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Abstract-Dynamics modeling and trajectory tracking control 

of a new structure of spatial parallel robots from Delta robots 

family is elaborated. The proposed novel mechanism like 

ordinary Delta parallel mechanism has three degrees of pure 

translational freedom, but the position of robot's three active 

joints relative to each other is the main difference between this 

mechanism and Delta parallel mechanism, which has caused the 

change in geometry of platforms, and it shapes the asymmetrical 

structure in the robot mechanism and its workspace. The inverse 

dynamic modeling is performed based on the principle of virtual 

work. This paper extends our previous paper in which we 

compared implementation of computed torque (C-T) method 

using adaptive neuro-fuzzy controller and conventional PD 

controller. The PD and PID controllers of C-T method usually 

need manual retuning to make a successful industrial application, 

particularly in the presence of disturbance. In the present paper, 

we study feasibility of applying fuzzy PD and PID supervisory 

control for PD and PID used in C-T method for this parallel 

mechanism. The main motivation for this design was to cope with 

above problem for this complex nonlinear system. Numerous 

computer simulations demonstrate the effectiveness of the 

proposed control method in comparison with ordinary C-T 

method. 

Key words-Robot Control, Parallel Manipulators, Dynamic 

Modeling, Fuzzy PID. 

I. INTRODUCTION 

In the past three decades, parallel robots have attracted 
more and more researchers' attention, mainly due to their 
inherent advantages. A parallel manipulator is closed-loop 
mechanical structures generally composed of two platforms, 
which are connected by joints and legs acting in parallel. The 
last few years have witnessed an important development in the 
use of these robots in the industrial [I] and medical 
applications [2] because of their flexibility. 

Dynamical analysis of the parallel manipulators is much 
more complicated than the serial manipulators because of the 
existence of multiple close-loop chains. A lot of interesting 
parallel manipulators dynamics with specified type and 
mechanical design methods has been extensively studied. 
General solution for the dynamic modeling of parallel robots 
has been presented in [3]. Staicu et al. have been proposed a 
novel dynamic modeling approach for parallel mechanisms 
analysis using recursive matrix relations in [4-6]. Kinematics 
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and inverse dynamics analysis for a general 3-PRS spatial 
parallel mechanism have been performed in [7]. 

So far, the C-T method that has been implemented with PD 
and PID controller is one of the leading controllers in robotic 
systems. But, above-mentioned controller's performance is 
restricted. It is not necessary to discard these controllers which 
work well. It makes more sense to enhance their performance 
by appropriate choice of the PID gains. As a one trend, 
supervisory control can be used in order to improvements in 
conventional PD and PID controllers. 

Fuzzy control system has been used as a supervisor to 
codifY the human skills to re-tuning the PID gains, while the 
plant is in operation [8-12]. In [13], Kazemian tuned PID 
controller parameters by a fuzzy system. Fuzzy PID controller 
presents good performance for controlling general nonlinear 
systems [14, 15]. Also, it has been shown in [16, 17], that 
application of this controller enhances the closed loop 
performance of a PID controller for handling change in an 
operating point in complex nonlinear systems. Various linear 
and nonlinear systems have been tuned in [16, 17] and [18] 
with a fuzzy gain tuning inferencing mechanism. As well as, 
feasibility of applying adaptive neuro-fuzzy controller in C-T 
control method for parallel manipulator has been investigated 
in [19]. In [20, 21] the optimal parameters of fuzzy PD and PID 
have been obtained via reinforcement learning methods. 
Stability analysis of a fuzzy PID controller has been performed 
in [22,23]. 

In this contribution, dynamic modeling and computed
torque control of a new structure of spatial parallel 
manipulators by employing a modified version of DELTA 
parallel manipulator are presented. For various applications, 
change in position of DELTA robot's three active joints 
relative to each other shapes this new asymmetrical structure 
with an optimal architecture rather than ordinary DELTA 
robot. The C-T control method has been implemented with 
diverse methods, first by applying conventional PD and PID 
controllers, then by utilizing the concept of supervisory control 
as another trend. The fuzzy supervisory control presented very 
interesting tracking features in both without disturbance 
conditions and in the presence of disturbance. The obtained 
simulation results from fuzzy gain scheduling controller are 
encouraging when compared with conventional controllers. 
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This paper is organized as follows. In section 2, the 
architecture of the manipulator is described in details, after 
that, closed-form equations are developed for inverse 
kinematics and then velocity analysis is performed by 
generation of Jacobian matrix. Section3 describe the dynamic 
model of parallel mechanism based upon the principle of 
virtual work. The appropriate control methodology is 
implemented for exploited dynamic model in section 4. Section 
5 represents the simulation results and finally, some concluding 
remarks are given in section 6. 

II. KINEMATIC ANALYSIS 

A. Architecture Description 

The schematic diagram of the designed 3-RRPaR 
translational parallel manipulator is illustrated in Fig. I. This 
mechanism consists of a mobile platform, a fixed base, and 
three limbs of identical RRPaR kinematic structure with the 
first R joint actuated by a rotary actuator. The notation of R 
and Pa stands for the revolute joint and parallelogram, 
respectively. 

According to the Fig. 2, for analysis, we assign a fixed 
frame O{x, y, z }  at the point 0 of the fixed base LiA1A1A3, and a 
moving frame P {u, v, w} at the point P of the mobile platform 
llC1C1C3, with X, y axis parallels to u, v axis, respectively, and 
the z and waxes perpendicular to the platform. Both the fixed 
base and moving platform are designed as an isosceles triangle 
described by the parameter of r = OAi and h = PC, 
respectively, for i =1 , 2, and 3. q/i is the actuated variable of 
the ith limb. Bi denotes the connecting joints between the upper 
and the lower links. Also, a=A;Bi and b=B;C are the length of 
upper and lower links for each limb respectively. Table I 
describes the optimized architectural parameters of the 
mechanism. 

Fig. 1. T he designed asymmetrical spatial parallel robot. 

TABLE I. ARCHITECTURAL PARAMETERS OF THE ROBOT 

Parameter Value Unit 

r 160 mm 

a 200 mm 

b 200 mm 

h 120 mm 

B. Inverse Kinematics 

In this subsection, the inverse kinematics of suggested 
parallel manipulator is studied. Figure 3 defines the joint angles 
associated with the ith limb, wherein p is the point P of the 
mobile platform position vector. Coordinate system (Xi, Yi, Zi) is 
attached to the base at point Ai, such that the xi-axis is in line 
with the extended line of OA, the y;-axis is directed along the 
revolute joint axis at Ai, and the zi-axis parallel to the z-axis. 
The angle -i, is measured from the x-axis to the xi-axis and it is 
a constant parameter in manipulator design. q/i is measured 
from the xi-axis toAB, q2i is defmed from the extended line of 
AB to the line defined by the intersection of the plane of the 
parallelogram and the X;-Z; plane, and q3; is measured from the 
Yi direction to BiCi. 

A loop-closure equation can be written for each limb: 
--------

AiBi + BiCi = OP + PCi - OAi (1) 
Expressing Eq. I in the (Xi, Yi' z;) coordinate frame, we 

obtain 

where 

(2) 

[�:H �t¢, �t: m�} [h � T 1 (3) 

With c stands for cosine, s stands for sine. For inverse 
kinematic, the position vector p of the mobile platform is given 
and the problem is to fmd the joint angles qll, q12, and q13 
required to bring the mobile platform to the desired position. 
By solving the second row of Eq. 2, two solutions for q3i are 
found: 

_ -1 Cyi q3i - cos b (4) 

However, it will be shown later that both solutions for q3i 
result same physical position for limbi. After that, q2i can be 
determined by sum squares of Eq. 2 components. 

2 b + 2 + b2 - 2 + 2 + 2 a sQ3icQ2i a - cxi cyi czi 
Yr At y; A; 

x ¢i 

p 

P C. 

---.-_ .. -_ .. -_ .. -_ .............. . 

_____________________________________________ .i..-.. 

(5) 

Fig. 2. Schematic representation of a 3-RRPaR parallel manipulator. Fig. 3. Description of the joint angles. 
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Hence 
(6) 

where 
k = (C;i + C;i + C;i - a2 -b2)/(2absq3i) (7) 

Therefore, corresponding to each solution of q3i, Eq. 6 
yields two solutions for q2i' These solutions result in four 
solution sets for q2i and q3i- Furthermore, corresponding to 
each solution set of q2i and q3i, Eq. 2 yields a unique solution 
for q1i' However, the four solution sets contain only two 
distinct values of Q1i' Considering these relationships and the 
limb geometry, each limb assumes the same physical position 
for each Q1i' Hence for each limb four solution sets are realized 
in only two distinct positions. 

C. Jacobian Matrix Generation 

Consider P = [x y iFand q = [cll1 cl12 cl13Fare 
the mobile platform output velocities vector and input joint 
rates vector respectively. The loop-closure in Eq. 1 can be 
rewritten in to the following form: 

OP + PCi = OAi + AiBi + BiCi (8) 
Differentiating Eq. 8 with respect to time leads to 

p = cl1iUi x ai + Wbi x bi (9) 
where Wbi denotes the angular velocity of the ith lower link, 
ai = AiBi, bi = BiCi ,and [ rr rr ]T 

u = c(z + ¢i) s(z + ¢a 0 (10) 

with ¢i = �(i -1), for i=l, 2, and 3. To eliminate the passive 2 
joint rate Wbb we dot-multiply both sides of Eq. 10 by bi' This 
leads to 

b/p = cl1iu/.(ai x bi) (11) 
Writing Eq. 11 three times, for i =1, 2, and 3, it yields three 

scalar equations into a matrix form as follows: 

Where 
Ap = Hq (12) 

A = [:
b
;
3
�l B= [:�� : i:�:::�l (13) 

u/ . (a3 x b3) 
In view of Eq. 12, we can relate output velocities to the 

actuated joint velocities when the parallel mechanism is away 
from singularities 

it =Jp (14) 
Where J=H-1A, and JE 1Rl.3X3represents the Jacobian matrix 

of the robot. 

III. DYNAMIC ANALYSIS 

In this section, we will perform the inverse dynamic 
modeling of the parallel manipulator based upon the principle 
of virtual work. The inverse dynamics problem is to find the 
actuator torques and/or forces required to generate a desired 
trajectory of the manipulator. 

A. Simplification Hypothesis 

Without losing generality of model, we can simplify the 
dynamic problem by the following hypotheses: 
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The connecting rods of lower links can be built with light 
materials such as the aluminum alloy, so 

• The lower links rotational inertias are neglected; 
• The mass of each lower links, is divided evenly and 

concentrated at the two endpoints Bi and Ci. 
Also it is supposed that: 

• The friction forces in joints are neglected. 
• No external forces suffered. 

B. Dynamic Modeling 

We consider that r = [<I <2 <3F and oq = 
[OQl1 OQ12 oQ13F are the vector of actuator torques and 
vector of corresponding virtual angular displacements. 
Furthermore, op = [ox oy oz F represents the virtual linear 
displacements vector of the mobile platform. Dynamic 
parameters of the manipulator are described in Table II. We 
can derive the following equations by applying the virtual work 
principle. 

rT oq + MEaoq + Flpop - M�oq - FJ op = 0 (15) 
Where 

Mca = Gma + mb) gal [CQl1 CQ12 cQ13F (16) 

is the upper links gravity torques vector. ma and mb are mass of 
upper link and each connecting rod of lower link, respectively. 
Here 9 denotes the gravity acceleration, and I represents the 
3 x3 identity matrix. Fcp = [0 0 -(mp + 3mb)gF (17) 
denotes the mobile platform gravity force vector, and mp is 
mass of the mobile platform. 

Ma = lati. = la[iil1 ii12 ii13F (18) 
represents the upper links inertia torques vector and la = Gmaa2 + mba2) I denotes the upper links inertial matrix 
with respect to the fixed frame O{x, y, z}, and Fp = Mpp = (mp + 3mb)I[x y iF (19) 
denotes the mobile platform inertial forces vector. Equation 14, 
can be written into the following form 

Consequently, 
p=r1q (20) 

(21) 
Substituting Eq. 21 into Eq. 15, results 

(Tl +Ml. + Fl r1_M1_F1J-l)6 =0 (22) Go (Jp a p q 
Equation 22 holds for any virtual displacements oq, so we 

have 
T = Ma + rTFp -Maa -J-TFGp (23) 

Substituting Eqs. 18 and 19 into Eq. 23, allows the 
generation of 

A . . _]' A • •  -1 T=Iaq+J Mpp-MCia-J FCip (24) 

TABLE II DYNAMIC PARAMETERS OF THE ROBOT 

Parameter Value lJnit 

mp 0.4 Kg 

ma 0.3 Kg 

mb 0. 1 Kg 

a 9.8 m/s2 



Differentiating Eq. 20 with respect to time, yields p 
= J-lq +j-lq (25) 

Substituting Eq. 25 into Eq. 24, we can derive that 
T = M(q)q + C(q, q)q + G(q) (26) 

Equation 26 represents the dynamic model of parallel 
manipulator in joint space. Here, q E jRi3 is the controlled 
variables, and 

M(q) = Ta +rTMprl 
Denotes a symmetric positive definite inertial matrix, that 
M(q) E jRi3X3. 

C(q,q) = rlM pj-I 
Where Ceq, q) E jRi3X3 is the centrifugal and Coriolis forces 
matrix, and 

G(q) = -Mc;G - rTFc;p 
represents the vector of gravity forces, and G( q) E jRi3. 

IV. THE CONTROL SYSTEM STRUCTURE 

A. Computed Torque Control via PD and P1D Controller 

In this section, we implement the computed torque control 
(C-T) method in joint space for considered parallel 
manipulator. This approach is commonly used in the robotics 
control systems and able to make the error asymptotically 
stable [24]. 

Equation 26 can be rewritten as: 
T = M(q)ij + H(q,q) 

where H (q, q) = C( q, q)q + G( q) . 
(27) 

Block diagram of the C-T control system implemented with 
conventional PD and PID feedback is shown in Fig. 4. By the 
following joint torques the parallel robot can be actuated. 

T = M(q)u + H(q,q) (28) 
Where in Eq. 28, M(q) and H(q, q)denotes the estimation of 

M(q) and H(q, q) respectively, and u is an input signal in 
acceleration form. Combining Eqs. 27 and 28, it yields a linear 
second order system as follows 

q = u (29) 
There are many possible choices for perfect tracking in a 

PD [25], and PID feedback implementation: 
r = qd + KrAd + Kpqd (30) 

t 
r = q d + K [J q d + KI f q d d (t) + K p q d (3 I) 

o 

where in Eqs. 30 and 31, r denotes the reference signal for PD 
and PID feedback implementation respectively, Kp, Kr and Kn 
denote the conventional PID gains matrices, and qd denotes the 
desired joint trajectory. 

Fig. 4. Block diagram ofC-T control with PD and PID. 
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Then the acceleration input signal in Eq. 29 can be 
rewritten in to the following form: 

u = r- KIA -Krq = qd + K[J(qd -q) + Kr(qd -q) (32) 
I 

U = r- Kn<i -K] fqd (t) -K],q 
o 

I (33) 
=qd +Kl)(qd -q)+K] f(qd -q)d(t)+Kl'(qd -q) 

o 

Substituting Eqs. 32 and 33into Eq. 29, result the equations 
of error 34 and 35 respectively: 

(34) 
f 

e+KTJe+KJ fed(t)+Kpe=O (35) 
o 

By specitying suitable values of feedback gains Kp, Kr and 
Kn, trajectory tracking error will go to zero asymptotically. 

B. Computed Torque Control via Fuzzy Supervisory Control 

Figure 5 represents the general architecture of a two-level 
fuzzy control system, where the first level is a conventional 
controller and the second level consists of fuzzy systems that 
supervise and modity the operations of the conventional 
controller. Block diagram of the C-T control system 
implemented with fuzzy PD and PID controller is illustrated in 
Fig. 6. In this design, the inference mechanism of fuzzy logic 
includes a two-input-single-output component and we use two
dimensional linear rule base as the mapping of the input 
linguistic variables error e(t) and error derivative e(t) onto the 
fuzzy logic output linguistic variable (UjilZZY)' To judge the 
performance quality of the control systems, various 
performance criteria exist. Here, in order to tune the PD and 
PID parameters, the performance criterion Integral of Absolute 
Error (IAE) has been utilized, because it could weight latest
errors. 

TA E = fly deY) - Y ad (t)ldt = fle(t)1 dt (36) 
() () 

Where Ydes is the desired trajectory, i.e., desired Jomt 
angular displacements, and Yael is the actual response, i.e., 
actual joint angular displacements. We employ standard 
triangular membership functions and Mamdani type inference 
engine by using center of gravity method defuzzification for 
fuzzy logic output (Uji'zzy)' Table 3 shows design of the fuzzy 
rules, which the range of the error e(t) and error derivative e(t) 
are divided into seven partitions. In Table III, the linguistic 
variables (NB), (NM), (NS), (ZO), (PS), (PM), (PB) represent 
negative big, negative medium, negative small, zero, positive 
small, positive medium and positive big respectively. 

Process 

first-level 
control 

second-level 
control 

Fig. 5. Architecture of a two-level fuzzy control system. 



Fig. 6. Block diagram of C-T control with Fuzzy supervisory control. 

V. SIMULATION RESULTS 

A complex described trajectory of mobile platform in the 
Cartesian space is considered for simulation studies in order to 
investigate the obtained kinematic and dynamic model. 

x = -0.1 sin(rrt) 
y = 0.1 cos(rrt) (37) 

z = -0.29 + 0.05 cos (i t) 
Where t denotes the time variable, and x, y and z are in 

units of meters. According to the parameters of Table I and II, 
the simulation results of kinematic and dynamic model are 
shown in Fig. 7, where Fig. 7(a) to 7(c) illustrate the joint 
angular displacements, velocities, and accelerations, 
respectively, which are derived via closed-form solutions of 
inverse kinematic. And Fig. 7(d) demonstrates the actuated 
joint torques, which generated by inverse dynamic model of 
manipulator. 

9Ur-�---""'-----' 

2 
Time(s) 

(a) 

2 
Time(s) 

(c) 

2 
Time(s) 

(b) 

.30::-----:--....,2:----!--� 
Time(s) 
(d) 

Fig. 7. Simulation results for joint angular (a) displacements, (b) velocities, (c) 
accelerations, and (d) joint torques. 

TABLE III. RULE-TABLE OF THE FUZZY-PTD 

I� NB NM NS ZO PS PM PB 
PB ZO PS PM PB PB PB PB 

PM NS ZO PS PM PB PB PB 

PS NM NS ZO PS PM PB PB 

ZO NB NM NS ZO PS PM PB 

NS NB NB NM NS ZO PS PM 

NM NB NB NB NM NS ZO PS 

NB NB NB NB NB NM NS ZO 
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Figure S shows the simulation results in order to compare 
the ability of tracking in the presence of disturbance for various 
methods which are designed in previous section. Assuming that 
disturbance D = I N.m in the form of external torque has been 
exerted to the mobile platform at t = 1.15 sec. Figure Sea) to 
S( d) represent the trajectory tracking of C-T method 
implemented with PD, PID, Fuzzy-PD and Fuzzy-PID 
supervisory control, respectively. It is observed that all of these 
applied methods cause the joint space error asymptotically 
converges to zero, but according to the IAE criterion, which is 
given in detail in Table IV, it can be clearly seen that the fuzzy 
supervisory approach shows superior performance than its 
corresponding conventional controller due to its gain 
scheduling capability when the robot is exposed in the 
disturbance condition. Figure 9 illustrates this appealing 
characteristic, e.g., for joint 3, where Fig. 9(a) to 9(c) describe 
the readjustment of PID gains via fuzzy system as a master 
contro lIer. 

2 Time(s) 
(a) 

2 Time(s) 
(c) 

4 

90 r------,---,.----.,-----, 

2 Time(s) 
(b) 

2 Time(s) 
(d) 

Fig. 8. Simulation results of trajectory tracking for C-T method with (a) PO, 
(b) PID, (c) Fuzzy-PO, and (d) Fuzzy-PID supervisory control. 
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Time(s) 

(a) 
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(c) 
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Fig. 9. Readjustment of (a) Kl', (b) Kj, and (c) KD with Fuzzy-PID supervisory 
control. 



TABLE IV. JOINT TRACKING ERRORS 

Without Disturbance In the Presence of Disturbance 

Joint Number PD PlD Fuzzy PD Fuzzy PID PD PlD Fuzzy PD Fuzzy PID Unit 
1 0.0487 0.0089 0.0485 0.0080 

2 0.0484 0.0078 0.0481 0.0068 

3 0.0501 0.0082 0.0498 0.0073 

IAE 0.1472 0.0249 0.1464 0.0221 

VI. CONCLUSIONS 

In this study, a new structure of spatial parallel manipulator 
with three degrees of pure translational freedom from DELTA 
robots family was presented. At first, the inverse kinematic 
model of robot has been carried out. For inverse kinematic 
problem, these solutions demonstrate that, in general, there are 
two possible poses for each limb. After that the Jacobian 
matrix was derived analytically. Then by employing the 
principle of virtual work, inverse dynamic model has been 
established. For improving efficiency and accuracy of 
conventional PID controller, when dynamic of robot strongly is 
affected by nonlinearity and disturbances, the supervisory 
control has been employed to re-adjust the PID gains. So, 
effect of disturbance in the parallel manipulator has been 
handled in this paper by using supervisory control system. The 
lower level is a conventional PD and PID controller, which 
controls the parallel manipulators to the desired trajectory. The 
upper-level supervisory controller consists of fuzzy logic 
controller for scheduling the PID gains. By minimizing IAE as 
a perfonnance criterion, we have also compared this new C-T 
methodology, which implemented by supervisory controller, 
with another closely related and comparable C-T method in 
simulation. Simulation results indicate that proposed method is 
better than the common C-T method with conventional 
controller in trajectory tracking and especially adapting itself to 
disturbance conditions. It should be noted that the robotic 
system with disturbance problems evidently contains common 
problems, as a special class. Therefore, the proposed control 
methodology is extensively applicable to control of any robotic 
systems. 
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