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The nonlinear dynamical equations are established for the double layered viscoelastic nanoplates

(DLNP) subjected to in-plane excitation based on the nonlocal theory and von K�arm�an large defor-

mation theory. The extended high dimensional homoclinic Melnikov method is employed to study

the homoclinic phenomena and chaotic motions for the parametrically excited DLNP system. The

criteria for the homoclinic transverse intersection for both the asynchronous and synchronous buck-

ling cases are proposed. Lyapunov exponents and phase portraits are obtained to verify the

Melnikov-type analysis. The influences of structural parameters on the transverse homoclinic orbits

and homoclinic bifurcation sets are discussed for the two buckling cases. Some novel phenomena

are observed in the investigation. It should be noticed that the nonlocal effect on the homoclinic

behaviors and chaotic motions is quite remarkable. Hence, the small scale effect should be taken

into account for homoclinic and chaotic analysis for nanostructures. It is significant that the nonlo-

cal effect on the homoclinic phenomena for the asynchronous buckling case is quite different from

that for the synchronous buckling case. Moreover, due to the van der Walls interaction between the

layers, the nonlocal effect on the homoclinic behaviors and chaotic motions for high order mode is

rather tiny under the asynchronous buckling condition. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4922299]

The nonlocal theory can accurately simulate the small

scale effect in nanostructures, which is a significant fea-

ture distinct from the macro-structures. Thus, the nonlo-

cal model has been extensively adopted in the structural

dynamics analysis for nanostructures, such as nanotubes

and nanoplates. An important issue is how the small scale

parameter influences the nonlinear dynamical behaviors,

especially the homoclinic phenomena and chaotic motions

for the nanostructures. We study the homoclinic behav-

iors for the double layered nanoplates (DLNP) under the

two types of buckling conditions, i.e., the asynchronous

buckling and synchronous buckling. Since the nonlinear

dynamical equations for the DLNP are coupled with two

degrees-of-freedom and the standard Melnikov method is

not applicable, the extended homoclinic Melnikov

method is adopted herein. From the results, the nonlocal

effects on the homoclinic phenomena and chaotic motions

are rather remarkable and some novel phenomena can

be found. The nonlocal model should be applied in the

nonlinear dynamical analysis for the nanostructures. The

augment of the small scale parameter can broaden the

region for homoclinic orbits transverse intersection for

the asynchronous buckling case, while this effect is just

opposite for the synchronous buckling. The homoclinic

phenomena and chaotic motions more likely appear for

the high order mode in the asynchronous buckling case.

Furthermore, due to the van der Walls (vdW) interaction

between the two layers, the nonlocal effect on the homo-

clinic behaviors is quite tiny for the high order mode

under the asynchronous buckling condition.

I. INTRODUCTION

Since the success in fabrication of carbon nanotubes,

nanoscience and nanotechnology have become a vigorous

academic field and plenty of creative and pioneer researches

have been performed.1–4 Due to the excellent chemical, elec-

trical, and mechanical performance, nanostructures have

emerged as a class of attractive materials with many poten-

tial applications, such as atomic-force microscope, biosen-

sors, and field emitters.5,6 Specifically, nano materials have

been extensively used as reinforcements of composite struc-

tures whose physical properties can be significantly

improved. Thus, the mechanical behaviors of nanostructures

have been the primary subject of current studies.7–9

Furthermore, the manufacture and design of the nano devices

for micro/nano electromechanical systems (MEMS/NEMS)

are heavily dependent on the insight of the mechanical prop-

erties, comprehensive researches on the nanostructures have

been conducted both in theoretical and experimental aspects.

With the difficulties in controlled experiments on nano-

scale,10 investigations of mechanical behaviors of nanostruc-

tures usually turn to theoretical analysis, such as atomistic
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modeling and continuum theories. Molecular dynamics

(MD) as a convenient method of atomistic modeling can be

used to simulate the small scale effect during studying the

mechanical behaviors of nanostructures.11 However, its time

consumption and computational cost limit the practical

applications of atomistic modeling for large-sized nanostruc-

tures, such as nanoplates. Fortunately, the continuum theo-

ries can overcome these limitations. Comparing with

classical continuum theory, the nonlocal continuum one pro-

posed by Eringen12,13 is an effective and reliable approach to

model the nanosystems mathematically. In the nonlocal

theory, the stress at a reference point is a function of the

strain at all points in the elastic body, which can accurately

capture the small scale effect.

Depending on the synthesis conditions, nanoplates can

be single-layered and multilayered. Based on the nonlocal

theory, several researches have been conducted on nano-

plates. The formulations of the nonlinear dynamical equa-

tions of the classic and first shear deformation plates have

been presented by Reddy.14 Pradhan and Phadikar15 inves-

tigated the linear vibration of nanoplates by Navier solu-

tions. Murmu et al.16 analysed the buckling of double

layered nanoplates system under biaxial compression.

Compared with extensive researches on the nonlinear dy-

namical behaviors for macro-structures,17,18 there are few

reports about the nonlinear analysis of double layered nano-

plates (DLNP). Recently, we investigated the nonlinear

flexural vibration properties of double layered viscoelastic

nanoplates based on the nonlocal continuum theory.19

Several outstanding works on the homoclinic behaviors and

chaotic motions have been conducted by Holmes and

Marsden.20,21 Gruendler,22 Kovačič and Wiggins,23 and

Yagasaki24 extended the global perturbation technique,

such as Melnikov method to study the homoclinic phenom-

ena and chaotic motions for high dimensional case. To our

best knowledge, however, there are no researches on the

homoclinic phenomena and chaotic motions for nanostruc-

tures, especially for DLNP.

Inspired by the aforementioned investigations, it is nec-

essary and valuable to study the homoclinic phenomena and

chaotic vibration of DLNP. In the present paper, based on

the nonlocal theory and von K�arm�an large deformation

theory, the nonlinear dynamical equations for simply sup-

ported DLNP subjected to in-plane excitation are estab-

lished. By the generalized homoclinic Melnikov method, the

homoclinic phenomena and the chaotic motions in sense of

Smale horseshoe are studied for both the asynchronous buck-

ling and synchronous buckling cases. The criteria for homo-

clinic transverse intersection are obtained for both cases.

Based on these results, the influences of structural parame-

ters on homoclinic phenomena are discussed, especially for

the small scale parameter. Some interesting phenomena are

found. The scale effect on the homoclinic behaviors and cha-

otic motions are rather remarkable, which implies that the

nonlocal model should be applied rather than the classic con-

tinuum one for homoclinic and chaotic analysis on nano-

structures. Furthermore, a novel phenomenon is found, that

is, in the low mode vibration, the nonlocal effect on the

homoclinic phenomena for the asynchronous buckling is just

opposite to the synchronous buckling. It is interesting that

the nonlocal effect on these phenomena is quite tiny for the

high order mode under the asynchronous buckling condition.

II. DYNAMICAL EQUATIONS BASED ON NONLOCAL
THEORY

The DLNP with thickness h subjected to in-plane excita-

tions as shown in Fig. 1 are considered. The nanoplates are

regarded as homogeneous and isotropic. The geometric pa-

rameters and the coordinates are presented in Fig. 1. Based

on the nonlocal continuum theory by Eringen,12,13 the inte-

gral form of the constitutive relation can be expressed as

follows:

rklðxÞ ¼
ð

V

aðjx� x0jÞsklðx0ÞdVðx0Þ; (1)

where rkl and skl are the nonlocal stress tensors and local

stress tensors, respectively. The kernel function aðjx� x0jÞ
describes the influence of the strain at each point x0 of the

entire body on the stress of the reference point x.

As the nonlocal constitutive equation involves spatial

integrals, it is not convenient to address the elasticity prob-

lems mathematically. However, the equivalent differential

form can be converted exactly from Eq. (1) for certain ker-

nels. The most extensive and effective form of the nonlocal

constitutive equation which is suggested by Eringen can be

expressed as follows:13,25

ð1� l2r2Þrnl ¼ rl; (2)

where r2 ¼ @2

@x2 þ @2

@y2 is the Laplacian, rnl the nonlocal stress

tensor, l ¼ e0l the nonlocal parameter, where e0 is a constant

appropriate to each material, and l is an internal characteris-

tic length, such as the length of C-C bond, the lattice spacing

or the granular distance. The value of e0 is estimated from

experiments or by atomic lattice dynamics. Performing these

processes, the nonlocal parameter can accurately capture the

behaviors of nanostructures, which are rather distinct from

the macro-structures. rl denotes the local stress tensor related

to the strain at a point by the generalized Hooke’s law

rlðxÞ ¼ SðxÞ : eðxÞ; (3)

where S(x) is the fourth-order elasticity tensor and ‘:’ denotes

the double dot product.

Considering the viscidity of the nanoplates,26,27 it fol-

lows from Eqs. (2) and (3) that

FIG. 1. Schematic diagram of double layered nanoplates subjected to uni-

form in-plane excitation Nx.
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where E, G, and t denote the Young’s modulus, the shear

modulus, and the Poisson’s ratio, and g the viscoelastic

structural damping coefficient. As can be seen, Eq. (4) will

degenerate to classical continuum elastic relation for l¼ 0.

Since the large deformation is taken into account, based

on the von K�arm�an classical plate theory,28,29 the nonlinear

strain-displacement relation is employed

e ¼ e0 þ zj; (5)

where e is the strain vector of arbitrary point, e0, j are the

strain vector and variation of curvature vector in middle sur-

face which can be expressed as

e0¼
@u0

@x
þ1

2

@w

@x

� �2

;
@v0

@y
þ1

2

@w

@y

� �2

;
@u0

@y
þ@v0

@x
þ@w

@x

@w

@y

" #T

;

(6)

j ¼ � @
2w

@x2
;� @

2w

@y2
;�2

@2w

@x@y

" #T

; (7)

where u0, v0 are the mid-plane displacements in the x and y
directions, and w is the transverse displacement along the z
direction.

By means of the stress-strain relations and strain-

displacement relations, the moment resultants in terms of the

displacements can be obtained as19

1� l2r2
� �

Mxx ¼ �D
@2w

@x2
þ g

@3w

@t@x2

� �

� tD
@2w

@y2
þ g

@3w

@t@y2

 !
; (8a)

1� l2r2
� �

Myy ¼ �D
@2w

@y2
þ g

@3w

@t@y2

 !

� tD
@2w

@x2
þ g

@3w

@t@x2

� �
; (8b)

1� l2r2
� �

Mxy ¼ �D 1� tð Þ @2w

@x@y
þ g

@3w

@t@x@y

 !
; (8c)

where D¼Eh3/12(1� t2) is the bending stiffness of the

nanoplates, and Mxx, Mxy, Myy are the moment resultants

whose detailed formulations can be seen in Ref. 19.

Using the Hamilton’s principle,14 the von K�arm�an-type

equations of motion for the nanoplates can be obtained as

D
@4w

@x4
þ 2

@4w

@x2@y2
þ @

4w

@y4
þ g

@5w

@t@x4
þ 2g

@5w

@t@x2@y2
þ g

@5w

@t@y4

 !

þ 1� l2r2
� �

m0

@2w

@t2
� m2

@4w

@x2@t2
þ @4w

@y2@t2

 !" #
þ 1� l2r2
� �

Nx
@2w

@x2

¼ 1� l2r2
� �

qþ 1� l2r2
� � @2F

@y2

@2w

@x2
þ @

2F

@x2

@2w

@y2
� 2

@2F

@x@y

@2w

@y@x

 !
;

r4F ¼ Eh
@2w

@y@x

 !2

� @2w

@x2

@2w

@y2

 !2
4

3
5; (9)

where q is the transversely distributed load, m0 ¼
Ð h=2

�h=2
qdz

and m2 ¼
Ð h=2

�h=2
qz2dz, in which q denotes the density of the

material, and Nx is the in-plane excitation taken the form

Nx¼P0–P1 cos(xt) which includes the static load P0 and the

harmonic excitation P1 cos(xt), in which x is the circular

frequency of the in-plane excitation.

For the DLNP system, the vdW interaction between the

two layers can be modeled as the Winkler type foundation.30

Thus, the transverse load on the upper and lower plates, q01
and q02 are

q01 ¼ �cðw1 � w2Þ; (10a)

q02 ¼ �cðw2 � w1Þ; (10b)

where c is the vdW interaction coefficient.
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Combining Eqs. (9), (10a), and (10b), one can derive the equations of motion for the DLNP as

D
@4w1

@x4
þ 2

@4w1

@x2@y2
þ @

4w1

@y4
þ g

@5w1

@t@x4
þ 2g

@5w1

@t@x2@y2
þ g

@5w1

@t@y4

 !

þ 1� l2r2
� �

m0

@2w1

@t2
� m2

@4w1

@x2@t2
þ @4w1

@y2@t2

 !" #
þ 1� l2r2
� �

Nx
@2w1

@x2

¼ 1� l2r2
� �

�c w1 � w2ð Þ½ � þ 1� l2r2
� � @2F1

@y2

@2w1

@x2
þ @

2F1

@x2

@2w1

@y2
� 2

@2F1

@x@y

@2w1

@y@x

 !
;

r4F1 ¼ Eh
@2w1

@y@x

 !2

� @2w1

@x2

@2w1

@y2

 !2
4

3
5; (11a)

D
@4w2

@x4
þ 2

@4w2

@x2@y2
þ @

4w2

@y4
þ g

@5w2

@t@x4
þ 2g

@5w2

@t@x2@y2
þ g

@5w2

@t@y4

 !

þ 1� l2r2
� �

m0

@2w2

@t2
� m2

@4w2

@x2@t2
þ @4w2

@y2@t2

 !" #
þ 1� l2r2
� �

Nx
@2w2

@x2

¼ 1� l2r2
� �

�c w2 � w1ð Þ½ � þ 1� l2r2
� � @2F2

@y2

@2w2

@x2
þ @

2F2

@x2

@2w2

@y2
� 2

@2F2

@x@y

@2w2

@y@x

 !
;

r4F2 ¼ Eh
@2w2

@y@x

 !2

� @2w2

@x2

@2w2

@y2

 !2
4

3
5: (11b)

Considering all edges simply supported boundary condi-

tions, we have

wi ¼
X1
m¼1

X1
n¼1

Wimn tð Þsin
mpx

a

� �
sin

npy

b

� �
; i ¼ 1; 2; (12)

where m and n are the half wave numbers in the x and y
directions. In this analysis, the first mode for the two nano-

plates is discussed. Thus, m and n are all taken as 1 in the fol-

lowing formulations.

Substituting Eq. (12) into Eqs. (11a) and (11b) and

applying the Galerkin’s method, one can obtain the nonlinear

dynamical equation as

€WðtÞ þ C _WðtÞ þKWðtÞ þ �rSðtÞ þ Fx ¼ 0; (13)

where WðtÞ ¼ ½W1ðtÞ;W2ðtÞ�T, matrix

K ¼
�

k þ k12 � km �k12

�k12 k þ k12 � km

�
, in which k12 and km

are the terms concerning the vdW interaction and the static

in-plane load, SðtÞ ¼ ½W3
1 ;W

3
2 �

T
is the nonlinear term, and Fx

is the term related to the harmonic in-plane excitation. The

concrete forms of the elements in matrix K, Fx and the coef-

ficients of the equation, C and �r are expressed as

k ¼ ðp4Dða2 þ b2Þ2Þ=ð2p4l2m2a2b2 þ b4p2l2m0a2

þ a4p2m2b2 þ b4p4l2m2

þ a4p2l2m0b2 þ a4p4l2m2 þ a4b4m0 þ b4p2m2a2Þ;

k12 ¼ ca2b2= p2m2b2 þ m0a2b2 þ p2m2a2
� �

;

km ¼
b2p2P0

p2m2a2 þ p2m2b2 þ m0a2b2
;

Fx ¼
W1F cos xt
W2F cos xt

� �
; F ¼ b2p2P1

p2m2a2 þ p2m2b2 þ m0a2b2
;

C ¼ ðp4Dgða2 þ b2Þ2Þ=ð2p4l2m2a2b2 þ b4p2l2a2m0

þ a4p2m2b2 þ b4p4l2m2

þ a4p2l2b2m0 þ a4p4l2m2 þ a4b4m0 þ b4p2m2a2Þ;

�r ¼ a4 þ b4ð ÞEhp4

16a2b2 p2a2m2 þ p2b2m2 þ a2b2m0ð Þ :

From the expression of matrix K, it can be seen that the

stiffness term in Eq. (13) is coupled. Hence, taking a coordi-

nate transformation W¼Xq, one can convert Eq. (13) into

the following form:

€q1 þ el1 _q1 � k1q1 þ �rðq3
1 þ 3q1q2

2Þ þ eq1F cos ðxtÞ ¼ 0;

(14a)

€q2 þ el1 _q2 � k2q2 þ �rðq3
2 þ 3q2q2

1Þ þ eq2F cos ðxtÞ ¼ 0;

(14b)

where q¼ [q1, q2]T, X is the transition matrix, l1¼C/e,
k1¼ km� k, k2¼ km� k� 2k12, in which e is a small dimen-

sionless parameter. Actually,
ffiffiffi
k
p

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ 2k12

p
are the natu-

ral frequencies corresponding to the linear system with

respect to Eqs. (14a) and (14b).
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In this paper, we concentrate on the homoclinic phe-

nomena and chaotic motions of the buckled double layered

nanoplates. Namely, the static load P0 satisfies k1> 0. As

can be seen in Eqs. (14a) and (14b), two cases for the

buckled nanoplates, i.e., k1> 0, k2> 0 and k1> 0, k2< 0 are

considered.

III. MELNIKOV-TYPE GLOBAL PERTURBATION
ANALYSIS

As shown in Fig. 2, two types of buckling will occur

based on Eqs. (14a) and (14b), namely, the synchronous buck-

ling and the asynchronous buckling. With the augment of the

static load P0, the DLNP will undergo the synchronous-type

buckling and the asynchronous-type buckling successively.

By setting k1¼ 0 and k2¼ 0, one can determine the critical

buckling load P0 for these two types of buckling.

With the buckling conditions, the homoclinic bifurca-

tions and chaotic motions for the parametrically excited sys-

tem, Eqs. (14a) and (14b), can be investigated by the

generalized homoclinic Melnikov method. Let q1 ¼ x1,

_q1 ¼ x2, q2 ¼ x3 and _q2 ¼ x4, the state equations of Eqs.

(14a) and (14b) are written as

_x1 ¼ x2; (15a)

_x2 ¼ k1x1 � �rðx3
1 þ 3x1x2

3Þ þ eð�Fx1 cos ðxtÞ � l1x2Þ;
(15b)

_x3 ¼ x4; (15c)

_x4 ¼ k2x3 � �rðx3
3 þ 3x2

1x3Þ þ eð�Fx3 cos ðxtÞ � l1x4Þ:
(15d)

It is apparent that these equations can be a model of per-

turbation of Hamiltonian system which has the following

form:

_x ¼ JnDHðxÞ þ egðx;xt; l1Þ; x 2 R2n; (16)

where the perturbation g(x, xt, l1)¼ [0, �Fx1 cos(xt)
�l1x2, 0, �Fx3 cos(xt)�l1x4]T is a smooth vector func-

tion, and Jn is the symplectic matrix expressed as the follow-

ing form:

Jn ¼
0 In

�In 0

� �
;

with In the n� n identity matrix. Obviously, n¼ 2 herein,

and when e¼ 0, Eq. (16) is a Hamiltonian system

_x ¼ J2DHðxÞ; (17)

with the Hamiltonian energy

H xð Þ ¼ 1

2
x2

2 þ x2
4

� �
þ �r

1

4
x4

1 þ
1

4
x4

3 þ
3

2
x2

1x2
3

� �

� 1

2
k1x2

1 �
1

2
k2x2

3: (18)

Several hypotheses need to be verified for the unper-

turbed phase space and perturbed phase space.24 We assume

that there exists a saddle-centre at x0 in Eq. (17) such that

J2D2H(x0) has nh pairs of real eigenvalues and nc pairs of

conjugate purely imaginary eigenvalues with nhþ nc¼ n.

Furthermore, it is assumed that the stable and unstable mani-

folds of the saddle-centre which are denoted by Ws(x0) and

Wu(x0) intersect along Ws(x0) \ Wu(x0). And Ws(x0) \ Wu(x0)

has a connected component C0 with a manifold structure

with db dimensions.

In what follows, the generalized Melnikov method22,24

is employed to discuss the homoclinic motions and to estab-

lish the transversality conditions for the homoclinic orbits.

Fig. 3 shows the phase portrait for the projection of Eq. (17)

on the plane (x1, x2). xh(t) is the projection of C0 on the plane

(x1, x2). And with a perturbation, the invariant manifolds

xh(t) would be split into Wu(xe) and Ws(xe) as shown in Fig.

4. Ds,u is the distance between Wu(xe) and Ws(xe). The dotted

portion is the unperturbed homoclinic orbit. Combining

Ds,u¼ 0 and the transversality condition, we can conclude

that chaos will appear in the sense of Smale horseshoe.31–33

Under the two types of buckling cases, the geometrical

structures of the phase spaces for the unperturbed system,

i.e., Eq. (17), are rather different, and this fact is also true for

FIG. 2. Schematic diagram of (a)

synchronous-type buckling and (b)

asynchronous-type buckling.

FIG. 3. Phase portrait for the projection of Eq. (17) on the plane (x1, x2).
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the perturbed system, i.e., Eqs. (15a)–(15d) or Eq. (16).

Owing to these facts, the transversality conditions for homo-

clinic trajectories will be discussed separately in details for

these two cases.

A. The case for the synchronous-type buckling

Mathematically, this case is for k1> 0, k2< 0 in Eqs.

(15a)–(15d). The unperturbed system equation (17) exists a

saddle-centre x0¼ 0 2 R4 at which the eigenvalues of

J2D2H(x0) are 6
ffiffiffiffiffi
k1

p
and 6i

ffiffiffiffiffiffiffiffi
�k2

p
. Therefore, nh¼ 1, nc¼ 1,

and ds¼ dim(Ws(x0))¼ 1, du¼ dim(Wu(x0))¼ 1, and thus

db¼ dim(C0)¼ 1. Based on Eq. (18), the energy curve

H(x)¼ 0, so there are two distinct isolated homoclinic orbits

passing through x0¼ 0. They can be obtained as21,22

c tð Þ ¼ 6

ffiffiffiffiffiffiffi
2k1

�r

r
sech

ffiffiffiffiffi
k1

p
t

	 

;

 

7k1

ffiffiffi
2

�r

r
sech

ffiffiffiffiffi
k1

p
t

	 

tanh

ffiffiffiffiffi
k1

p
t

	 

; 0; 0

!
: (19)

The variational equation corresponding to Eq. (17) along

c (t), _n ¼ J2D2HðcðtÞÞn, is written as

_n1 ¼ n2; (20a)

_n2 ¼ ðk1 � 3�rm2
1Þn1; (20b)

_n3 ¼ n4; (20c)

_n4 ¼ ðk2 � 3�rm2
1Þn3; (20d)

where m1ðtÞ ¼
ffiffiffiffiffi
2k1

�r

q
sech

ffiffiffiffiffi
k1

p
t

� �
. It should be noticed that

Eqs. (20a) and (20b) and Eqs. (20c) and (20d) are uncoupled,

and Eqs. (20c) and (20d) have no bounded solutions n(t) such

that limt!61 nðtÞ ¼ 0 for k2< 0 by simple calculation.24

While ð _m1ðtÞ; €m1ðtÞÞ is a bounded solution to Eqs. (20a) and

(20b). Thus, a bounded solution to Eqs. (20a)–(20d) is

obtained as nðtÞ ¼ _cðtÞ ¼ ð _m1ðtÞ; €m1ðtÞ; 0; 0Þ, which also

verifies that db¼ 1. Moreover, the exponential behaviors of

n(t) as t!61 can be expressed as

lim
t!þ1

nðtÞe
ffiffiffi
k1

p
t ¼ v1; lim

t!�1
nðtÞe�

ffiffiffi
k1

p
t ¼ v2; (21a)

lim
t!�1

nðtÞe
ffiffiffi
k1

p
t ¼ 0; lim

t!þ1
nðtÞe�

ffiffiffi
k1

p
t ¼ 0; (21b)

where v1 and v2 are nonzero vectors in R4. Actually, these

facts imply that the homoclinic orbits c(t) are tangent to the

stable eigenspace of _n ¼ J2D2Hðx0Þn as t! �1 and tan-

gent to the unstable eigenspace as t! þ1. The stable and

unstable manifolds Ws(x0) and Wu(x0) intersect along C0. By

these facts, if we inspect the augmented system of Eq. (16)

over R2n�S1, where S1¼R/2p is a ring as

_x ¼ JnDHðxÞ þ egðx; h; l1Þ; _h ¼ x; (22)

we can conclude that Eq. (22) has a period orbit c0 and has a

homoclinic manifold C0� S1 when e¼ 0. More significant

fact can be found that the stable and unstable manifolds

Ws(c0) and Wu(c0) corresponding to the period orbit c0 trans-

versely intersect.

As for the perturbed system equation (22) with e 6¼ 0, it

can be expected that it has a hyperbolic period orbit ce with

the distance jce–c0j ¼O(e). In fact, if the frequency of the in-

plane excitation x 6¼
ffiffiffiffiffiffiffiffi
�k2

p
, i.e., non-resonance case, this

expectation can be verified by determining the eigenvalues

of the matrix Ae¼ J2D2H(x0)þ eDxg(x0). By simple calcula-

tion, these values are obtained as 6
ffiffiffiffiffiffiffiffiffiffiffiffi
�k1k2

p
and �el6i.

Additionally, we can conclude that the Poincar�e map Ph
e :

x(t)!x(tþ T) has a hyperbolic fixed point xe near x0, where

T¼ 2p/x and x(t) is the flow generated by Eq. (22).

Combining the transverse intersection of Ws(c0) and Wu(c0),

we can draw the most important conclusion finally as fol-

lows: the stable and unstable manifolds of ce denoted by

Ws(ce) and Wu(ce) transversely intersect. Hence, the condi-

tion for the existence of transverse homoclinic orbits is pre-

sented by estimating the distance between Ws(ce) and Wu(ce).

Similar to the standard Melnikov method,31 the Melnikov

function for Eq. (19) is calculated as

M1 hð Þ ¼
ð1
�1

DH c tð Þð Þ � g c tð Þ; xtþ hð Þdt

¼ Fpx2

�r
tanh

px

2
ffiffiffiffiffi
k1

p
� �

sech
px

2
ffiffiffiffiffi
k1

p
� �

sin h� 4lk
3=2
1

3�r
:

(23)

According to the Melnikov theory,31 the condition for trans-

verse homoclinic orbits is

Fpx2

�r
tanh

px

2
ffiffiffiffiffi
k1

p
� �

sech
px

2
ffiffiffiffiffi
k1

p
� �

>
4lk

3=2
1

3�r
: (24)

Furthermore, Ws(ce) is quadratic tangent to Wu(ce) near

Fpx2

�r
tanh

px

2
ffiffiffiffiffi
k1

p
� �

sech
px

2
ffiffiffiffiffi
k1

p
� �

¼ 4lk
3=2
1

3�r
; (25)

which indicates the occurrence of the homoclinic bifurcation.

B. The case for the asynchronous-type buckling

As the aforementioned analysis, the transverse homo-

clinic orbits and homoclinic bifurcation just exist on the (x1,

x2) plane which is a subspace of R4 for the synchronous-type

buckling. While for the asynchronous-type buckling, i.e.,

FIG. 4. Splitting of the stable and unstable manifolds under perturbation.
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k1> 0 and k2> 0, such homoclinic phenomena also appear

on the (x3, x4) plane. The general process of the analysis is

similar to that of Sec. III A but needs certain modifications.

The origin x0¼ 0 is a hyperbolic saddle of Eq. (17),

and the eigenvalues of J2D2H(x0) are 6
ffiffiffiffiffi
k1

p
and 6

ffiffiffiffiffi
k2

p
.

Thus, nh¼ 2 and nc¼ 0, and ds¼ dim(Ws(x0))¼ 2 and

du¼ dim(Wu(x0))¼ 2. The dimension of the homoclinic mani-

fold C0 needs to be determined. Based on Eq. (18) as usual,

there are four distinct homoclinic orbits obtained as

c1 tð Þ ¼ 6

ffiffiffiffiffiffiffi
2k1

�r

r
sech

ffiffiffiffiffi
k1

p
t

	 

;

 

7k1

ffiffiffi
2

�r

r
sech

ffiffiffiffiffi
k1

p
t

	 

tanh

ffiffiffiffiffi
k1

p
t

	 

; 0; 0

!
; (26)

c2 tð Þ ¼ 0; 0;6

ffiffiffiffiffiffiffi
2k2

�r

r
sech

ffiffiffiffiffi
k2

p
t

	 

;

 

7k2

ffiffiffi
2

�r

r
sech

ffiffiffiffiffi
k2

p
t

	 

tanh

ffiffiffiffiffi
k2

p
t

	 
!
: (27)

It can be found that Eq. (26) is the same as Eq. (19).

Thus, Eqs. (20a)–(20d) are also the variational equations for

c1(t). Meanwhile, the variational equation of Eq. (17) for

c2(t) is

_n1 ¼ n2; (28a)

_n2 ¼ ðk1 � 3�rm2
3Þn1; (28b)

_n3 ¼ n4; (28c)

_n4 ¼ ðk2 � 3�rm2
3Þn3; (28d)

where m3ðtÞ ¼
ffiffiffiffiffi
2k2

�r

q
sech

ffiffiffiffiffi
k2

p
t

� �
. Also Eqs. (28a) and (28b)

and Eqs. (28c) and (28d) are uncoupled as Eqs. (20a)–(20d).

Considering the relation of k1 � k2 for the practical nano-

plates and applying the results about eigenvalue problem of

the Sturm-Liouville type,34 Eqs. (20c) and (20d) also have

no bounded solutions n(t) such that limt!61 nðtÞ ¼ 0 for

this case. Hence only the bounded solution nðtÞ ¼ _cðtÞ ¼
ð _m1ðtÞ; €m1ðtÞ; 0; 0Þ satisfies Eqs. (21a) and (21b). Then it

can be seen that db¼ dim(C0)¼ 1, and Ws(c0) and Wu(c0)

transversely intersect as in Sec. III A. The perturbed system

Eq. (22) for e 6¼ 0 has a hyperbolic period orbit ce such that

jce–c0j ¼O(e). This fact can be immediately verified by the

persistence under perturbation for the hyperbolic period orbit

c0. Naturally, the hyperbolic fixed point xe near x0 for the

Poincar�e map Ph
e of Eq. (22) can be derived and the stable

and unstable manifolds Ws(ce) and Wu(ce) transversely inter-

sect on the (x1, x2) plane near c1(t).
Performing the above analysis, the transverse homo-

clinic phenomena also appear near c2(t) on the (x3, x4) plane.

The Melnikov functions for c1(t) are the same as Eq. (23)

and for c2(t) is as follows:

M1 hð Þ ¼
ð1
�1

DH c2 tð Þ
� �

� g c tð Þ; xtþ hð Þdt

¼ Fpx2

�r
tanh

px

2
ffiffiffiffiffi
k2

p
� �

sech
px

2
ffiffiffiffiffi
k2

p
� �

sin h� 4lk
3=2
2

3�r
:

(29)

Besides the criterion in Eqs. (24) and (25), another condition

for the existence of transverse homoclinic orbits on the (x3,

x4) plane is

Fpx2

�r
tanh

px

2
ffiffiffiffiffi
k2

p
� �

sech
px

2
ffiffiffiffiffi
k2

p
� �

>
4lk

3=2
2

3�r
; (30)

and the homoclinic bifurcation set is also near

Fpx2

�r
tanh

px

2
ffiffiffiffiffi
k2

p
� �

sech
px

2
ffiffiffiffiffi
k2

p
� �

¼ 4lk
3=2
2

3�r
: (31)

In this section, the criteria for the existence of transverse

homoclinic trajectories and the homoclinic bifurcation sets

are obtained for both the asynchronous-type and the

synchronous-type buckling cases. Then based on the sym-

bolic dynamics and the Smale-Birkhoff theorem,23 the cha-

otic motions may appear under these conditions.

FIG. 5. Comparison of the critical buckling load for square nanoplates ver-

sus nonlocal parameter for type-A buckling (asynchronous) and type-B

buckling (synchronous).

FIG. 6. Threshold surfaces for the manifolds to intersect on the (x1, _x1)

plane with different stiffness k1.
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IV. NUMERICAL RESULTS AND DISCUSSIONS

In what follows, the influences of the structural parame-

ters especially the nonlocal parameter on the homoclinic

phenomena are discussed. Firstly, the critical buckling load

P0 for these two types of buckling obtained in the present

study is compared with that in the available literature. The

buckling parameters are chosen as those in Ref. 16. Fig. 5

shows the comparison results from which one can find that

the results of this analysis are quite in agreement with those

in Ref. 16, which verifies the validity of the present

methodology.

Without loss of generality, the effects of the stiffness

term k1 on the homoclinic phenomena are investigated for

the synchronous buckling case. Fig. 6 presents the threshold

surfaces with different k1. By the condition in Eq. (24),

Ws(ce) and Wu(ce) will transversely intersect below the surfa-

ces and the chaotic motions can appear in these domains.

The homoclinic bifurcation sets are near these surfaces. It

can be seen that the region under the threshold surface

shrinks with the increase in k1, which means that the chaotic

motions are more likely to appear for flexible materials.

It can be observed in Fig. 6 that the effect of k1 on the

threshold surface for high frequency x is opposite to the low

frequency case. The fact can be illustrated by the following

cross-sections of the threshold surface in Fig. 7. The domain

for homoclinic phenomena, i.e., region below the curve,

becomes small as k1 increases for the low frequency case in

Fig. 7(a). However, this tendency is just opposite for the

high frequency case which is presented in Fig. 7(b).

As shown in Figs. 8 and 9, other two cross-sections are

taken to capture the detail information of Fig. 6. As usual,

the transverse homoclinic orbits exist below the curves in

Fig. 8. The frequency bandwidth for the chaotic motions is

wider for higher stiffness k1. While increasing k1 narrows the

damping scope for the homoclinic phenomena. The cross-

sections of the surface for different damping C are presented

in Fig. 9. It should be noticed that the chaotic vibration may

appear above these curves. The region satisfying the trans-

versality condition is small for strong damping which nar-

rows the frequency bandwidth. Actually, the curves for fixed

C with different k1 overlap with each other, which means

that the influence of k1 on the chaotic motion for fixed C is

rather tiny. This fact is rather different from the previous

analysis for Figs. 7 and 8.

A new homoclinic orbit c2(t) appears on the plane (x3,

x4) for the asynchronous buckling case besides c1(t).
However, the above parametric discussions and conclusions

are valid for this case if the homoclinic phenomena around

c1(t) and c2(t) are separately studied. In what follows, synthe-

sizing the conditions in Eqs. (30) and (24), one can investi-

gate the effects of parameters on the homoclinic phenomena

in the global space R4. Without loss generality, the two criti-

cal surfaces A and B for k2¼ 1 and k1¼ 5 divide the para-

metric space (C, F, x) into four disconnected regions D1, D2,

D3, and D4 as shown in Fig. 10.

FIG. 7. Cross-section of the threshold

surface for (a) low frequency (x¼p/2)

and (b) high frequency (x¼ 2p) with

different stiffness k1.

FIG. 8. Cross-section of the threshold surface for constant excited amplitude

(F¼ 9) with different stiffness k1.

FIG. 9. Cross-section of the threshold surface for different damping coeffi-

cients C.
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The following two sets Z1 and Z2 are introduced to

express D1, D2, D3, and D4:

Z1¼ F;x;Cð ÞjFpx2tanh
px

2
ffiffiffiffiffi
k1

p
� �

sech
px

2
ffiffiffiffiffi
k1

p
� �

>
4Ck

3=2
1

3

( )
;

Z2¼ F;x;Cð ÞjFpx2tanh
px

2
ffiffiffiffiffi
k2

p
� �

sech
px

2
ffiffiffiffiffi
k2

p
� �

>
4Ck

3=2
2

3

( )
:

Then the domains D1, D2, D3, and D4 can be denoted as

D1 ¼ fðF;x;CÞjðF;x;CÞ 2 ZC
1 \ ZC

2 g;
D2 ¼ fðF;x;CÞjðF;x;CÞ 2 ZC

1 \ Z2g;

D3 ¼ fðF;x;CÞjðF;x;CÞ 2 Z1 \ ZC
2 g;

D4 ¼ fðF;x;CÞjðF;x;CÞ 2 Z1 \ Z2g;

where ZC
1 and ZC

2 are the complementary sets of Z1 and Z2 in

the parametric space (F, x, C).

(1) If the parameters are chosen in D1, the conditions of Eqs.

(24) and (30) cannot be satisfied neither. Hence the

unstable and stable manifolds Ws(ce) and Wu(ce) cannot

transversely intersect on the (x1, x2) and (x3, x4) planes.

(2) The transverse homoclinic orbits exist only on the

(x3, x4) plane when the parameters are chosen in D2.

(3) The transverse homoclinic orbits exist only on the

(x1, x2) plane when the parameters are chosen in D3.

(4) The transverse homoclinic orbits exist both on the

(x1, x2) plane and the (x3, x4) plane when the parameters

are chosen in D4.

The geometric structures indeed can be essentially

changed by the transversal homoclinic orbits. Fig. 11 shows

the phase portraits where the parameters are chosen in D4

with the initial conditions x1¼ 0.9, x2¼ 0.2, x3¼ 0.6,

x4¼ 0.5. It can be seen that two different transversal homo-

clinic orbits simultaneously appear both on the plane (x1, x2)

and the (x3, x4) plane. And it can be observed that there is no

transversal homoclinic orbit in Fig. 12, where the parameters

are chosen in D1 with the initial conditions x1¼ 0.1, x2¼ 0.2,

x3¼ 0.1, x4¼ 0.0.

FIG. 11. The phase portraits on the (a)

plane (x1, x2) and (b) plane (x3, x4)

with the parameters chosen in D4.

FIG. 10. Schematic diagram for the division of parameter space and the four

disconnected regions split by two threshold surfaces.

FIG. 12. The phase portraits on (a) the

plane (x1, x2) and (b) the plane (x3, x4)

with the parameters chosen in D1.
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Due to the fact that transverse homoclinic orbits imply

the chaotic motions, the maximum Lyapunov exponent and

the Lyapunov dimension are two typical indicators which

can be calculated using the method proposed by Wolf et al.35

to characterize the chaotic motions,36 these two indexes are

calculated to inspect the detailed chaotic motions in Fig. 10.

Firstly, the cross-sections of the four regions for constant

F¼ 9 are shown in Fig. 13. The results are presented in

Table I. It can be seen that chaotic motions occur in D02 and

D03 and there is a chaotic attractor. Hyperchaotic motion

appears in D04 and a hyperchaotic attractor lies on three

dimensional torus. These results can be viewed as the evi-

dences for the validity of the previous Melnikov-type analy-

sis. The aforementioned analyses are generic enough and

these can be applied beyond the DLNP system to other non-

linear oscillators with the similar Hamiltonian structure as

Eqs. (15a)–(15d).

Then we turn to the DLNP system, and the structural pa-

rameters of nanoplates are chosen as those in Ref. 15.

Specifically, the Young’s modulus E¼ 1.06 TPa, the mass

density q¼ 2250 kg/m3, the Poisson’s ratio �¼ 0.25, the

vdW interaction coefficients C¼ 108 GPa/nm, and the thick-

ness of the nanoplates h¼ 0.34 nm. The scope of the nonlo-

cal coefficient l¼ e0l is usually taken between 0 and 2 nm,

and the dimensionless viscosity coefficient G/G0 is chosen as

that in Ref. 26. Since the nonlocal parameter can capture the

behaviors of nanostructures which are rather distinct from

macro-structures, we investigate the effect of nonlocal pa-

rameter on the homoclinic phenomena for the two buckling

cases.

Figs. 14 and 15 show the effects of small scale parame-

ter on the threshold surface for the synchronous buckling

case. Also, homoclinic phenomena appear in the domain

below the surfaces. It can be seen that the effect of nonlocal

parameter on the homoclinic phenomena is quite significant

in Fig. 14. The transverse intersection region for the local

model, i.e., l¼ 0, is fairly larger than the nonlocal case, i.e.,

l¼ 1 nm. Thus when we discuss the homoclinic behaviors

and chaotic motions for nanoplates, the nonlocal model

should be employed. In Fig. 15, it can be found that the aug-

ment of nonlocal parameter can narrow the region where

homoclinic orbits transversely intersect.

The critical surfaces for the asynchronous buckling case

are presented in Fig. 16 with l¼ 1 nm. It can be observed

that the parametric region for transverse homoclinic orbits

on the (x3, _x3) plane is much wider than that on the (x1, _x1)

plane. Namely, the homoclinic behaviors and chaotic

motions are more likely to appear on the (x3, _x3) plane. The

influences of the nonlocal parameter on the homoclinic phe-

nomena on the (x1, _x1) plane and on the (x3, _x3) plane are

discussed separately.

It can be seen from Fig. 17 that the augment of the non-

local parameter broadens the transverse intersection region

on the (x1, _x1) plane. It is very interesting that this fact is just

opposite to that for the synchronous buckling case, i.e., Fig.

15. While the effects of the nonlocal parameter on the

FIG. 13. The cross-section of the division of the parameter space and the

four different regions for constant F¼ 9.

TABLE I. Results of Lyapunov exponents and Lyapunov dimensions for

different regions.

Parameters Lyapunov exponents

Lyapunov

dimensions

D02 C¼ 6, x¼ 2 0.644, 0, �0.010, �5.990, �6.644 3.106

D03 C¼ 2, x¼ 5 1.262, 0, �0.242, �1.758, �3.262 3.580

D04 C¼ 2, x¼ 3 1.118, 0.201, 0, �2.201, �3.118 3.599

FIG. 14. The critical surfaces for the manifolds to intersect transversely on

the (x1, _x1) plane with and without considering nonlocal effects for the syn-

chronous buckling.

FIG. 15. The critical surfaces for the manifolds to intersect transversely on

the (x1, _x1) plane with and without considering nonlocal effects for the syn-

chronous buckling.
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homoclinic behaviors on the (x3, _x3) plane are quite tiny.

Actually, the threshold surfaces with different nonlocal pa-

rameters overlap with each other, which are indicated by the

cross-sections of the surfaces for constant P1¼ 20 as seen in

Fig. 18. The reason for these interesting phenomena is

mainly due to the vdW interaction between the double lay-

ered nanoplates. The influence of vdW interaction is more

dominant than the nonlocal parameter for the asynchronous

buckling case.

V. CONCLUSIONS

By means of the nonlocal theory and von K�arm�an large

deformation theory, the dynamical equations of motion of

DLNP subjected to in-plane excitation are established. The

synchronous-type buckling and the asynchronous-type buck-

ling are analyzed. Since the unperturbed system of the dynam-

ical equations is Hamiltonian, the generalized homoclinic

Melnikov method is employed to discuss the transverse homo-

clinic orbits and homoclinic bifurcation for the two types of

buckling. The criteria for the transverse intersection on the

(x1, _x1) plane and on the (x3, _x3) plane are proposed. The ap-

proximate homoclinic bifurcation sets are also determined.

The regions for the chaotic and hyperchaotic motions are di-

vided in the whole parametric space. Based on the numerical

results, the influences of parameters on the chaotic motions

and homoclinic phenomena are discussed. The effects of the

nonlocal parameter on the homoclinic behaviors and chaotic

motions are quite interesting and significant for nanoplates.

From this research, the following conclusions can be drawn:

(1) The nonlocal effect should be taken into account for the

investigation of homoclinic behaviors and chaotic

motions of nanostructures.

(2) In the asynchronous buckling, the augment of the small

scale parameter can broaden the region for homoclinic

orbits transversely intersecting on the (x1, _x1) plane.

However, this effect is just opposite for the synchronous

buckling case.

(3) Due to the vdW interaction between the double layered

nanoplates, the nonlocal effect on the homoclinic phe-

nomena on the (x3, _x3) plane is rather tiny.

(4) In the asynchronous buckling, the region for the homo-

clinic phenomena on the (x3, _x3) plane is much wider

than that on the (x1, _x1) plane. Hence, the chaotic

motions more likely appear on the (x3, _x3) plane.
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