
International Journal of Heat and Mass Transfer 53 (2010) 2294–2310 

 

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt

 

Modeling of unsteady and steady fluid flow, heat transfer and dispersion
in porous media using unit cell scale

A.A. Alshare *, P.J. Strykowski, T.W. Simon
Department of Mechanical Engineering, University of Minnesota, 111 Church Street S.E., Minneapolis, MN 55455, USA
a r t i c l e i n f o

Article history:
Available online 18 January 2010

Keywords:
Porous media
Heat transfer
Unit cell
Heat exchanger
Steady and transient
0017-9310/$ - see front matter � 2009 Elsevier Ltd. A
doi:10.1016/j.ijheatmasstransfer.2009.11.001

* Corresponding author.
E-mail addresses: aalshare@me.umn.edu (A.A. A

(P.J. Strykowski), tsimon@me.umn.edu (T.W. Simon).
a b s t r a c t

A unit cell scale computation of laminar steady and unsteady fluid flow and heat transfer is presented for
a spatially periodic array of square rods representing two-dimensional isotropic or anisotropic porous
media. In the model, a unit cell is taken as a representative elementary control volume and uniform heat
flux boundary conditions are imposed on the solid–fluid interface. The governing equations are discret-
ized by means of the finite volume approach; boundaries between adjacent cells are taken to be spatially
periodic. Computations obtained using the SIMPLER algorithm, are made by varying the macroscopic flow
direction from 0� to 90� relative to the unit cell, and varying the Reynolds number over the range 1–103

spanning the Darcian and the inertial flow regimes to construct a database of local flow and heat transfer
resistances in terms of permeabilities, inertial coefficients, Nusselt numbers, and thermal dispersion coef-
ficients. The resulting database is utilized in a system scale analysis of a serpentine heat exchanger, where
these directional terms from the microscale analysis provide closure to the porous-continuum model.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

There continues to be considerable interest in fluid flow and
heat transfer in porous media. This is related to the number of
engineering systems having some sort of porous structure through
which a working fluid permeates. Non-Darcian flow in porous
media and, in particular, fibrous porous media, plays a critical role
in many engineered and natural processes. Engineered examples
include packed bed reactors, cooling towers, low Reynolds number
heat exchangers shell sides, electronic components and filtration
devices, as discussed by Shapiro and Brenner [1]; Natural examples
relevant to cell mechanics are discussed by Curry and Michel [2].
Porous media in the form of structured arrays have been used to
investigate the momentum and energy transport at the unit cell
scale or microscale in order to extract system scale or macro-scale
parameters.

Larson et al. [3] obtained expressions of the principal perme-
abilities in terms of solid volume concentration by solving the
Stokes flow in square and hexagonal arrays of circular and elliptic
cylinders having a porosity in the range of ð0:3 6 � 6 0:9Þ. Coulaud
et al. [4] investigated inertial flows in monodispersed and bidi-
spersed staggered arrays of cylinders in the range of porosity
ð0:43 6 � 6 0:80Þ, and Reynolds number ðRed 6 25Þ. They showed
that dimensionless pressure gradient decreases with increasing
ll rights reserved.
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porosity and increases with increasing Reynolds number. Edwards
et al. [5] determined the apparent permeability in monodispersed
and polydispersed square and hexagonal arrays of cylinders over
the porosity range ð0:4 6 � 6 0:7Þ and Reynolds number range
ðRed 6 200Þ. They showed that the apparent permeability, which
is defined as the ratio of Darcian velocity to the mean pressure gra-
dient, depends upon both the magnitude and direction of the ap-
plied pressure gradient and diminishes with increasing solid
concentrations and increasing Reynolds numbers. Gahddar et al.
[6] determined the permeability of fibrous media made of square
and hexagonal monodispersed arrays of circular cylinders in the
moderate porosity range ð0:40 6 � 6 0:80Þ and Reynolds number
range ðRed 6 200Þ. They found that the creeping unidirectional
cross-flow permeability exhibited exponential decay with increas-
ing solid concentration. In contrast, the inertial flow permeability
decayed exponentially with increasing Reynolds number for the
whole range of solid concentrations. Nagelhout et al. [7] also found
that for a square monodispersed arrays in the high porosity range
ð0:80 6 � 6 0:94Þ and Reynolds number range ðRed 6 40Þ that the
permeability exponentially decays with both increasing solid con-
centration and increasing Reynolds number. Martin et al. [8] inves-
tigated flow and heat transfer in sparse square and triangular
arrays in the high porosity range, ð0:80 6 � 6 0:99Þ and Reynolds
number range ðRed 6 160Þ. They illustrated that the friction factor
followed a power-law dependency on the Reynolds number. Lee
and Yang [9] determined the flow resistance for a bank of cylinders
in triangular arrangement in a porosity range ð0:43 6 � 6 0:94Þ
and Reynolds number range ðRed 6 50Þ. They found that viscous
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Nomenclature

A surface are a of control volume
ap coefficient of center grid point in the discretization

equation
Af surface area of the control volume open for the fluid

flow
Asf solid–fluid interface area
As surface area of control volume occupied by solid
asf specific interfacial surface area per unit volume
b source term in the discretization equation
bfn

directional Forchheimer coefficient
cpf

specific heat at constant pressure
duc size of square rod within the unit cell
Dxx total dispersion coefficient
huc height of unit cell or rods transverse center to center

distance
hsf interfacial convective heat transfer coefficient
kdis thermal dispersion conductivity
Kfn

directional permeability
kXX stream-wise dispersion coefficient
kYY cross-stream dispersion coefficient
kf fluid molecular thermal conductivity
kst stagnant thermal conductivity
ks solid thermal conductivity
luc length of unit cell or rods longitudinal center to center

distance
lREV the mean length scale of the representative elementary

volume
P microscopic periodic pressure
Pr Prandtl number
Pe Péclet numbers
Reluc

cell Reynolds number based on lucand the Darcian veloc-
ity

Reduc
cell Reynolds number based on ducand the Darcian
velocity

Red Reynolds number based on tube diameter the and the
Darcian velocity

T temperature
t time scale
u; v velocity components in the x and y directions
U velocity averaged over cross-section
VREV volume of representative elementary
Vf volume occupied by the fluid phase
Vs volume occupied by the solid phase
x; y cartesian coordinates

X; Y rotated coordinates systemeK XX principal apparent permeability in the x-directioneK YY principal apparent permeability in the y-directioneT temperature spatial deviation
~u velocity spatial deviation
~v velocity spatial deviation
_Sgen rate of heat generation

î ĵ unit vectors
hNuiuc unit cell averaged Nusselt number

Greek symbols
a mean flow angles
a1; a2 angles between Darcain macroscopic velocity vector

and principal axes
b; f pressure gradient in the x and y direction, respectively
D difference
�f volumetric porosity, the ratio of the volume occupied by

the fluid to the total volume
g; k velocity correction ratios in the x and y direction
h pressure gradient mean angle
lf dynamic fluid viscosity
mf kinematic viscosity
qf fluid density
/ field variable
s cycle time
x under-relaxation factor

Subscripts and superscripts
E; W; N; S east, west, north, and south grid point location rela-

tive to the center grid point P
f fluid phase
nb neighboring grid point
sf solid–fluid interface
s solid phase
v volumetric

Special symbol
� indicates variable value at previous iteration
hhii domain space-averaged
h i superficial average
h if intrinsic average
� spatial deviation
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friction dominates the flow resistance when the Reynolds number
is on the order of one. Whereas, the pressure drag dominates flow
resistance at large Reynolds numbers. Their study also showed that
decreasing the porosity results in increasing Darcy–Forchheimer
drag for the investigated range of Reynolds numbers. Koch and
Ladd [10] utilized the lattice-Boltzmann particle based method to
study flows through square and random and concentrated and
dilute arrays in the porosity range ð0:60 6 � 6 0:9975Þ and Rey-
nolds number range ðRed 6 190Þ. They proposed a correlation for
the drag versus flow rate in random arrays by fitting the results
of the simulations into the Ergun equation. Papathanasiou et al.
[11] investigated the permeability of uniform and non-uniform
fibrous media utilizing square and hexagonal arrays with cylindri-
cal elements in the moderate porosity range of ð0:30 6 � 6 0:60Þ
and Reynolds number range ðRed 6 160Þ. They presented the pres-
sure drop results in terms of the friction factor and found them to
be in good agreement with Forchheimer’s equation. Grannis and
Sparrow [12] investigated flows in the porosity range of
ð0:60 6 � 6 0:90Þ the Reynolds number range ðRed 6 103Þ through
a square and equilateral arrays of diamond-shaped pin fins. They
correlated the pressure drop results in terms of both the pressure
drop coefficient and the friction factor. They also fitted the numer-
ical results for pressure drop into the Forchheimer equation and
verified the correlations with experimental measurements. Souto
and Moyne [27] used FVM to investigate the effect of the average
flow velocity direction on the pressure drop in isotropic ordered
media of in-line and staggered arrays of square cylinders and in
disordered media made of randomly distributed square cylinders
in the porosity range of ð0:64 6 � 6 0:70Þ and Reynolds number
range ðRed 6 200Þ. They showed that pressure drop results follow
the Ergun equation [13] with considerable data scatter due to the
directionality effect of the flow on the pressure drop. Nakayama
et al. [39] investigated flow within an anisotropic medium using
an in-line array of square cylinders in the porosity range of
ð0:75 6 � 6 0:88Þ and the Reynolds number range ðReluc 6 103Þ.
Nakayama et al. [39] studied the same array using a quasi-three
dimensional model and broadened the Reynolds number range to
10�2 and 6 � 103. Both studies determined the permeability and
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the Forchheimer tensors and found that the pressure gradient sub-
stantially increases with increasing Reynolds number for the case
of off-axis flows. Though the three-dimensional extension by these
authors [39] is a valuable extension, it is the two-dimensional
study [40] that is most germane to the present paper.

Thermal dispersion in porous media is the result of the presence
of both microscale temperature and velocity gradients and the
application of volume averaging. Dispersion in porous media is
analogous to thermal eddy diffusivity in turbulence and is a direct
result of the transport occurring at length scales smaller than the
REV. Dispersion anisotropy is due to its dependence on the flow
direction and the structural anisotropy of the media. Dispersion
in periodic structure was formulated by Brenner [14] applying
the method of moments. He obtained the dispersion tensor from
the moments of the probability density of a particle position by
extending Brownian theory for the particle in a periodic unit cell.

Carbonell and Whitaker [15] used the local volume averaging
technique to derive the macroscopic energy equation for a unit cell
of a porous medium. In their approach, they introduced a vector
function b (transformation), which projects the gradient of aver-
aged volume temperature onto the scalar function of local temper-
ature deviation, such as

T 0 ¼ brhTi ð1Þ

The transformation function is a function of position within the unit
cell and is influenced by the hydrodynamics (e.g. Re and structure)
thermophysical properties (e.g. Pr and ks=kf Þ, and the cell geometry
(e.g. structure and �Þ.

Eidsath et al. [16] used the LVAT to evaluate the dispersion ten-
sor for a periodic structure of cylinders and found that at high
Péclet numbers the longitudinal dispersion followed the relation
Pe1:7. Their results for the stream-wise dispersion were in agree-
ment with experimental results of Gunn and Pryce [17]. However,
their model predicted a nearly constant lateral dispersion coeffi-
cient. It must be noted that in their model, the thermal conductiv-
ity is assumed to be zero.

Koch et al. [18] also used LVAT for Stokes flow through an array
of spheres and cylinders in the porosity range of ð0:80 6 � 6 0:98Þ
and obtain closed-form solutions for the dispersion tensor. In their
model, the solid phase was assumed to have the same thermal con-
ductivity as the fluid. Their prediction of the stream-wise disper-
sion coefficient gives a Pe2 relationship. Edwards et al. [19]
examined the effects of porosity, particle arrangement, Prandtl
number, and Reynolds number on the dispersion tensor. They
found that longitudinal dispersion generally increases with Péclet
number at a rate of less than Pe2. With increasing Péclet number,
however, Pe2 dependence is approached asymptotically. In this
model, the thermal conductivity of the particles is assumed to be
zero and no coupling of the energy equations for the fluid and solid
phases was present. Sahraoui and Kaviany [20–22] utilized
structured arrays of cylinders with a porosity range of ð0:50 6
� 6 0:95Þ to determine the longitudinal and lateral dispersion.
They investigated the effects of fluid to solid conductivity ratio,
Péclet number, array arrangement, and mean flow angle on the dis-
persion coefficients. They found that longitudinal dispersion have
nearly a Pe2 dependency for the in-line arrangement and ap-
proaches Pe for the staggered arrangement. An increase in the flow
tilt angle increases the lateral dispersion and decreases the longi-
tudinal dispersion. As the flow tilt angle changes, the exponent of
the Pe dependency varies between 0.97 and 1.7.

Arquis et al. [23,24] used in-line and staggered arrays of cylin-
ders to investigate the dispersion coefficients. They obtained the
longitudinal and lateral dispersion by posing a macroscopic tem-
perature gradient parallel and perpendicular to the flow direction,
respectively. Kuwahara et al. [25,26] applied the method of Arquis
to determine the dispersion coefficients using an in-line arrange-

 

 

ment of square cylinders. They proposed correlations for the longi-
tudinal and lateral dispersion with Pe2 and Pe1:7 dependency,
respectively, for low Péclet numbers. Both dispersion coefficients
approached Pe dependency for higher Péclet number. The lateral
dispersion was found to be much smaller than the longitudinal dis-
persion for a range of Péclet numbers. Souto and Moyne [27] also
determined the dispersion coefficients for a porous medium of
square cylinders. They investigated the influence of order, spatial
periodicity, and mean flow direction on the dispersion tensor in
both Stokes and inertial flows.They showed that in case of in-line
and staggered arrangements, the longitudinal dispersion was
found to have a Pe2 dependency. However, for other flow angles
the exponent of Pem;m, deviated from 2 and varied widely and
can be characterized by an average exponent, �m � 1:2. However,
for the case of disordered media, the influence of flow angle is
weak and for all the cases considered, the average exponent, �m,
was � 1:6. They showed that the lateral dispersions exhibited
rather small values in comparison with the longitudinal disper-
sion; in the in-line cylinders case, it tends asymptotically toward
a constant at high Péclet numbers and for the staggered cylinders,
the behavior is shown to depend sharply on the value of the flow
angle. For the disordered medium, on the average, the exponent
characterizing the lateral coefficient, �m, is � 0:4. Didierjean et al.
[28] experimentally determined the dispersion tensor for ordered
and disordered media consisting of cylinders. Two flow directions
(0� and 26�) of the mean velocity vector were investigated in the
ordered medium in-line cylinders arrangement. It was found the
that the exponent of Pem for the longitudinal dispersion lies in
the range 1:67 6 m 6 1:83, which is much different than the value
for Taylor dispersion through a tube. When the flow is posed at 26�
to the array, the values of m lie in the range of 1:2 6 m 6 1:4 ,
affirming that the dispersion is significantly influenced by the
direction of the mean velocity vector.

The empirical correlation established by Wakao et al. [29] for
the interfacial heat transfer of gas flow in porous media continues
to be used widely. Wakao et al. collected and scrutinized reliable
experimental data published in the literature over the span of four
decades on interfacial heat transfer. The correlated data included
both steady and unsteady heat transfer experiments in the Rey-
nolds number range of 15–8500. The porous media geometries in-
cluded spheres, cylinders, and cubes made of various materials.
Wakao’s correlation for dimensionless heat transfer coefficients
in packed beds is based on a form suggested by Ranz et al.
[30,31] as Nu ¼ 2:0þ aRemPr1=3. The Nusselt number is assumed
to approach the limiting value of 2.0 as the Reynolds number is de-
crease to zero. This applies to a single, isolated sphere in a stagnant
fluid. Ranz et al. suggested that a ¼ 0:6 and m ¼ 0:5. In their review
of mass transfer in packed beds, Wako and Kaguei [32] found that
a ¼ 1:1 and m ¼ 0:6 would be more consistent with available data.
The theoretical value of 2.0 for the Nusselt number for an isolated
single sphere has no physical meaning in very low Reynolds num-
ber flow through packed beds of particles this is because, at zero
Reynolds number, the boundary conditions in a packed bed are
quite different from those for an isolated particle [33]. Heat Trans-
fer data were reported by Kays and London [34] for cross-rod,
screen, and sphere matrices. The porosities were in the range of
ð0:60 6 � 6 0:83Þ, and the heat transfer coefficient data were cor-
related in terms of Colburn j-factor with the hydraulic diameter
being used in the Reynolds number as the characteristic length.
The reported data were only for flows of gas and only within a
moderate range of Reynolds numbers. Zukauskas [35] complied
extensive experimental data of heat transfer and hydrodynamic
drag of single tube, banks of tubes, and systems of tubes in
cross-flow. They considered investigations of tube banks of various
arrangements in the range of Prandtl numbers from 0.7 to 500 and
Reynolds numbers from 1� 106 to 2� 106. It is asserted that the
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Fig. 1. A structured array of elements representing a model porous medium and a
unit cell or representative elementary volume.
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heat transfer coefficient in tube banks is dependent on the flow
velocity, physical properties of the fluid, heat flux density, and flow
direction, as well as the arrangement of the tubes. At low Reynolds
numbers ðRed 6 103Þ, the flow in a bank may be described as pre-
dominantly laminar, with large-scale vortices in the circulation re-
gions. For the generalization of experimental data, the following
power correlation is proposed Nu ¼ aRemPrn. Where, a;m, and n
are found to be dependent on tube arrangements and the range
of Reynolds number. Kar and Dybbs [36] correlated experimental
heat transfer coefficient data in terms of Nusselt number and used
the mean pore diameter as the characteristic length in both the
Nusselt number and Reynolds number. They gave the following
correlation Nu ¼ aRem

L Pr1=3
f ; a ¼ 0:004; and m ¼ 1:35. Also Dybbs

and Ling [37] utilized the capillary tube model of porous media
such that the REV of the media is a single tube. The REV length scale
is considered as the microscopic characteristic length of the porous
media in the bulk flow direction. While the average pore diameter
is a characteristic length in the plane orthogonal to the flow direc-
tion. They proposed introducing the REV length scale, lREV , and the
pore scale length, d, into the Nusselt correlation, which is given as
Nu ¼ aRem

L Pr1=3
f ðd=lREV Þ. They also offered two Nu vs. Re correlations,

corresponding to the Darcy and inertial flow regimes. The powers
of the Reynolds number in the two regimes are m � 1 and
m ¼ 1:4, respectively. Martin et al. [8] determined the Nusselt
number for gas flow (air, Pr � 0:7 ) in sparse square and triangular
arrays of cylinders for the thermal conditions of uniform tube wall
temperature and uniform heat flux. They showed that the Nusselt
number is directly proportional to the Reynolds number and solid
concentration (inverse porosity). The Nusselt number for the
uniform heat flux case was found approximately 20% higher than
for the uniform tube wall temperature case. They fitted the numer-
ical results into a power-law correlations in the form Nu ¼ aReb in
which the constants varied in the range 1:1 < a < 2:5, and
0:14 < a < 0:29 depending on the porosity and thermal boundary
conditions. Kuwahara et al. [38] computed the interfacial heat
transfer for a packed bed using a staggered array of square cylin-
ders. The numerical results are fitted using the correlation form
suggested by Wakao and Kaguei, Nu ¼ aþ bRe0

:6Pr1=3. The coeffi-
cients a and b were obtained for range of porosities
ð0:2 < � < 0:9Þ and were given as a ¼ ð1þ 4ð1� �Þ=�Þ and
b ¼ 1=2ð1� �Þ1=2. The computed results are found to be in agree-
ment with the experimentally fitted results of Wakao and Kauguei.
Nakayama et al. [40] determined the interfacial heat transfer coef-
ficient for gas flow ðPr � 1:0Þ in in-line arrays of square cylinders
for the thermal condition of uniform wall temperature. The numer-
ical results are correlated using Nu ¼ cf þ df Re0

d:6Pr1=3
d where the

constants cf and df are dependent on the flow angle and porosity.
It is noteworthy to mention that Viskanta [41] made a comparison
of a few selected heat transfer correlations for convective transport
in porous media. They included a single sphere, packed beds
formed from spherical particles, and consolidated porous media.
The comparisons revealed that there was a large discrepancy be-
tween the results, particularly for the low Reynolds number range
and that the technical issue of an appropriate length scale for cor-
relating heat transfer data in porous media was not resolved and
there was a need for fundamental research attention.

In this work, an array of in-line square cylinders in the porosity
range ð0:75 < � < 0:875Þ the Reynolds number range 1.0–103 is
used is utilized to determine the flow resistance and heat transfer
resistances offered by an array of square tubes with inline arrange-
ment. The permeability which is a material property could be
found be conducting low Reynolds number simulations where as
the Forcchimer coefficient is found by carrying out a number of
high Reynolds number simulations. The stream-wise and cross-
stream thermal dispersion coefficients are found by assuming local
thermal equilibrium and imposing a macroscopic temperature gra-

 

 

dient, on the unit cell, that is parallel and perpendicular to the
mean flow, respectively. The interfacial heat transfer coefficient
is obtained from temperature field computation and by imposing
uniform heat flux at the solid–fluid interface. The obtained effec-
tive properties of the porous media is a preliminary but essential
step in the analysis of the porous media.

2. Unit cell model

The main idea here is to use the microscopic details of the
geometry of the rod arrangement and flow angularity to determine
the effective anisotropic properties of the porous medium. Due to
the spatial periodicity of the medium, a unit cell can be analyzed
by imposing a varying mean flow direction relative to the unit cell,
and a varying Reynolds number. The velocity and temperature
fields throughout the domain defined by the unit cell are calcu-
lated, which allows us to characterize the porous media in terms
of the effective properties. The outcome of the micro-calculations
is a database of permeabilities, Forchheimer coefficients, heat
transfer coefficients, and thermal dispersion coefficients. Having
such a data base provides closure of the porous-continuum model
or system scale problem. The sections below give details of unit
cell model (micromodel) formulation, the numerical procedure,
followed by results and discussion.

2.1. Governing equations

The proposed geometry of a structured porous medium is an
infinite number of square rods arranged in a spatially periodic,
two-dimensional pattern, as shown schematically in Fig. 1. The
unit cell scale (microscale) model is used herein to analyze numer-
ically the details of fluid flow and heat transfer by solving the lam-
inar Navier–Stokes equation on the pore scale. The steady flow is
assumed to be laminar and the fluid properties are uniform (un-
steady flow calculations on the unit cell is given at the last section
of this paper). The spatial variations of the velocity and tempera-



Fig. 2. Linear temperature gradient imposed on an isotropic periodic unit cell (top)
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ture fields are resolved within a single unit cell, which is consid-
ered to be the Representative Elementary Volume (REV). Flow in
a structured array attains a periodic, fully-developed behavior after
a short entrance region. Patankar et al. [42] formulated the numer-
ical procedure for on-axis, periodically-fully-developed flow. Here,
we outline the numerical procedure utilized in the solution of
angled, fully-developed flow and the computation of a temperature
field for the uniform flux thermal boundary condition.

Consider the flow entering a porous medium, Fig. 1, of a two-
dimensional, structured array of uniform-heat-generating, rectan-
gular rods. The macroscopic flow in such a structured array attains
a periodic, fully-developed behavior after a short entrance region.
The orthotropic structure may be considered to be an anisotropic,
porous medium, where the three principal axes of structural sym-
metry are mutually orthogonal. Because the geometry is spatially
periodic for a fully-developed flow, the calculations are confined
to the typical cell indicated by the dashed line in Fig. 1. The pres-
sure, p, in periodic, fully-developed flow can be expressed as
follows:

pðx; yÞ ¼ �bx� fyþ Pðx; yÞ ð2Þ

Note that the pressure field is decomposed into two parts that vary
linearly with the respective coordinate directions at a rate of b and
f, and a portion that behaves in a periodic fashion from one unit cell
to another. The term bxþ fy is indicative of the global pressure drop
that takes place across the unit cell, where arctanðfbÞ determines
the orientation of the pressure gradient. It should be pointed out
that the direction of the pressure gradient is not necessarily parallel
to the cell-mean flow direction, owing to the anisotropy of the por-
ous medium, namely the potentially differing values of unit cell
dimensions huc and luc . The flow in a unit cell is steady and incom-
pressible, has uniform properties, and is governed by the continuity
and momentum equations, given below:

Conservation of mass

@u
@x
þ @v
@y
¼ 0 ð3Þ

x-direction conservation of momentum

qf u
@u
@x
þ v @u

@y

� �
¼ b� @P

@x
þ lf

@2u
@x2 þ

@2u
@y2

 !
ð4Þ

y-direction conservation of momentum

qf u
@v
@x
þ v @v

@y

� �
¼ f� @P

@y
þ lf

@2v
@x2 þ

@2v
@y2

 !
ð5Þ

The boundary conditions are provided by the no-slip require-
ment on the rods surfaces, given as follows:

u ¼ v ¼ 0 ð6Þ

At the upstream and downstream ends of the solution domain,
shown by the dashed line in Fig. 1 are the periodicity conditions
in the x and y directions, respectively

/ð0; yÞ ¼ /ðluc; yÞ / ¼ u;v ; P ð7Þ
/ðx; 0Þ ¼ /ðx; hucÞ / ¼ u;v ; P ð8Þ

The flow at a mean angle, a, with respect to the unit cell is
established by specifying the unit cell Reynolds number using
the superficial velocity and mean flow angle.

The energy equation can be written separately for the incom-
pressible fluid and the solid rods, as:

Fluid phase:

qf cpf
u
@T
@x
þ v @T

@y

� �
¼ kf

@2T
@x2 þ

@2T
@y2

 !
ð9Þ

 

 

Solid phase:

0 ¼ ks
@2T
@x2 þ

@2T
@y2

 !
ð10Þ

Because of the imposed uniform-flux boundary condition, Eq. (10)
and the thermal field within the rods are not needed. Equation
(10) is added for completeness and would be needed if the conduc-
tion calculations were needed to establish the interfacial boundary
conditions.

The periodic boundary condition for the temperature field is
also obtained by assuming thermally developed conditions. In
the thermally fully developed flow, the thermal energy added
within a periodic unit cell will be absorbed by the working fluid.
This results in a fixed rise in the bulk temperature of the fluid
across each periodic unit cell. The energy balance along the macro-
scopic flow direction can thus be written

qf cpf
jh~uij dhTi

f

dX
¼ _Sgen ð11Þ

The corresponding boundary conditions that satisfy the macro-
scopic energy balance for the thermally fully developed flow are im-
posed as follows:

Tðluc; yÞ ¼ Tð0; yÞ þ
_Sgen

qf cpf
jh~uij

 !
luccosa ð12Þ

and

Tðx; hucÞ ¼ Tðx; 0Þ þ
_Sgen

qf cpf
jh~uij

 !
hucsina ð13Þ

Details of the numerical procedure utilized in discretization and the
solution of the above governing equations can be found in a later
numerical procedure section of this paper.

2.2. Thermal dispersion

The following section discusses computation of dispersion for
eventual implementation into the porous medium model. At this
point, it is instructive to introduce the porous medium model heat
transfer equation. Typically, it is that local thermal equilibrium ex-
ists between the fluid and solid phases, namely, hTif ¼ hTis ¼ hTi.
The fluid phase and solid phase energy equations are added to de-
rive an energy equation for the porous medium as follows:

qf cpf
r � h~uf ihTi ¼ r � ½�kf þ ð1� �Þks�rhTi þ r � kdis � rhTi ð14Þ

The first term on RHS in the above equation is the Laplacian conduc-
tion term; if the thermal conductivity is based on the parallel
model. Then the stagnant thermal conductivity is given as
kst � �kf þ ð1� �Þks. A term for tortuosity has been omitted. Kuwa-
hara et al. [25,26] investigated tortuosity and dispersion coeffi-
cients. They provide an analytical expression for the tortuosity as
a function of medium porosity which is independent of the flow an-
gle and valid in the low Peclet range (Pe 	 1). They show that at
high Peclet numbers, dispersion dominates and the tortuosity be-
comes negligible. Where the thermal dispersion resulting from
and anisotropic unit cell (bottom).
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the spatially fluctuations of the velocity and temperature fields is
modeled using a gradient type hypothesis as follows:

�qf cpf
heT ~~ui ¼ kdis � rhTi ð15Þ

For the determination of the dispersion, kdis we follow Arquis et al.
[23,24], and impose a linear macroscopic temperature gradient
either parallel or perpendicular to a macroscopically flow direction,
as shown in Fig. 2. The microscopic temperature field within the
unit cell, or REV, is all that is needed to determine the stream-wise
and cross-stream dispersions values.

In order to obtain the stream-wise dispersion, the temperature
gradient is imposed parallel to the mean velocity vector, as
follows:

rhTi ¼ DT
luc

cos âiþ DT
huc

sin âj ð16Þ

Therefore, the temperature boundary conditions on the unit cell
are imposed as

Tjx¼luc
¼ Tjx¼0 þ DTcosa

Tjy¼huc
¼ Tjy¼0 þ DTsina

ð17Þ

Hence, we obtain the stream-wise dispersion XX component of
the dispersion tensor, which is given by

kXX ¼
�qf cpf

DTluc

Z huc

0

Z luc

0
ðT � hTiÞð~u� h~uiÞdxdy � ðcos âiþ sin âjÞ

ð18Þ

On the other hand, to obtain the cross-stream dispersion com-
ponent, the temperature gradient is imposed perpendicular to
the mean flow, given as

rhTi ¼ DT
luc
� sin âiþ DT

huc
cos âj ð19Þ

and the corresponding periodic boundary conditions are

Tjx¼luc ¼ Tjx¼0 � DTsina
Tjy¼huc ¼ Tjy¼0 þ DTcosa

ð20Þ

where the cross-stream dispersion component YY component of the
is given as follows:

kYY ¼
�qf cpf

DThuc

Z huc

0

Z luc

0
ðT � hTiÞð~u� h~uiÞdxdy � ð�sin âiþ cos âjÞ

ð21Þ

 

 

2.3. Numerical procedure

In the following section the numerical procedure utilized in
discretization and solution of the above governing equations will
be explained. The governing equations were solved using the fi-
nite-volume procedure described by Patankar [42]. A rectangular
grid is used to subdivide the computational domain. A main grid
point is located at the center of each control volume. Grid point
values of the scalar variables, such as temperature and pressure,
are stored at the main grid points. A staggered grid is used to lo-
cate velocity components at the faces of the control volumes.
Discretization equations for the discrete values of the variables
are constructed by integrating the corresponding conservation
laws over the appropriate control volumes. The power-law differ-
encing scheme is used to obtain the combined convection–diffu-
sion coefficients and the SIMPLER algorithm of Patankar [43] is
used to handle the velocity–pressure coupling. In the present
study, the solution of the flow field is carried out first, followed
by a solution of the temperature field since the fluid properties
are assumed to be independent of temperature. The SIMPLER
algorithm of Patankar [43] is utilized to solve the momentum
and continuity discretization equations. A procedure for compu-
tation of the flow field for a specified mass flow rate through
the unit cell, which was proposed by Sathyamurthy and Karki
[44], has been modified for the angled flow and has been incor-
porated into the overall solution algorithm, as described below.
The dimensional form of the discretization momentum equations
in the x and y directions can be written as:

aPuP ¼
X

nb

anbunb þ AðPP � PEÞ þ bDV ð22Þ

and

aPvP ¼
X

nb

anbvnb þ AðPP � PNÞ þ fDV ð23Þ

A special feature of these equations is the appearance of the pres-
sure forces due to the constant pressure gradients b and f which
determine the flow rate through the unit cell. The calculation of
the flow field for a given value of b and f can be carried out in a
straightforward manner. However, in most practical situations, it
is of interest to compute the flow characteristics for a given flow
rate through the unit cell rather than for a given pressure gradient.
This corresponds to a specified Reynolds number of the flow and a
specific flow angle. A procedure for adjustment of the pressure gra-
dients, b and f, proposed by Kelkar and Patankar [45] has been mod-
ified for periodically angled flow. It is assumed in each iteration of
the SIMPLER algorithm that the discretized equations are nominally
linear. Thus, the non-linear coefficients are computed using the
approximate velocity field. For a linear problem, the through flows
in the x and y directions are directly proportional to the pressure
gradients, b and f, respectively. This property provides the motiva-
tion for the following manner of adjusting the values b and f at the
end of each iteration as follows:

b ¼ b�gx g ¼ uav

u�av
ð24Þ

and

f ¼ f�kx k ¼ vav

v�av
ð25Þ

Here, uav and vav are the desired average velocity components of
the flow through the unit cell and u�av and v�av are the average veloc-
ity components of the available flow field at each iteration, which
correspond to the pressure gradients b� and f�. The exponent
x 6 1 serves as an under-relaxation factor to ensure convergence.
Further, the velocity field is updated with each adjustment in b
and f as follows:

u ¼ u�g ð26Þ

and

u ¼ u�k ð27Þ

Since adjustment of the velocity in Eqs. (26) and (27) involves the
multiplication of the velocity field obtained after the solution of
the velocity correction equation, the corrected velocity field also
satisfies continuity. Each iteration of the overall solution algorithm
for the flow field consists of an iteration of the SIMPLER algorithm
followed by an adjustment of the pressure gradients, and the veloc-
ity field, according to Eqs. (24) and (25).

The solution of each linear set of algebraic discretized equations
is accomplished using the line-by-line method of Patankar [46]. A
cyclic, Tri-Diagonal Matrix Algorithm (CTDM) is modified for the
double-periodic domain. To enhance convergence, a block-correc-
tion procedure, described by Patankar [46], is modified for a do-
main periodic in both directions and is incorporated in the
overall solution algorithm.
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The solution of the periodically fully-developed temperature
field is carried out without its decomposition into a periodic and
linear part. However, the discretization procedure must incorpo-
rate the condition that the temperature of the fluid rises by a fixed
amount across the unit cell and must satisfy the macroscopic en-
ergy balance, as given by Eq. (11). For this purpose, the procedure
proposed by Kelkar and Patankar [45] has been modified for the
angled flow. In this procedure, discretization of the energy equa-
tion is carried out in the usual fashion, in terms of dimensional
temperature, and the periodic conditions given by Eqs. (28) and
(29)

Tðluc; yÞ ¼ Tð0; yÞ þ
_Sgen

qf cpf
jh~uij

 !
luccosa ð28Þ

Tðx;hucÞ ¼ Tðx; 0Þ þ
_Sgen

qf cpf
jh~uij

 !
hucsina ð29Þ

These conditions are incorporated directly into the discretization of
the temperature at the grid points that are adjacent to the periodic
boundaries. Fig. 3 represents periodic boundaries along the x-direc-
tion. The discretization equation for the dimensional temperature at
the main grid point 1, next to the left periodic boundary, is as
follows:

aPT1 ¼
X

nb–1�
anbTnb þ aW T1� þ b ð30Þ

Note that the west neighbor T1� , falls outside the domain. It can be
related to the temperature Tn at the corresponding point in the do-
main to the right periodic boundary using the periodic boundary
condition given by Eq. (28) as follows:

T1� ¼ Tn � ðDTÞx ð31Þ

where ðDTÞx is defined in terms of Eq. (28) which is given by

ðDTÞx ¼
_Sgenluccosa
qf cpf

jh~uij ð32Þ

Hence, the discretization equation given by Eq. (30) can be re-writ-
ten as follows:

aPT1 ¼
X

nb

anbTnb þ ðb� aW ðDTÞxÞ ð33Þ

The sum over the neighbors now includes the periodic neighbor Tn

of the temperature T1. Similarly, the discretization equation for the
grid point temperature Tn can be derived in an identical manner, as
follows:

aPTn ¼
X

nb

anbTnb þ ðbþ aEðDTÞxÞ ð34Þ

The equations for the y direction are derived similarly and given as
follows:

 

 

Periodic Boundaries

1- 1 n n+

Fig. 3. A schematic showing scalar control volumes bordering periodic boundaries.
aPT1 ¼
X

nb

anbTnb þ ðb� aSðDTÞyÞ ð35Þ

and

aPTn ¼
X

nb

anbTnb þ ðbþ aNðDTÞyÞ ð36Þ

where ðDTÞy is defined in terms of Eq. (29) which is given by

ðDTÞy ¼
_Sgenhucsina
qf cpf

jh~uij ð37Þ

The system of equations now contains only grid point temperatures
within a periodic unit cell and can now be solved. The method out-
lined above is employed to predict the flow and heat transfer in the
geometry shown in Fig. 1. Computation is first carried out for the
isotropic configuration corresponding to huc=luc ¼ 1; duc=luc ¼ 1=2,
which leads to a volumetric porosity, �v ¼ 0:75, at Reynolds num-
bers 1–103 and flow angles, a, from 0� to 90�. The Reynolds number
is based on the absolute value of the Darcian velocity, and the lon-
gitudinal center-to-center distance, hence taking the form
Reluc ¼ jh~uijluc=mf . Since the volumetric porosity is defined as
�v ¼ 1� ðd2

uc=huclucÞ; Reluc can be related to the Reynolds number
based on the size of the rod, duc , such that Reduc ¼ jh~uijduc=mf

¼ Reluc ðð1� �vÞhuc=lucÞ1=2. Here, an isotropic case and two degrees
of anisotropy are investigated by setting the geometric parameter
huc=luc to 3/2 and 2, which corresponds to volumetric porosities of
�v ¼ 0:833 and �v ¼ 0:875, respectively. The iterative solution of
the coupled continuity and momentum equations is terminated
when the sums of the absolute values of the mass and momentum
residuals at each internal grid point, normalized by incoming mass
and momentum fluxes, fall below 0.01%, and when the maximum
changes of the average pressure gradients, and the maximum
changes in the average velocity components do not exceed 10�5

during an iteration. The temperature field is considered to be con-
verged when the overall heat balance is within 10�3% and when
the maximum changes in the Nusselt numbers do not exceed
10�5 during an iteration. Table 1 shows the predicted values of
the dimensionless pressure gradient, ð@hPif =Þ@X=ðqf jh~uij

2lucÞ on
the three grids considered. The computed values of
ð@hPif =Þ@X=ðqf jh~uij

2lucÞ on the 40� 40 grid differ by less than 3%
from those on the 60� 60 grid; the results on the 60� 60 grid were
within 0.5% of those on the 80� 80 grid. These results indicated
that the numerical solutions on the 80� 80 grid were adequate
for the study.
3. Results and discussion

3.1. Flow resistance

In this section we shall give the results obtained by conducting
the flow and heat transfer and the dispersion analyses. The results
of the computations of the flow field are first discussed, followed
by a discussion of the periodically fully-developed temperature
field. For clarity, both the velocity vector plots and the temperature
Table 1
Effect of grid refinement on the dimensionless pressure gradient.

Reluc
Flow angle 40� 40 grid 60� 60 grid 80� 80 grid

10 0 7.44 7.66 7.70

102 0 0.797 0.820 0.823

103 0 0.0853 0.0878 0.0882

10 45 7.97 8.16 8.20

102 45 2.65 2.71 2.72

103 45 3.07 3.15 3.16



Fig. 4. Velocity vectors huc=luc ¼ 1:5: (a) a ¼ 0
 and (b) a ¼ 45
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Fig. 5. Pressure gradient angle vs. mean flow angle, for Darcy flow, Reuc ¼ 1.
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Fig. 6. Directional permeability at Reuc ¼ 1.
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contours are plotted on a grid that is coarser than that used in the
computations. In this study we investigated three array arrange-
ments by varying the unit cell aspect ratio. The three aspect ratios
huc=luc used are 1, 1.5 , and 2 they correspond to a volumetric
porosity, � of 0.75, 0.833, and 0.875, respectively. Where the volu-
metric porosity is defined as the volume faction of fluid-occupied
space in the unit cell. Fig. 4 shows the velocity vectors in the peri-
odic unit cell for the array having an aspect ratio, huc=luc of 1.5, for
flow angles, a ¼ 0
 and a ¼ 45
 and Reynolds numbers, Reluc , of 1
and 200. For the cases of a ¼ 0
 and Reluc ¼ 1 and 200, the regions
between the rods, along the transverse direction, are completely
occupied by recirculating flow, which is very weak compared to
the throughflow. Most of the fluid escapes through the region be-
tween the rods in the longitudinal direction. Thus, the fluid is effec-
tively flowing through a channel of height ðhuc � duc see Fig. 1).
Based on the lack of flow recirculation, it can be inferred from
Fig. 4 (a) that the viscous force contribution to the pressure drop
predominates over the inertial contribution. For the case of
a ¼ 45
 and Reluc ¼ 1 and 200 shown in Fig. 4(b), the flow resis-
tance is mainly due to viscous effects. However, as the Reynolds
number increases to Reluc ¼ 200, strong recirculation in the vicinity
of the leeward surfaces of the rods suggests that inertial contribu-
tions may dominate the viscous effects. This will be quantified la-
ter. Hence, at higher Reynolds numbers, form drag becomes the
main contributor to the flow resistance. To examine the relative
roles of viscous and inertial forces, we define the apparent perme-
abilities, which vary with the direction of the flow through the por-
ous medium. The apparent permeability is a measure of the
mediums ability to transmit fluids. Plotted in Fig. 5 are curves of
the pressure gradient angles verses the mean flow angle. The
huc=luc ¼ 1 line is linear from 0� to 45�, indicating that the vectors
h~ui and � @P

@X

� �
are aligned with one another. However the non-lin-

earity of the two other curves which corresponds to the unit cells
huc=luc ¼ 1:5 and huc=luc ¼ 2, respectively; are the result of the
anisotropy of those arrays.

In the anisotropic media corresponding to arrays with geomet-
ric ratios of huc=luc ¼ 1:5 and 2, the vectors h~ui and � @P

@X

� �
are non-

colinear, except when flow is in the direction of one of the principal
axes, a ¼ 0
 and a ¼ 90
. Hence, it is necessary to investigate flows
of various directions to determine the directionally dependent per-
meability. Following Dullien [47] for an orthotropic porous med-
ium, such as shown in Fig. 1, and for low Reynolds number flows
ðReluc 6 1Þ, Darcys law governs the flow, as follows:

� @hPi
f

@X
¼

lf

Kfn

jh~uij ð38Þ

Next, the directional permeability, Kfn , is written in terms of the
macroscopic (or cell averaged) flow. In Eq. (38), the directional per-
meability, Kfn , measured along the macroscopic flow direction, X, is
defined as follows:

Kfn ¼
cos2 a1

K1
þ cos2 a2

K2

� ��1

ð39Þ

where the angles a1 and a2 are the direction cosines of the macro-
scopic velocity vector. For the particular rod arrangements on hand,
the directional permeability is given by in terms of mean flow angle,
a1, as
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Kfn ¼
cos2 a

K1
þ sin2 a

K2

" #�1

ð40Þ

The directional permeability values, Kfn , for the three sets of media
configurations are obtained according to Eq. (40) and are plotted in
Fig. 6 and are in agreement of the findings of Nakayama et al. [40].

It must be noted that the permeability values for the isotropic
array huc=luc ¼ 1, are independent of flow angle, since the mean an-
gle of the flow and the mean angle of the pressure gradient are
aligned. The mean pressure gradient applied to the unit cell is pro-
portional to the Darcy velocity through the unit cell (pressure
forces are balanced by viscous forces). In this limiting case, Darcys
law governs the flow field. However, the permeability values for
the two anisotropic arrays are inversely proportional to the mean
flow angles. The directional permeability minimum and maximum
values correspond to the two principal permeabilities computed
with the incoming flow at a ¼ 90
 and 0�, respectively. The maxi-
mum permeability corresponds to the least flow blockage, as at-
tained with an incoming flow angle of a of 0�. At Reynolds
numbers, Reluc > 10 the inertial effects become significant and,
even for an isotropic medium, the mean velocity vector and pres-
sure gradient are non-colinear, as shown in Fig. 7

Hence, the pressure gradient angle variations with flow angle
for the three array types follow similar trends. It is interesting to
note that the degree of anisotropy effect becomes less apparent
when the inertial effects dominate the flow characteristics. Fur-
thermore, when the mean flow angle, a, is in the range of 20�–
55�, the pressure gradient is imposed at a nearly uniform angle
of � 40
 as seen in Fig 7. The extent and location of the circulation
zones for these flows are similar to one another and the effective
openness of the array to flows around the recirculation zone is rel-
atively invariant with flow angle. However, for flows with mean
flow angles in the range 5�–15� and 65�–90�, the least resistance
paths would be along the principal axes, which are effectively
channel flows of width huc � duc and luc � duc . Therefore, the pres-
sure gradient must be imposed at a steeper mean angle relative
to the corresponding principal flow direction. As the flow Reynolds
number is increased the inertial effects become significant. Darcy’s
law based on a balance a of viscous force and pressure gradient
is no longer valid. The inertial contribution due to separation and
a wake around the porous structure are accounted for via the
Forchheimer-extended Darcy law. At high Reynolds numbers, the
Forchheimer term governs the flow. This term in the Darcy law
expression is

� @hPi
f

@X
¼ qf bfn jh~uij

2 ð41Þ
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Fig. 7. Pressure gradient angle vs. mean flow angle, inertial flow, Reuc ¼ 200.
The Forchheimer coefficient, bfn , is the asymptotic value of the
dimensionless pressure gradient

bfn ¼ �
@hPif

@X

 !
luc

qf jh~uij
2

 !
ð42Þ

in the limit of very large Reynolds numbers. The directional Forch-
heimer coefficient verses flow angle is as shown in Fig. 8 and these
are also in good agreement of the findings of Nakayama et al. [40].

Here, the Forchheimer coefficient attains its lowest values along
the principal directions and reaches a maximum value when the
flow angle, a, is 45� (i.e. huc=luc ¼ 1Þ. The maximum point shifts
(see Fig. 8) with increasing anisotropy of the rod arrays (i.e.
huc=luc ¼ 1:5; huc=luc ¼ 2Þ. The Forchheimer coefficient results are
in good agreement with those obtained by Nakayama et al. [40].
It must be noted that for the anisotropic media cases
huc=luc ¼ 1:5 and huc=luc ¼ 2 the inertial coefficient attains a maxi-
mum plateau in the flow angle range of 45�–60� and 45�–70�,
respectively. The increase in the inertial coefficient is a result of
the ‘‘openness” of the array to the approaching flow within these
angle ranges. In other-word, if we consider an inertial flow with
0
 approach angle then the flow is very much like a channel flow
within the gap between the cylinders, while the within-cylinder
space is completely filled with recirculating fluid. Now, an increase
in the approach angle will result in an additional path available for
the flow and two standing vortices behind the solid at the SW cor-
ner to the unit cell. On the west face of the unit cell the ‘‘west” flow
goes through a region on top of standing eddie and the ‘‘south”
flow goes through a region to the right of the other standing eddie.
Further increase of approach angle will result in shifting of the
‘‘west” flow to ”south” flow and also a shift in standing eddies loca-
tion. Within the forementioned angle ranges above the net flow
and the resulting pressure drop is nearly constant. Hence, the pla-
teau in the inertial coefficient.

For finite Reynolds number flows, such as those in this study, it
would be convenient to cast the flow resistance values in terms of
apparent permeability. The concept of apparent permeability was
first introduced by Edwards et al. [5]. Since the apparent perme-
ability is a function of Reynolds number, it accounts for both the
viscous and inertial effects. The principal apparent permeabilities,eK XX and eK YY , are defined as:

eK XX ¼
lf jh~uij
rPX

ð43Þ

and

eK YY ¼
lf jh~uij
rPY

ð44Þ
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Fig. 8. Directional Forchheimer coefficient.



Fig. 10. Stream-function plots for the anisotropic medium case, huc=luc ¼ 1:5: (a)
a ¼ 0
 and (b) a ¼ 45
 .
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The above apparent permeability is utilized to establish a relation-
ship between the mean velocity and the macroscopic pressure gra-
dient. The apparent permeability is dependent on the orientation of
the applied pressure gradient. This is due to the non-linearities
within the local fluid motion. In contrast, the true permeability is
representative of average material properties. A data base of appar-
ent permeabilities, eK XX and eK YY , was generated for ranges of flow
angles, Reynolds numbers, and geometries of the present study.
The data base was utilized for closure of a macroscopic analysis.
Fig. 9 shows examples of, normalized permeabilities, eK XX and eK YY ,
versus Reynolds number at angles a ¼ 0
 and 45�.

The apparent permeability, eK XX , for flow at an angle, a, of 0�
does not vary much with Reynolds number; the flow along a prin-
cipal direction is similar to fully-developed duct flow. If the flow is
at an angle, a, of 45�, the recirculation zones within the unit cell in-
crease with increasing Reynolds number and the effective area
open to flow is decreased. This is evident in the stream function
plots shown in Fig. 10.

Consequently, the apparent permeability diminishes with
increasing Reynolds number. For the isotropic array case at a given
mean flow angle, a, of 45� the permeabilities, eK XX and eK YY , are
identical. However, eK XX is less than eK YY for anisotropic arrays such
as huc=luc ¼ 1:5 and 2.

3.2. Interfacial heat transfer coefficient

The heat transfer in the periodically fully-developed flow is
characterized using a Nusselt number averaged over the unit cell,
which is defined as

hNuiuc ¼
hsf luc

kf
ð45Þ

The average interfacial heat transfer coefficient is defined as

hsf ¼
1

VREV

R
Asf
~nsf � kfrTf dA

hTsis � hTf if
ð46Þ

where Asf is the interfacial area between the rod surface and the
fluid. Whereas, hTsis and hTf if are intrinsic average temperatures
of the solid and fluid in the unit cell, respectively. Fig. 11 shows
the isotherm distribution in the periodic unit cell for the array
huc=luc ¼ 1:5.

The cases with flow angles, a ¼ 0
 and a ¼ 45
 at Reynolds
numbers, Reluc ¼ 1 and Reluc ¼ 200, correspond to the velocity fields
shown in Fig. 4. For the cases, a ¼ 0
 and 45
 and Reluc ¼ 1, the iso-
therms are typical of thermal conduction. For the case of a ¼ 0
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Fig. 9. Normalized apparent permeability, eK XX and eK YY for flow angle a ¼ 0
 and
a ¼ 45
 .
and Reluc ¼ 200, the temperature gradients are steep on the sur-
faces of the rods and the normal to the surface points in the
y-direction. The steep gradients lead to higher heat transfer rates
from these surfaces. For the case of a ¼ 45
 and Reluc ¼ 200, tem-
perature gradients are steep on the upwind (or windward) surfaces
of the rods. This is evident by the thin boundary layers and the
steep gradients on these surfaces, in comparison with the thicker
boundary layers on the downwind (or leeward) sides of rods. The
predicted temperature fields conform to the velocity fields pre-
sented in Fig. 4, which show that the windward surfaces of the rods
are completely washed by the cooling fluid.

The interfacial heat transfer coefficient results for three array
configurations are presented in Figs. 12 and 13. The uniform flux
condition is applied. It is noted that when the flow is along the
principal x-axis, the hNuiuc number increases only slightly with
Reynolds number. Since the flow is similar to duct flow, the
hNuiuc number is nearly independent of Reynolds number. Con-
versely, when the flow is at an angle of a ¼ 45
, the hNuiuc number
increases strongly with Reynolds number. This is more like a
wedge flow solution since the most effective heat transfer is on
the leading edge. For these cases, the temperature field becomes
more complex and the heat transfer is enhanced, as evident in



Fig. 11. Isotherms, huc=luc ¼ 1:5: (a) a ¼ 0
 and (b) a ¼ 45
 .
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the isotherm pattern shown in Fig. 11. Additionally, Fig. 11 conveys
that as the Reynolds number increases, the hNuiuc number becomes
less sensitive to the anisotropy of the array. This is due to the afore-
mentioned mixing.
3.3. Thermal dispersion

Dispersion in porous media is a phenomenon comprised of both
molecular diffusion and spatial velocity deviations from the aver-
age Darcy velocities at the pore scale. It is the presence of velocity
and temperature gradients at the pore scale in conjunction with
application of the volume averaging theorem which gives rise to
inclusion of the pore-level conduction–convection contribution
or thermal dispersion. Thermal dispersion is essentially the influ-
ence of the velocity non-uniformities, at the pore-scale, on the
temperature field. Firstly, at pore-scale the dispersion coefficients
are determined using a unit cell computation. Secondly, in the sys-
tem scale computations the dispersion effects are modeled as an
additional diffusion mechanism, where the diffusion coefficients
are those obtained from the pore-scale computations.

Here, we will compute the dispersion coefficients of the spa-
tially periodic, two-dimensional, porous medium, by varying the
porosity, the direction of the mean velocity relative to the unit cell
axes, and the Péclet number. Figs. 14 and 15 show typical temper-
ature fields that are obtained at a ¼ 0
 and 45� for the two different
Reynolds numbers, Reluc ¼ 1 and 200. We can see in Fig. 14 that the
isotherms are considerably distorted in the flow direction. That is,
the temperature field is significantly influenced by throughflow
since the macroscopic temperature gradient is imposed parallel
to the flow direction. On the other hand, Fig. 15 shows that when
the macroscopic temperature gradient is imposed perpendicular
to flow direction, the isotherms are also distorted, but not signifi-
cantly. In other words, stream-wise mechanical dispersion is much
greater than cross-stream dispersion since it is driven by the flow.
Cross-stream dispersion is weak and is due mainly to flow
recirculation.

The stream-wise and cross-stream dispersion coefficients for
the various microscopic geometries are given in Figs. 16–22.
Fig. 16 is the stream-wise dispersion plotted against the Péclet
for various flow angles. It must noted that the stream-wise disper-
sion for an isotropic porous medium follows the correlations pro-
posed in [25] with a quadratic Péclet number dependence for
low Péclet ðPeluc 6 10Þ and a linear Péclet number for higher Péclet
or ðPeluc > 10Þ and the dispersion coefficient is higher for the flow
angle of zero in comparison with other flow angle, the enhance-
ment of stream-wise dispersion may be attributed to increased dis-
persion of thermal energy in the recirculating fluid regions
between the solids. The cross-stream dispersion coefficient is
shown in Fig. 17 and follows the linear Péclet dependence pro-
posed by [25] except for the flow angle of zero which was not
investigated in [25]. It must be mentioned that the stream-wise



Fig. 14. Temperature gradient is perpendicular to flow direction: the two top unit
cells Reluc ¼ 1 and flow angle, a ¼ 0
 and 45�, the two bottom unit cells Reluc ¼ 200
and flow angle, a ¼ 0
 and 45�.

Fig. 15. Temperature gradient is parallel to flow: the two top unit cells huc=luc ¼ 10
and flow angle, a ¼ 0
 and 45�, the two bottom unit cells huc=luc ¼ 200 and flow
angle, a ¼ 0
 and 45�.
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dispersion for a given Péclet is much greater that the cross-stream
dispersion. Fig. 18 shows that total stream-wise dispersion, where
the total dispersion is defined as the sum of the both dispersion
coefficient and molecular diffusion, the for and isotropic dispersion
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is in good agreement with the results given [48] and [49]. Figs. 19–
22 show stream-wise and cross-stream dispersion the for the two
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Fig. 20. Cross-stream dispersion coefficient for unit cell, huc=luc ¼ 1:5, flow angle,
a ¼ 0
—90
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Fig. 21. Stream-wise dispersion coefficient for unit cell, huc=luc ¼ 2, flow angle,
a ¼ 0
—90
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Fig. 22. Cross-stream dispersion coefficient for unit cell, huc=luc ¼ 2, flow angle,
a ¼ 0
 and 90
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Fig. 19. Stream-wise dispersion coefficient for unit cell, huc=luc ¼ 1:5, flow angle,
a ¼ 0
—90
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anisotropic geometries which correspond a medium porosity of
0.833 and 0.875. Similar patterns in the dispersion coefficients to
those observed in the isotropic medium can also be observed here
for case of anisotropic geometries. It is noteworthy that dispersion
coefficients are not vary monotonically with flow angle which may
be attributed to combined effects of the media asymmetry and
anisotropy of approaching flow.

4. Unsteady fluid flow

Thus far in this paper the transport properties of the porous
media were obtained via unit cell computations assuming steady
flow. Mainly, the flow and the heat transfer resistances as well as
the thermal dispersion coefficients were processed from the unit
cell scale solutions for velocity and temperature fields. The unit cell
scale governing equations were solved by assuming laminar and
steady fluid flow with constant thermophysical properties. In this
section, unit cell scale computation of the unsteady flow is carried
out in order to determine the effect of the unsteadiness on porous
media transport properties. The flow field within a unit cell is mod-
eled with FLUENT assuming an unsteady two-dimensional flow.
The 1st-order implicit formulation is utilized for the temporal dis-
cretization of the transient term and the power-law scheme is ap-
plied in the spatial discretization. The pressure–velocity coupling is
handled with the SIMPLC algorithm. Under-relaxation factors are
applied in the solution of momentum and continuity equations
in order to enhance the stability of the Gauss–Seidel iterative sol-
ver. The working fluid chosen for this study is air with constant
physical properties. A grid independent study is conducted by
using a progression of grid sizes. Testing with 1600, 6400,
14,1400, and 90,000 nodes showed that the 6400 nodes is
adequate.

The solution is started by initializing the field variables and
specifying the mass flow rate and the mean flow angle. The flow
is assumed to be aligned with the stream-wise principal axis X,
which makes an angle of 45� with the unit cell coordinate x, as
shown in Fig. 1. The mass flow rate is varied in order to cover
the range of Reynolds numbers, Reluc , between 1 and 2000. The
transient solver is applied by specifying a fixed time step of
10�5 s while running, at-most, 40 iterations per time step. The un-
steady solutions, which are characterized by vortex shedding, oc-
cur after nearly 15,000 iterations (an average of all the cases).
Once a time-periodic solution is established, the transient calcula-
tion is continued for at least another 1000 time steps and the
ensemble averaging is initiated.
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4.1. Results

Here, the results of unsteady flow are presented in terms of the
ensemble averages of quantities of interest. Mainly, the dimension-
less pressure gradient �rhpi

f l2uc
lh~ui versus Reluc is shown (Fig. 23) for

steady flow and unsteady simulations. The figure shows that the
dimensionless pressure gradients stay nearly constant for Reluc less
than 10, then increase significantly as the inertial effects dominate.
Furthermore, the unsteady solution bifurcates from the steady
solution when Reluc is around 102. The steady solution results are
within 10% of the unsteady results.

Dispersion in porous media is comprised of two mechanism,
molecular diffusion and thermal dispersion. These are represented
by the RHS in the above equation as the first and the second term,
respectively. In the first term, the stagnant conductivity kst de-
pends on the thermophysical properties of fluid and solid phases’
and the porous medium structural geometry. Whereas, the second
term accounts for thermal dispersion or enhanced heat transfer
which occurs in response to the interaction between the local spa-
tial fluctuations of velocity and temperature at the pore scale.

ðqcpÞf h~ui � rhTi ¼ r � kstrhTi þ qf cpf
~~ueTD En o

ð47Þ

Usually the latter dispersion heat flux term is modeled as the gradi-
ent of the spatial averaged temperature with the coefficient being
the dispersion thermal conductivity [50]. Recently, Nakayama
et al. [51] showed that the gradient diffusion hypothesis that has
been often adopted [52] for modeling the thermal dispersion heat
flux can be derived from a transport equation for thermal dispersion
heat flux based on the Navier–Stokes and energy equations.

Therefore, thermal dispersion can be modeled as

�qf cpf
~~ueTD E
¼ kdis � rhTi ð48Þ

where kdis is defined as the flow-driven thermal dispersion conduc-
tivity. The flow-driven dispersion diffusivity of the stream-wise
transport is defined as

�HXX ¼
kXX

qf cpf

� �
~~ueTD E

@hTi=@X
ð49Þ

Earlier we showed that the volume averaging process of the
momentum equation resulted in an expression which accounts for
hydrodynamic dispersion and is given as qf cpf

h ~~u ~~vi.
Hence the hydrodynamic dispersion diffusivity can be defined

as follows:

�MXX ¼ �
h~u~vi

@hui=@X
ð50Þ
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Fig. 23. Dimensionless plot of the pressure gradient.
where �MXX is the coefficient of the momentum dispersion transport
in the stream-wise direction.

Implementation of the thermal dispersion formulation with
FLUENT is cumbersome. Thus, for the purposes of this study, which
was the determination of unsteadiness on the dispersion coeffi-
cients, we used the flowfield solutions and, in conjunction with
Reynolds analogy between momentum and energy transfer, com-
pute the hydrodynamic dispersion and by analog assign it to be
the thermal dispersion as well. Following Niu and Simon [53] we
apply the analogy between the thermal and momentum dispersion
as �HXX ¼ �MXX .

Animated sequences of streamlines and hydrodynamic disper-
sion are prepared for the unsteady flow case. Figs. 24 and 25 show
the stream-function and dispersion values sampled at various
times within a full-cycle (see Fig. 26).
Fig. 24. Stream-function, a ¼ 45
 and Reluc ¼ 790, full cycle s at various non-
dimensionless time points ranging from t=s ¼ 0 to t=s ¼ 1.
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Fig. 24 show a sequence of streamlines for a case where the
mean flow angle, a; 45
 and Reluc ¼ 790 for a full cycle of period,
s, starting at a dimensionless time t=s ¼ 0. We can see that the a
counter clock-wise vortex is developed behind the upstream
square cylinder in southwest corner of the unit cell; and another
clock-wise vortex is developing on top of the same cylinder. The
clock-wise vortex grows in time. Fig. 27 shows the instantaneous
flow angle changes.

Figs. 28 and 29 show a comparison between steady state and
unsteady ensemble averaged hydrodynamic dispersion. It is appar-
ent that dispersion of both cases are in general agreement. The REV
space-averaged dispersion values from the steady and unsteady
flow calculations are within 3%.

 

 

Fig. 25. Hydrodynamic dispersion, a ¼ 45
 and Reluc ¼ 790, full cycle s at various
non-dimensionless time points ranging from t=s ¼ 0 to t=s ¼ 1.
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Fig. 27. Instantaneous flow angle for full cycle.
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Fig. 28. Hydrodynamic dispersion, a ¼ 45
 and Reluc ¼ 790, steady flow.
5. Summary and conclusions

A data base is constructed for elementary representative volume
(REV) unit cell consisting of a fluid phase and heat generating solid
phase by analyzing it with an imposing flow having various angles
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Fig. 29. Ensemble-averaged hydrodynamic dispersion for a full cycle s; a ¼ 45


and Reluc ¼ 790, unsteady flow.
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of approach relative to the unit cell and a range of Reynolds num-
ber. The velocity and temperature fields within the REV are pro-
cessed in order to characterize the porous medium in terms of its
effective properties.

Using a computational unit cell model, the flow resistances are
cast in terms of the porous medium permeability, which accounts
for viscous drag, and the inertial coefficient, which accounts for
form drag. We found that the permeability of the isotropic medium
is uniform and independent of the flow angle, while for the aniso-
tropic medium, the permeability varies nearly linearly between the
two principal permeabilities (along the porous medium principal
axes or axes of porous medium structural symmetry). We also
found that the permeability decreases with increased solid volume
fraction or increased porosity. Furthermore, we determined the
principal apparent permeabilities which lumps the effects of both
the ‘‘material permeability and inertial coefficient effects. It was
shown that the apparent permeability attains a maximum value
along the principal axes and diminishes with either increasing
approaching flow angle or increasing Reynolds number. The inter-
facial heat transfer coefficients are dependent on both the unit cell
Reynolds number and the mean flow angle. The heat transfer coef-
ficients are of minimal values when the flow is issued along the
principal axes, since such flow is similar to a fully developed duct
flow with zones of recirculating flow in the intra-space between
the solids; and they increase substantially for the cases oblique
flow. Likewise, the dispersion values are dependent on both the
unit cell Péclet number and the mean flow angle. However,
the flow driven stream-wise dispersion values is much larger the
cross-stream dispersion values.

The unsteady unit cell computations show that the dimen-
sionless pressure gradient curve bifurcates from the steady state
calculated curve when the unit cell Reynolds number is nearly
102, which is indicative of the onset of flow unsteadiness and
is characterized by the alternating vortex shedding in the vicinity
of the leeward face of the solids in the southwest corner of the
unit cell. The hydrodynamic dispersion is used with Reynolds
analogy between momentum and energy transfer to estimate
thermal dispersion, as processed from the velocity field computa-
tions. We found that the REV averaged dispersion value of the
steady flow dispersion and likewise REV averaged and ensemble
average dispersion value of unsteady flow calculations are within
17%. Whereas the pressure gradient steady and unsteady calcula-
tions are within 10%.
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