¢/'[D + o ' l ;  (40) 

Rate of plastic straining: 

" ' r  5 / 6  

-~P =-~o e x p [ - - ~  ( 1 -  ( - ~ ) ) ] ;  (41) 

Initial value of the athermal shear resistance: 

s o = 0.077p/(1 - ~); (42) 

Evolution equation for the athermal shear resis- 
tance: 

s 

g = h ( 1  Sss(O, ~p) )'~P; (43) 

Pressure dependence of the effective athermal 
shear resistance: 

= s + a p .  ( 44 )  

All quantities used here have been defined earlier 
in the paper. 

In order to facilitate the solving of boundary 
value problems for inhomogeneous deformation, 
this constitutive model has been numerically in- 
tegrated and incorporated into the finite element 
code ABAQUS (Hibbitt, 1984). The integration of 
these equations, while complex, can be simplified 
to some extent by considering the temperature 
and deformation range of the boundary value 
problems for which this model is primarily appli- 
cable. Most forming processes on glassy polymers 
are conducted near O s where plastic flow occurs 
at relatively low stress levels resulting in very 
small elastic strains. For the example to be con- 
sidered in the next section, the magnitude of the 

elastic strains, c ~, is approximately given by: 

C -=- Oy 30 MPa 
= 2000 MPa -= 0.015. (45) 

This magnitude is negligible when we consider 
deformation processes where the plastic strain will 
be as great, and often greater than 1.0. Neglecting 
terms of order c ~ simplifies the governing equa- 
tions of the problem. This is observed by noting 
the following relevant approximations: 

W p --- W; (46) 

F p ~ F; (47) 

r * =- T -  B. (48) 

These approximations carry through the entire 
integration procedure, reducing the computational 
complexity of the problem, and give a clearer 
conceptual understanding of the elastic-plastic de- 
composition of the deformation gradient. By ne- 
glecting terms of the order of the elastic strain, we 
are also better able to associate the operation of 
lumping all of the system rotation into the plastic 
deformation gradient with the notion of affine 
molecular deformation during plastic flow. 

4. Identification of material properties 

In order to successfully implement the constitu- 
tive model, the material constants must be ap- 
propriately identified. The constants which must 
be obtained experimentally include those that 
model the temperature, pressure, strain rate, 
softening, and hardening effects. The necessary 
experiments are described here, and the constants 
for PMMA are then determined from such experi- 
ments reported in the literature. 

4.1. Temperature 

Temperature affects both components of resis- 
tance. It affects the intermolecular resistance ex- 
plicitly and strongly in the kO term and implicitly 
since the initial athermal shear resistance, So, is 
dependent upon temperature. Recalling equation 
(16), the temperature dependence of s o is propor- 
tional to the temperature dependence of the shear 
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Fig. 6. Log shear modulus vs. temperature for PMMA (Ferry, 1973). 
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modulus which is shown in Fig. 6 for PMMA. The 
figure depicts the characteristic large drop in shear 
modulus at Og = l l 0 * C .  The value for s o at 6) = 
90 °C  in the annealed state was computed from 
the shear modulus and Poisson's ratios at this 
temperature (Ferry, 1962) using equation (16) giv- 
ing 

s o = 88.0 MPa. (49) 

The explicit temperature dependence of the en- 
tropic resistance represented by the back stress 
tensor, B, enters through the rubbery modulus, 
C R, which is proportional to temperature, C R= 
nk@. Here, n is taken to be constant, but, the 
chain density actually evolves with both tempera- 
ture and back stress. This effect is not large, and is 
not included in the current model. 

4.2. Pressure 

The effect of pressure on yield can be measured 
by superposing various levels of pressure on 
stress-strain tests conducted at constant strain rate, 
either in tension, compression, or shear, and re- 

cording the  peak yield stress. A less extensive 
method would be to test the material in tension 
and then in compression since these contain two 
different pressure levels. The peak yield stress is 
then plotted against the pressure. The slope of this 
curve gives the pressure coefficient a. Rabinowitz, 
Ward, and Perry (1970) have conducted the more 
extensive series of tests on PMMA giving a = 0.20. 

4.3. Strain rate 

The material constants which model the strain 
rate effects consist of the pre-exponential factor, 
~0, and the lumped parameter, A. There are two 
different series of tests which can be used to 
determine these constants. One series which was 
used by Argon and Bessonov (1977) consists of 
stress-strain tests at a fixed strain rate over a 
range of temperatures. In this series, a realistic 
value must be chosen for "?0 and the test results 
are used to determine a value for the constant A. 
The second series which we adopt here involves 
conducting stress-strain tests at a fixed tempera- 
ture at various levels of strain rate and determin- 
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ing both A and % from the results. After ob- 
taining values for A and % from the second series 
of tests, we verify that the same values are ob- 
tained by reducing data from the first series of 
tests. 

In order to determine the constants from the 
tests at various strain rates, equation (41) is first 
rearranged to be the equation of a line 

/ ,r ~5/6 
In .~P= B + C[ ~ ) , (50) 

where 

A 
B = In "~o- ~ (So  + ap),  (51) 

A (s ° + ap).  (52) 

Here it is understood that for initial (peak) yield 
stress, s has yet to evolve substantially from its 
initial value, s 0. The values at peak yield for • and 
~,P are used to obtain In "~P vs. (T/(s  o + ap)) 5/6. 
The slope and intercept of the resulting line are 
the values of C and B from which the constants 
$o and A may be extracted• 

The true stress-strain data of Hope, Ward, and 
Gibson (1980) and PMMA at O =  363 K for 
various strain rates (Fig. 7) are now used to obtain 
values for "Yo and A for this material. This data is 
from tensile tests. Since our equations are in terms 
of plastic shear strain rates, ~P, and effective shear 
stress, ~', the values of ~ and Oy, where Oy is the 
peak true tensile stress, must first be modified on 
the basis of a Mises criterion by multiplying and 
dividing, respectively, by f3 .  Also, since the tests 
are tensile, there is a pressure component p = 
- ½ %  at yield which is taken into account. The 
resulting data points for In ~?P and ( z / ( s  + ap)) s/6 
are plotted in Fig. 8. One can see that they do 
indeed form a straight line from whose slope and 
intercept we obtain values for A and %: 

% = 1.13(1011) sec- ' ,  

A = 167.0 K/MPa .  

(53) 

(54) 

The fact that this experimental data lies on a 
straight line gives further support to the Argon 
model, since it was obtained independently from 
the theoretical development. 

100,0 ® = 9 0 ° C  
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Fig. 7. Tensile true-stress-true-strain rate curves for PMMA at  90°C (Hope et al., 1980a). 
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Fig. 8. Plastic shear strain rate as a function of intermolecular resistance for P M M A  at 90 o C as computed from the data  of  Hope et 
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We can similarly reduce the data of the tensile 
true stress-strain tests conducted over a range of 
temperatures which are shown in Fig. 9. These 
tests were performed at a constant displacement 
rate which corresponded to a tensile strain rate of 
0.005 s -I before the onset of necking. Equation 
(41) is rearranged as an expression relating the 
temperature, 0, and the effective equivalent shear 
stress, ~', to give: 

In % / , ? / A  = x ( o ) ,  (55) 

" @ 1 -  s 0 ( O ' ) +  a p  ' 

(56) 

where % and A are unknown. Since A and % are 
material constants, the quantity X(@) should be 
the same for all three pairs of ~, @ reduced from 
the data of Fig. 9 for the given tensile strain rate 
of 0.005 s -1. We calculate X(323 K)=0.169 
MPa/K,  X(343 K ) =  0.169 MPa/K, and X(363) 
= 0.173 MPa/K, which are all in excellent agree- 
ment with each other. Using X(O)=  0.170 
MPa /K  and the value for % for 1.13(1011) s -1 
obtained earlier, a value of 177 K/MPa  is ob- 
tained for the material property A. These calcula- 
tions show that very consistent results are ob- 
tained from the two series of tests indicating that 
the strain rate, temperature, and pressure depen- 
dence of the flow behavior are well modelled. 

It is also of interest to point out that the Hope 
et al. data exhibit the rate effects on terminal 
hardening at the lower imposed strain rates. As 
mentioned previously, this effect has not been 
included in the model and would not have much 
impact on high deformation rate processes. How- 
ever, one can see from Fig. 7 that at lower strain 
rates, this phenomenon would have some impact 
on the level of texture developed in the material. 

4.4. Strain softening 

This material, PMMA, exhibits a large amount 
of initial strain softening at O = 363 K as is 
evident from Fig. 6. It is apparent from this data 
that the percent softening, (am,,,- Omi~)/Om~, is 
independent of strain rate, so, s~(O, ?P) in equa- 
tion (43) will be taken as a function of tempera- 

ture only. Softening is generally highly dependent 
on temperature. This effect has been experimen- 
tally observed both on the global level by examin- 
ing stress-strain curves, and on the local level by 
examining the degree and coarseness of shear band 
formation in various amorphous polymers at dif- 
ferent temperatures (Haward, 1973). True stress- 
strain curves illustrating the temperature depen- 
dence of strain softening for PMMA are shown in 
Fig. 9. It is to be noted that these tests were not 
conducted at constant strain rate, but at constant 
displacement rate. Subsequent rate effects, al- 
though present due to the inhomogeneous defor- 
mation of test specimens, are not apparent in the 
resulting curves. Therefore, these curves can only 
give an indication of the trend which strain soften- 
ing follows with temperature. For temperatures 
below 90°C, the percent softening is relatively 
constant. However, for temperature above this 
range, i.e., as O approaches Og, the amount of 
softening decreases rapidly with increasing tem- 
perature. For the extrusion analyses conducted in 
the companion paper (Boyce, Parks and Argon, 
1988), we are considering the material in the tem- 
perature range, 20 o C ~< 6) ~< 90 o C, and will there- 
fore take the ratio, sss/s o, to be constant. By 
comparing the maximum yield stress with the 
minimum yield stress after softening, the ratio, 
sss/So, was inferred to be: 

s~Js o = 0.875. (57) 

The rate of the yield drop with respect to defor- 
mation is measured by h which can be computed 
by rearranging equation (43) and estimating from 
Fig. 7 the increment in plastic shear strain, AyP, 
over which the drop, As = ss~ - s 0, occurs: 

Sss 

For PMMA at O = 363 K, h was found to be 900 
MPa. 

4.5. Strain hardening 

The material properties required to model the 
entropic resistance are the rubbery modulus, C R, 
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and the number of rigid links between entangle- 
ments, N. An approximate value for the rubbery 
modulus, C R, may in principle be measured by 
taking the material to a temperature, Otest, slightly 
above ~gg and testing it in tension at a moderately 
rapid rate to minimize entanglement drift. The 
initial slope of the resulting stress-strain curve is 
C a at this temperature. The value for C R at the 
temperature, 8 ,  under consideration could be ob- 
tained by re-scaling as: 

This value will be lower than the actual value at 
Ores, if Ote~t is in the glassy regime. The modulus 
C R may also be found by measuring the number 
of chain segments per unit volume, n, at this 
temperature with, e.g., analysis of birefringence 
data, and calculating C R from C R = nkO. A value 
for n at O = 363 K (Table 1) was determined 
using this method by Kahar et al. (1978) for 
PMMA: 

n = 8.4(1026) m -3, (60) 

from which the rubbery modulus at O = 363 K 
was found to be: 

C R -- 4.2 MPa. (61) 

The number of rigid links between entanglements, 
N, may be computed from any tensile test taken to 
the limiting stretch of the material. For the Lan- 
gevin model used, N is equal to the square of the 
terminal or locking stretch, h E. From Fig. 7 one 
can see that locking occurs at a true strain of 
approximately 1 at strain rates greater than 0.01 
sec -1. This corresponds to a locking stretch of 
h E ~---e ~ 3, where e is the base of the natural 
logarithm, giving 

N = h 2 -- 9. (62) 

All of the required material constants have now 
been identified. 

The true stress-strain results of our model are 
superposed over the Hope et al. (1980b) experi- 
mental curves for the imposed tensile strain rates 
of 0.01 s -1, 0.1 s -1, and 1.0 s -1 in Fig. 10 and 
show very good agreement. The maximum and 
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Table 1 
PMMA chain density (Kahar et al., 1978) 

Temperature Chain density 
O ( °C)  n-10 -26 (m -3) 

50 15.1 
90 8.4 

100 6.4 
116.5 2.4 

minimum flow stresses of the constitutive model 
match the experimental results over the range of 
imposed strain rates very well, as does the plastic 
strain increment over which the drop in flow stress 
occurs. The strain at which the maximum flow 
stress occurs is slightly off due to some small 
discrepancy in the elastic moduli. The effect of 
hardening is also well modelled as is shown by the 
slope of the stress-strain curves at the larger 
stretches and the stretch at which locking occurs. 
We can see that the strain rate effect of hardening 
was not accounted for in the model by observing 
that the model stress-strain curves at the lower 
strain rates reach terminal locking at the same h L 
as those at the higher strain rates, whereas the 
experimental curves at the lower rates have an 
effectively larger locking stretch and smaller slope. 
We emphasize here that the model gives very good 
agreement for all strain rates, 0.0001 s-1 < i < 1.0 

s -1, for stretches of h < 2.5, where the locking 
stretch is h E = 3.0, i.e. prior to entanglement drift. 
The model and experimental results for the two 
lowest imposed strain rates are not included for 
purposes of clarity in the comparison. 

The temperature dependence of the true stress- 
strain relation at a constant strain rate of i = 0.005 
sec -1 as predicted by the constitutive model is 
depicted in Fig. 11. The experimental curves of 
Fig. 9 resulted from testing at a normalized dis- 
placement rate of 0.005 sec - l .  Therefore, the peak 
stresses prior to strain softening of Fig. 11 may be 
compared with those of Fig. 9. The model predict- 
ions are found to be in very good agreement with 
the experimental results. The remainder of the 
curves are not comparable because the experi- 
ments were not conducted at constant strain rate. 
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5. Conclusion 

In this paper, a constitutive model describing 
the large inelastic deformation of glassy polymers 
has been developed based on the macromolecular 
structure of these materials and the corresponding 
micromechanism of plastic flow. The effects of 
strain rate, pressure, temperature, true strain 
softening, and strain hardening have been 
accounted for in this model. The physical mecha- 
nism associated with each of these phenomena has 
been described. The kinematic formulation used 
to properly account for finite strain and rotation 
effects has also been detailed, noting that the 
conceptual complexity of the elastic-plastic 
decomposition of the deformation gradient is sig- 
nificantly reduced from that of poly-crystalline 
metals due to the affine molecular deformation 
that these polymers exhibit. The commercial glassy 
polymer PMMA was then successfully modelled 
with this constitutive formulation. The model has 
also been numerically integrated (Boyce, 1987) 
and incorporated into the general purpose nonlin- 
ear finite element code ABAQUS enabling the 
solution of boundary value problems involving the 
inhomogeneous deformations such as the hydro- 
static extrusion of glassy polymers analyzed in the 
accompanying paper (Boyce, Parks and Argon, 
1988). 
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