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Abstract This paper deals with the problem of L1 control for positive Markovian
jump systems with time-varying delays and partly known transition rates. Firstly, by
the use of appropriate co-positive type Lyapunov function, sufficient conditions for
stochastic stability of positive Markovian jump systems with time-varying delays and
partly known transition rates are proposed. Then, L1-gain performance of the system
considered is analyzed. Based on the results obtained, a state feedback controller is
constructed such that the closed-loop Markovian jump system is positive and stochas-
tically stable with L1-gain performance. All the proposed conditions are derived in
linear programming. Finally, an example is given to demonstrate the validity of the
main results.

Keywords Positive Markovian jump systems · Partly known transition rates ·
Stochastic stability · Linear programming

1 Introduction

A positive system means that its state and output are nonnegative whenever initial
conditions and inputs are nonnegative. There are many applications of such systems in
practice such as communication networks [15], industrial engineering [2], and system
control theory [6]. As a consequence, the study of positive systems has become a
heated topic due to their broad applications in the control community such as stability
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[3,5,7,25,28,29], stabilization [3,7], and H∞ filtering [10]. To mention a few, by
applying appropriate co-positive type Lyapunov function, sufficient conditions for
stability criteria of continuous-time or discrete-time positive switched systems [3,28,
29] were proposed in linear programming.

On the other hand, it is widely known that the reaction of real-world systems to
exogenous signals is always not instantaneous and is affected by certain time delays,
such as networked control systems and transportation systems. Time delay is fre-
quently a source of instability and undesirable performance. Recently, studies of posi-
tive time-delayed systems have attracted more and more attention such as stability and
stabilization analysis [12,18,31], fault detection [19], and finite-time control [11,17].

Furthermore, dynamic systems subject to random abrupt variations can be mod-
eled as Markovian jump systems such as networked control systems [4], manufacturing
systems [14], and fault-detection systems [8]. As a main factor, the transition prob-
ability determines the behavior of Markovian jump system. Until now, most of the
results based on Markovian jump system have been reported under the assumption
of a completely accessible knowledge of the transition probabilities [9,13]. However,
the knowledge on the transition probabilities cannot be completely available due to
complex factors. Consequently, some achievements on the Markovian jump systems
with partly known transition probabilities have been conducted including stability
and stabilization analysis [21,24], H∞ performance analysis [27], filter design [22],
actuator saturation [16], finite-time control [26], and fault-detection systems [20].

Recently, there have been a limited amount of papers reporting on the positive
Markovian jump system [1,23,30]. To mention a few, sufficient and necessary condi-
tions for stochastic stability of continuous-time or discrete-time positive Markovian
jump system [1,23] were proposed in linear programming. And a state feedback con-
troller for continuous-time and discrete-time positive Markovian jump system [23]
was designed to ensure positivity and stochastic stability of the closed-loop Markov-
ian jump system. In [30], sufficient and necessary conditions are given so that the
discrete-time positive Markovian jump system is stochastically stable with L1-gain
performance. Additionally, the positive L1 filter design for discrete-time Markovian
jump system with partly known transition probabilities was addressed in [30], which is
the first paper to consider the discrete-time positive Markovian system with exogenous
disturbances and partly known transition probabilities.

At the same time, it is widely recognized that many previous results of the positive
systems were based on quadratic Lyapunov functions, and these results were formu-
lated in the terms of linear matrix inequality [5,7,10]. However, some results based on
linear co-positive Lyapunov functions have been presented in [1,3,11,17–19,23,28–
31]. Due to the nonnegative property of positive systems, a linear Lyapunov function
can be chosen as a valid candidate. The consideration of a linear Lyapunov function
leads to some new results for positive systems. Compared with previous results based
on quadratic Lyapunov functions, the results with linear Lyapunov functions are easy
to analyze. Additionally, there are many different performances in the existing liter-
atures such as H∞ performance [10], H2 performance, L2 performance, and so on.
When considering the linear Lyapunov function candidate, L1 performance for posi-
tive system was first introduced in [3]. In some situations, these performance measures
induced by L2 signals are appropriate to describe the dynamic behavior. In addition,
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L1-norm provides a more useful description for positive systems because it represents
the sum of the values of the components.

For a positive Markovian jump system, it is an area that is only beginning to be
investigated, and there is further room for investigation. As pointed out in [1,23], the
transition rates are completely known, which may lead to some conservativeness. To
the best of our knowledge, most of the existing results about the problems of analysis
and synthesis for positive Markovian jump systems are based on nominal system
without taking time delay and exogenous disturbance into account. As time delay
and exogenous disturbance are frequently encountered in practice, it is necessary and
significant to further consider positive Markovian jump system with those two kinds of
phenomenons. When taking time delays and exogenous disturbance into account, the
problem of choosing an appropriate mode-dependent co-positive Lyapunov function
candidate that is different from that in the existing literatures, and as to how to reduce
some conservativeness of Lyapunov function are more complicated and challenging.
However, until now, no relevant work that considers this kind of system has been
published, which motivates our investigation.

In this paper, L1 control for the positive Markovian jump systems with time-varying
delays and partly known transition rates will be investigated. The main contributions of
this paper include (i) by employing an appropriate co-positive type Lyapunov function,
sufficient conditions for stochastic stability of the system are proposed; (ii) L1-gain
performance analysis for the considered system is analyzed based on the stochastic
stability in (i); (iii) based on the results obtained, a state feedback controller is designed
to ensure positivity and L1 boundedness of the closed-loop system.

The remainder of this paper is organized as follows. In Sect. 2, the system formula-
tion and some necessary lemmas are given. Section 3 is devoted to deriving the results
on stochastic stability, L1-gain analysis and controller design. An example is provided
to illustrate the feasibility of the obtained results in Sect. 4. Concluding remarks are
given in Sect. 5.

Notation In this paper, A � (� 0,�,≺) means that all entries of matrix A are
nonnegative (non-positive, positive, negative); A � B (A � B) means that A − B �
0 (A − B � 0); R (R+) is the set of all real (positive real) numbers; Rn (Rn+) in
n-dimensional real (positive) vector space; The vector 1-norm is denoted by ||x ||1 =∑n

k=1 |xk |, where xk is the kth element of x ∈ Rn ; Given v : R → Rn , the L1-norm
is defined by ||v||L1 = ∫ ∞

0 ||v||1dt; L1[0,+∞) is the space of absolute integrable
vector-valued functions on [0,+∞), i.e., we say x : [0,+∞) → Rn is in L1[0,+∞)

if
∫ ∞

0 ||x(t)||1dt < ∞; Matrix A is said to be a Metzler matrix if its off-diagonal
elements are all nonnegative real numbers; Symbol E{·} represents the mathematical
expectation; In denotes identity matrix, and 1n means the all-ones vector in Rn . Given
a probability space (Ξ, Υ,Θ),Ξ is the sample space, Υ is the σ -algebra of subsets
of the sample space, and Θ is the probability measure on Υ .

2 Problem Statement and Preliminaries

Consider the following positive Markovian jump system with time-varying delays on
the probability space (Ξ, Υ,Θ):
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ẋ(t) = A(gt )x(t) + Ad(gt )x(t − τ(t)) + G(gt )w(t),

z(t) = C(gt )x(t) + D(gt )w(t),

x(t + θ) = ϕ(θ),∀θ ∈ [−τ, 0], (1)

where x(t) ∈ R
n is the state vector; w(t) ∈ R

l is the disturbance input, which belongs
to Ln

1[0,+∞); z(t) ∈ R
q is the controlled out; τ(t) denotes time-varying function

and satisfies 0 < τ(t) ≤ τ, τ̇ (t) ≤ h, where τ , and h are known real constant scalars;
ϕ(θ) is a vector-valued initial continuous function which is defined on interval [−τ, 0];
{gt , t ≥ 0} is a time-homogeneous stochastic Markovian process with right continuous
trajectories, and takes values in a finite set S = {1, 2, . . . , N } with transition rate matrix
Π = {πi j }, i, j ∈ S. The transition rate from mode i at time t to mode j at time t +Δt
is given by:

P{gt+Δt = j |gt = i} =
{

πi jΔt + o(Δt), i �= j,
1 + πi jΔt + o(Δt), i = j,

where Δt ≥ 0, lim
Δt→0

(o(Δt)/Δt) = 0 and πi j ≥ 0, for i �= j and
∑N

j=1,i �= jπi j =
−πi i .

Throughout the paper, the transition rates are built to be partly known, that means
there are only some elements to be obtained in matrix Π = {πi j }. For ∀i ∈ S, the set
Si represents Si = Si

k

⋃
Si

uk , with

Si
k � { j : πi j is known, for j ∈ S}, Si

uk � { j : πi j is unknown, for j ∈ S}.

And if Si �= ∅, it is further given by

Si
k �

{
ki

1, ki
2, . . . , ki

m

}
, 1 ≤ m ≤ N ,

where ki
m ∈ S means the mth known transition rate of Si

k in the i th row of the matrix Π .
For simplicity, for gt = i , A(gt ), Ad(gt ), G(gt ), C(gt ) and D(gt ) are, respectively,
denoted as Ai , Adi , Gi , Ci and Di .

The following definitions and lemmas will be introduced in the rest of this section.

Definition 1 [6] System (1) is said to be positive if, for any initial condition ϕ(θ) �
0, θ ∈ [−τ, 0], the corresponding trajectories x(t) � 0 and z(t) � 0 hold for all t > 0.

Lemma 1 [6] System (1) is said to be positive if and only if Ai , for all i ∈ S, are
Metzler matrices and Adi � 0, Gi � 0, Ci � 0, Di � 0.

Lemma 2 [23] A matrix is a Metzler matrix if and only if there exists a positive
constant ε such that A + ε I � 0.

Definition 2 [23] The positive Markovian jump system (1) (w(t) = 0) is said to
be stochastically stable if for any initial condition ϕ(θ) and g0 ∈ S, the following
inequality holds
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E

{∫ ∞

0
||x(t)||1dt |ϕ(θ), g0

}

< ∞. (2)

Definition 3 [30] For given positive scalar γ > 0, the positive Markovian jump
system (1) is said to be stochastic stable with L1-gain performance, if the following
conditions are satisfied

(i) System (1) is stochastically stable when w(t) = 0;
(ii) Under zero-initial condition, system (1) satisfies

E

{∫ ∞

0
||z(t)||1dt

}

≤ γ E

{∫ ∞

0
||w(t)||1dt

}

, (3)

when w(t) �= 0.

Definition 4 [13] Considering V (x(t), i) as the Lyapunov function for the system (1),
we define the weak infinitesimal operator as follows:

Γ V (x(t), i) = lim
Δt→0

1

Δt
[E{V ((x + Δt), g(t + Δt))|x(t), g(t) = i)}

−V (x(t), g(t) = i)].
In this paper, the state feedback controller is designed as follows:

u(t) = Ki x(t), (4)

where Ki are the controller gain matrices. Then, the control synthesis problem will be
investigated for the following positive Markovian jump system

ẋ(t) = Ai x(t) + Bi u(t) + Adi x(t − τ(t)) + Giw(t),

z(t) = Ci x(t) + Diw(t),

x(t + θ) = ϕ(θ),∀θ ∈ [−τ, 0]. (5)

Furthermore, with the state feedback controller (4), the closed-loop Markovian
jump system is denoted as:

ẋ(t) = (Ai + Bi Ki )x(t) + Adi x(t − τ(t)) + Giw(t),

z(t) = Ci x(t) + Diw(t),

x(t + θ) = ϕ(θ),∀θ ∈ [−τ, 0]. (6)

In this paper, our aim is to design the state feedback controller (4) under which
the closed-loop Markovian jump system (6) is positive and stochastically stable with
L1-gain performance.

Remark 1 From Lemma 1, the closed-loop Markovian jump system (6) is positive if
and only if Ai + Bi Ki ,∀i ∈ S are Metzler matrices and Adi � 0, Gi � 0, Ci �
0, Di � 0. Therefore, it is not necessary to require the unforced system (5) (u = 0)

to be positive when considering the controller design.
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3 Main Results

This section will focus on the problem of stability analysis, L1-gain performance
analysis, and state feedback controller analysis.

3.1 Stochastic Stability Analysis

Firstly, let us consider the stochastic stability analysis for system (1) (w(t) = 0).

Theorem 1 The positive Markovian jump system (1) (w(t) = 0) with time-varying
delays and partly known transition rates is stochastically stable, if there exists a set
of vectors νi , σ1i , σ2i , σ1, σ2 ∈ R

n+, ρ1i , ρ2i , ρ3i ∈ R
n, for i ∈ S, such that

AT
i νi + σ1i + σ2i + τσ1 + τσ2 +

∑

j∈Si
k

πi j (ν j − ρ1i ) ≺ 0, (7)

AT
diνi − (1 − h)σ1i ≺ 0,

∑

j∈Si
k

πi j (σ1 j − ρ2i ) − σ1 ≺ 0, (8)

∑

j∈Si
k

πi j (σ2 j − ρ3i ) − σ2 ≺ 0, (9)

ν j − ρ1i � 0, σ1 j − ρ2i � 0, σ2 j − ρ3i � 0, j ∈ Si
uk, j �= i, (10)

ν j − ρ1i � 0, σ1 j − ρ2i � 0, σ2 j − ρ3i � 0, j ∈ Si
uk, j = i. (11)

Proof For the positive Markovian jump system (1) (w(t) = 0), choose the co-positive
type Lyapunov function candidate as

V (x(t), i) = V1(x(t), i) + V2(x(t), i) + V3(x(t), i), (12)

where

V1(x(t), i) = xT (t)νi ,

V2(x(t), i) =
∫ t

t−τ(t)
xT (s)σ1i ds +

∫ t

t−τ

xT (s)σ2i ds,

V3(x(t), i) =
∫ 0

−τ

∫ t

t+θ

xT (s)(σ1 + σ2)dsdθ,

where νi , σ1i , σ2i , σ1, σ2 ∈ R
n+ and

N∑

j=1

πi jσ1 j � σ1,

N∑

j=1

πi jσ2 j � σ2.
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According to Definition 4, it can be shown that

Γ V1(x(t), i) = xT (t)(AT
i νi +

N∑

j=1

πi jν j ) + xT (t − τ(t))AT
diνi ,

Γ V2(x(t), i) = xT (t)σ1i − (1 − τ̇ (t))xT (t − τ(t))σ1i +
∫ t

t−τ(t)
xT (s)

N∑

j=1

πi jσ1 j ds

+ xT (t)σ2i − xT (t − τ)σ2i +
∫ t

t−τ

xT (s)
N∑

j=1

πi jσ2 j ds

≤ xT (t)σ1i − (1 − h)xT (t − τ(t))σ1i +
∫ t

t−τ(t)
xT (s)σ1ds

+ xT (t)σ2i − xT (t − τ)σ2i +
∫ t

t−τ

xT (s)σ2ds,

Γ V3(x(t), i) = τ xT (t)(σ1 + σ2) −
∫ t

t−τ

xT (s)(σ1 + σ2)ds

≤ τ xT (t)(σ1 + σ2) −
∫ t

t−τ(t)
xT (s)σ1ds −

∫ t

t−τ

xT (s)σ2ds. (13)

Based on
N∑

j=1

πi jρ1i =
N∑

j=1

πi jρ2i =
N∑

j=1

πi jρ3i = 0 for a set of vectors

ρ1i , ρ2i , ρ3i , we have

Γ V (x(t), i) ≤ xT (t)

⎛

⎝AT
i νi + σ1i + σ2i + τσ1 + τσ2 +

N∑

j=1

πi jν j −
N∑

j=1

πi jρ1i

⎞

⎠

+ xT (t − τ(t))
(

AT
diνi − (1 − h)σ1i

)
− xT (t − τ)σ2i

= xT (t)

⎛

⎜
⎝AT

i νi + σ1i + σ2i + τσ1 + τσ2 +
∑

j∈Si
k

πi j (ν j − ρ1i

⎞

⎟
⎠

+
∑

j∈Si
uk

πi j (ν j − ρ1i )) + xT (t − τ(t))
(

AT
diνi − (1 − h)σ1i

)

− xT (t − τ)σ2i , (14)

and

N∑

j=1

πi jσ1 j −
N∑

j=1

πi jρ2i − σ1 =
∑

j∈Si
k

πi j (σ1 j − ρ2i ) +
∑

j∈Si
uk

πi j (σ1 j − ρ2i )
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− σ1 � 0,

N∑

j=1

πi jσ2 j −
N∑

j=1

πi jρ3i − σ2 =
∑

j∈Si
k

πi j (σ2 j − ρ3i ) +
∑

j∈Si
uk

πi j (σ2 j − ρ3i )

− σ2 � 0. (15)

Note that πi i < 0(∀i, j ∈ S, i = j) and πi j ≥ 0(∀i, j ∈ S, i �= j), therefore, if
i ∈ Si

k , inequalities (7)–(10) imply the following inequality

Γ V (x(t), i) ≤ xT (t)
(

AT
i νi + σ1i + σ2i + τσ1 + τσ2 +

∑

j∈Si
k

πi j (ν j − ρ1i )
)

= xT (t)μi ≤ −μ0‖x(t)‖L1 < 0, (16)

where

μ0 = min
i=1,2,...,N

{ min
s=1,2,...,n

{−[μi ]s}},

μi = AT
i νi + σ1i + σ2i + τσ1 + τσ2 +

∑

j∈Si
k

πi j (ν j − ρ1i ),

holds.
On the other hand, if i ∈ Si

uk , inequalities (7)–(11) also imply that inequality (16)
holds.

The use of Dynkin’s formula yields

E[V (x(t), i)] − V (ϕ(θ), g0) =E

[∫ t

0
Γ V (x(s), g(s))ds

]

≤−μ0 E

[∫ t

0
‖x(s)‖1ds|(ϕ(θ), g0)

]

,

which implies

μ0 E

[∫ t

0
‖x(s)‖1ds|(ϕ(θ), g0)

]

≤ V (ϕ(θ), g0) − E[V (x(t), i)] ≤ V (ϕ(θ), g0).

Therefore,

E

[∫ ∞

0
‖x(t)‖1dt |(ϕ(θ), g0)

]

≤ V (ϕ(θ), g0)

μ0
< ∞.

The proof is completed. ��
Remark 2 The free-connection weighting matrix methodology is firstly proposed to
study the stability of continuous-time Markovian jump system by considering the
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relationship among the transition rates of the subsystems in [24], which overcomes
the conservativeness of using the fixed connection weighting matrices. Here, we extend
this method to free-connection weighting vectors ρ1i , ρ2i , ρ3i that could reduce some
conservativeness. If the fixed connection weighting vectors are applied, sufficient
conditions in Theorem 1 may lead to no solution.

Remark 3 Generally speaking, for Markovian jump system with time-varying delays,
Lyapunov function is frequently chosen as follows:

V (x(t), i) = xT (t)νi +
∫ t

t−τ(t)
xT (s)σ1ds +

∫ 0

−τ

∫ t

t+θ

xT (s)σ2dsdθ. (17)

The parameter in integral term of equality (17) is mode-independent, which may
lead to some conservativeness. Here, an appropriate mode-dependent co-positive type
Lyapunov function (12) is constructed, and parameter in integral term V2(x(t), i) is
mode-dependent, which may reduce some conservativeness.

3.2 L1-Gain Performance Analysis

In this subsection, based on Theorem 1, some sufficient conditions will be provided
to ensure stochastic stability of the system (1) with L1-gain performance.

Theorem 2 For given positive constant γ , if there exist a set of vectors νi , σ1i , σ2i , σ1,
σ2 ∈ R

n+, ρ1i , ρ2i , ρ3i ∈ R
n, for i ∈ S, such that inequalities (8)–(11) and the

following inequalities

AT
i νi + σ1i + σ2i + τσ1 + τσ2 +

∑

j∈Si
k

πi j (ν j − ρ1i ) + CT
i 1 ≺ 0, (18)

GT
i νi + DT

i 1 − γ 1 ≺ 0. (19)

hold, the positive Markovian jump system (1) with time-varying delays and partly
known transition rates is stochastically stable with L1-gain performance.

Proof It is clear that inequality (7) holds if inequality (18) is satisfied. Based on
Theorem 1, system (1) (w(t) = 0) is stochastically stable.

For the closed-loop system (1) with Lyapunov function (12), we have

Γ V (x, i) + ‖z(t)‖L1 − γ ‖w(t)‖L1

≤ xT (t)(AT
i νi + σ1i + σ2i + τσ1 + τσ2 +

N∑

j=1

πi jν j −
N∑

j=1

πi jρ1i )

+ xT (t − τ(t))(AT
diνi − (1 − h)σ1i ) − xT (t − τ)σ2i +wT (t)GT

i νi +1T Ci x(t)

+ 1T Diw(t) − γ 1T w(t)



Circuits Syst Signal Process

= xT (t)(AT
i νi +σ1i +σ2i +τσ1+τσ2+

∑

j∈Si
k

πi j (ν j − ρ1i )+
∑

j∈Si
uk

πi j (ν j −ρ1i ))

+ xT (t − τ(t))(AT
diνi − (1 − h)σ1i + CT

i 1) − xT (t − τ)σ2i

+ wT (t)(GT
i νi + DT

i 1 − γ 1). (20)

Under zero-initial condition, inequalities (8)–(11) and (18)–(19) imply that

Γ V (x, i) + ‖z(t)‖L1 − γ ‖w(t)‖L1 < 0, (21)

which means

E

{∫ ∞

0
||z(t)||1dt

}

≤ γ E

{∫ ∞

0
||w(t)||1dt

}

.

This completes the proof of Theorem 2. ��

3.3 State Feedback Controller Design

In this subsection, we will design the state feedback controller to make the corre-
sponding closed-loop system (6) positive and stochastically stable with L1-gain per-
formance.

Theorem 3 For given positive constant γ , if there exist a set of vectors νi , σ1i , σ2i , σ1,
σ2 ∈ R

n+, ρ1i , ρ2i , ρ3i , κi ∈ R
n and positive constants εi for i ∈ S, such that inequal-

ities (8)–(11), (19) and the following inequalities

AT
i νi + κi + σ1i + σ2i + τσ1 + τσ2 +

∑

j∈Si
k

πi j (ν j − ρ1i ) + CT
i 1 ≺ 0, (22)

ν̃T
i BT

i νi Ai + Bi ν̃iκ
T
i + εi I � 0, (23)

hold, where Bi ν̃i � 0, ν̃i ∈ R
n+ are a set of given vectors, the closed-loop Markovian

jump system (6) with time-varying delays and partly known transition rates is pos-
itive, stochastically stable with L1-gain performance. Moreover, the state feedback
controller can be given as

u(t) = Ki x(t) = 1

ν̃T
i BT

i νi
ν̃iκ

T
i x(t). (24)

Proof Firstly, we prove the positivity of system (6). As Bi ν̃i � 0 and νi � 0, it is
clear that ν̃T

i BT
i νi � 0. Dividing two sides of (23) by ν̃T

i BT
i νi yields

Ai + 1

ν̃T
i BT

i νi
Bi ν̃iκ

T
i + 1

ν̃T
i BT

i νi
εi I � 0, (25)



Circuits Syst Signal Process

From equality (24) and inequality (25), we have

Ai + Bi Ki + 1

ν̃T
i BT

i νi
εi I � 0, (26)

By Lemma 2, it means that Ai + Bi Ki are Metzler matrices for ∀i ∈ S. Therefore,
according to Lemma 1, system (6) is positive.

Then, letting κi = K T
i BT

i νi and replacing Ai with Ai + Bi Ki in the inequalities
(18), we can drive that the inequalities (22) hold. The rest of the proof is similar to
that in Theorem 2, and we omit it here.

The proof is completed. ��

Remark 4 In inequality (23), we cite the construction of the state feedback controller
gain matrices Ki in the literature [23]. Then, the positivity of system can be derived
through this method. The vectors ν̃i can be given for the convenience of computation,
which are chosen freely.

Remark 5 Let vec(X) X ∈ R
m×n denote the vector formed by stacking the columns

of X into one long vector: vec(X) := [x11 x21 · · · xm1 x12 x22 · · · xm2 x1n x2n · · ·
xmn]T . The left part of the inequality (23) is given in the form of linear matrix inequality,
which can be converted into one long vector by vec vector operation. Then, it follows

vec{ν̃T
i BT

i νi Ai + Bi ν̃iκ
T
i + εi I } � 0. (27)

Therefore, inequality (27) can be computed in linear programming.

For system (6) in the single-input form, we directly give the following corollary.
Its proof can be obtained by using a method similar to that in Theorem 3.

Corollary 1 For given positive constant γ , if there exist a set of vectors νi , σ1i , σ2i , σ1,
σ2 ∈ R

n+, ρ1i , ρ2i , ρ3i , κi ∈ R
n and positive constants εi for i ∈ S, such that inequal-

ities (8)–(11), (19), (22) and the following inequality

BT
i νi Ai + Biκ

T
i + εi I � 0, (28)

hold, the closed-loop Markovian jump system (6) with time-varying delays and partly
known transition rates is positive, stochastically stable with L1-gain performance.
Moreover, the state feedback controller can be given as

u(t) = Ki x(t) = 1

BT
i νi

κT
i x(t). (29)
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Fig. 1 System mode

4 Numerical Example

Consider two-mode Markovian jump system with parameters as follows:

A1 =
[−1 0.2

0.1 0.2

]

, A2 =
[

2 1
1 1

]

, Ad1 =
[

0.2 0.2
0.1 0.2

]

, Ad2 =
[

0.1 0.1
0.1 0.2

]

, B1 =
[

0.1 0.1
0.3 0.5

]

,

B2 =
[

0.2 0.2
0.2 0.3

]

, G1 =
[

0.3 0.2
0.4 0.2

]

, G2 =
[

0.1 0.4
0.3 0.1

]

, C1 =
[

0.3 0.3
0.1 0.2

]

, C2 =
[

0.2 0.1
0.1 0.2

]

,

D1 =
[

0.2 0.2
0.3 0.2

]

, D2 =
[

0.4 0.2
0.4 0.3

]

, γ =1, ν̃1 =
[−1

1

]

, ν̃2 =
[−1

1

]

.

Consider the partly known transition rate matrix as follows:

[
? ?

0.3 −0.3

]

.

Let τ(t) = 0.5(1 − sin(t)), then τ = 0.5, τ̇ (t) = −0.5cos(t), h = 0.5.
Choosing the disturbance input w(t) = [

e−t (2 − sin(t)) e−t (2 − sin(t))
]T, sim-

ulation results are shown in Figs. 1, 2 and 3 for initial conditions g(0) = 1 and
x(0) = [

0.5 1
]T

, x(t) = [
0 0

]T
, t ∈ [−τ, 0).

Figures 1, 2, and 3 stand for the system mode, state trajectory and controlled output
of the open-loop systems with time-varying delays and partly known transition rates.
It is easily seen that the open-loop positive Markovian jump system with time-varying
delays and partly known transition rates is unstable.

Solving Theorem 3, we get the controller gain matrices as follows:

K1 =
[−0.5218 27.5592

0.5218 −27.5592

]

, K2 =
[−0.4649 158.3962

0.4649 −158.3962

]

.

Figures 4 and 5 show the state trajectory x(t) and the controlled output z(t) of
the closed-loop system. It is shown that the closed-loop Markovian jump system with
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Fig. 2 State trajectory of the open-loop system with partly known transition rates

Fig. 3 Controlled output of the open-loop system with partly known transition rates

Fig. 4 State trajectory of the closed-loop system with partly known transition rates

time-varying delays and partly known transition rates is positive and stochastically
stable with L1-gain performance.

Remark 6 If Lyapunov function is chosen in the form of equality (17), we cannot get
the state feedback gain matrices. This means that the chosen Lyapunov function (12)
reduces some conservativeness.
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Fig. 5 Controlled output of the closed-loop system with partly known transition rates

Remark 7 If the complete known transition rate matrix is given as follows:

[−0.4 0.4
0.3 −0.3

]

,

then we get the controller gain matrices by solving Theorem 3 as follows:

K1 =
[−0.8153 36.2644

0.8153 −36.2644

]

, K2 =
[−0.5945 106.6321

0.5945 −106.6321

]

.

It means that the closed-loop Markovian jump system with time-varying delays and
complete known transition rates is positive and stochastically stable with L1-gain
performance.

5 Conclusions

In this paper, we have given an approach for the design of L1-gain state feedback
controller for Markovian jump systems with time-varying delays and partly known
transition rates. By using appropriate co-positive type Lyapunov function, sufficient
conditions, which ensure the closed-loop system is positive and stochastically stable
with L1-gain performance, are given in linear programming. For positive Markovian
jump systems with time-varying delays, there are still many challenging problems to
be solved such as mode-dependent time-varying delays, filter design, reliable control,
and other aspects. It is expected that the ideas in this paper will be helpful for future
work in the corresponding fields.

Acknowledgments This work is supported by Key Program of National Natural Science Foundation of
China under Grant Nos. 61034005 and 61473097.

References

1. P. Bolzern, P. Colaneri, G. Nicolao, Stochastic stability of positive Markov jump linear systems.
Automatica 50(4), 1181–1187 (2014)



Circuits Syst Signal Process

2. L. Caccetta, V.G. Rumchev, A positive linear discrete-time model of capacity planning and its control-
lability properties. Math. Comput. Model. 40(1–2), 217–226 (2004)

3. X.M. Chen, L. James, P. Li, Z. Shu, L1-induced norm and controller synthesis of positive systems.
Automatica 49(5), 1377–1385 (2013)

4. J.W. Dong, W.J. Kim, Markov-chain-based output feedback control for stabilization of networked
control systems with random time delays and packet losses. Int. J. Control Autom. Syst. 10(5), 1013–
1022 (2012)

5. Y. Ebihara, D. Peaucelle, D. Arzelier, LMI approach to linear positive system analysis and synthesis.
Syst. Control Lett. 63, 50–56 (2014)

6. L. Farina, S. Rinaldi, Positive Linear Systems: Theory and Applications (Wiley, New York, 2000)
7. E. Fornasini, M.E. Valcher, Stability and stabilizability criteria for discrete-time positive switched

systems. IEEE Trans. Autom. Control 57(5), 1208–1221 (2012)
8. X.H. Ge, Q.L. Han, Distributed fault detection over sensor networks with Markovian switching topolo-

gies. Int. J. Gen. Syst. 43(3–4), 305–318 (2014)
9. Y.G. Kao, J.F. Guo, C.H. Wang, X.Q. Sun, Delay-dependent robust exponential stability of Markovian

jumping reaction–diffusion Cohen–Grossberg neural networks with mixed delays. J. Frankl. Inst.
349(6), 1972–1988 (2012)

10. P. Li, J. Lam, Z. Shu, H∞ positive filtering for positive linear discrete-time systems: an augmentation
approach. IEEE Trans. Autom. Control 55(10), 2337–2342 (2010)

11. J. Liu, J. Lian, Y. Zhuang, Output feedback L1 finite-time control for switched positive delayed systems
with MDADT. Nonlinear Anal. Hybrid Syst. 15, 11–22 (2015)

12. X. Liu, W. Yu, L. Wang, Stability analysis for continuous-time positive systems with time-varying
delays. IEEE Trans. Autom. Control 55(4), 1024–1028 (2010)

13. X.R. Mao, Stability of stochastic differential equations with Markovian switching. Stoch. Process.
Appl. 79(1), 45–67 (1999)

14. L.J. Shen, U. Buscher, Solving the serial batching problem in job shop manufacturing systems. Eur. J.
Oper. Res. 221(1), 14–26 (2012)

15. R. Shorten, F. Wirth, D. Leith, A positive systems model of TCP-like congestion control: asymptotic
results. IEEE/ACM Trans. Netw. 14(3), 616–629 (2006)

16. Y.J. Wang, Z.Q. Zuo, Y.L. Cui, Stochastic stabilization of Markovian jump systems with partial
unknown transition probabilities and actuator saturation. Circuits Syst. Signal Process. 31(1), 371–
383 (2012)

17. M. Xiang, Z.R. Xiang, Finite-time L1 control for positive switched linear systems with time-varying
delay. Commun. Nonlinear Sci. Numer. Simul. 18(11), 3158–3166 (2013)

18. M. Xiang, Z.R. Xiang, Stability, L1-gain and control synthesis for positive switched systems with
time-varying delay. Nonlinear Anal. Hybrid Syst. 9, 9–17 (2013)

19. M. Xiang, Z.R. Xiang, Robust fault detection for switched positive linear systems with time-varying
delays. ISA Trans. 53(1), 10–16 (2014)

20. Y. Yin, P. Shi, F. Liu, J.S. Pan, Gain-scheduled fault detection on stochastic nonlinear systems with
partially known transition jump rates. Nonlinear Anal. Real World Appl. 13, 359–369 (2012)

21. L.X. Zhang, E.K. Boukas, Stability and stabilization for Markovian jump linear systems with partly
unknown transition probabilities. Automatica 45(2), 463–468 (2009)

22. L.X. Zhang, E.K. Boukas, Mode-dependent H∞ filtering for discrete-time Markovian jump linear
systems with partly unknown transition probabilities. Automatica 45(6), 463–468 (2009)

23. J.F. Zhang, Z.Z. Han, F. Zhu, Stochastic stability and stabilization of positive systems with Markovian
jump parameters. Nonlinear Anal. Hybrid Syst. 12, 147–155 (2014)

24. Y. Zhang, Y. He, M. Wu, J. Zhang, Stabilization for Markovian jump systems with partial information
on transition probability based on free-connection weighting matrices. Automatica 47(1), 79–84 (2011)

25. X.D. Zhao, X.W. Liu, S. Yin, H.Y. Li, Improved results on stability of continuous-time switched
positive linear systems. Automatica 50(2), 614–621 (2014)

26. J.J. Zhao, H. Shen, B. Li, J. Wang, Finite-time H∞ control for a class of Markovian jump delayed
systems with input saturation. Nonlinear Dyn. 73(1–2), 1099–1110 (2013)

27. X.D. Zhao, Q.S. Zeng, Delay-dependent H∞ performance analysis for Markovian jump linear systems
with mode-dependent time varying delays and partially known transition rates. Int. J. Control Autom.
Syst. 8(2), 482–489 (2010)

28. X.D. Zhao, L.X. Zhang, P. Shi, M. Liu, Stability of switched positive linear systems with average dwell
time switching. Automatica 48(6), 1132–1137 (2012)



Circuits Syst Signal Process

29. X.D. Zhao, L.X. Zhang, P. Shi, Stability of a class of switched positive linear time-delay systems. Int.
J. Robust Nonlinear Control 23(5), 578–589 (2013)

30. S.Q. Zhu, Q.L. Han, C.H. Zhang, L1-gain performance analysis and positive filter design for positive
discrete-time Markov jump linear systems: a linear programming approach. Automatica 50(8), 2098–
2107 (2014)

31. S. Zhu, Z. Li, C. Zhang, Exponential stability analysis for positive systems with delays. IET Control
Theory Appl. 6(6), 761–767 (2012)


	L1 Control for Positive Markovian Jump Systems with Time-Varying Delays and Partly Known Transition Rates
	Abstract
	1 Introduction
	2 Problem Statement and Preliminaries
	3 Main Results
	3.1 Stochastic Stability Analysis
	3.2 L1-Gain Performance Analysis
	3.3 State Feedback Controller Design

	4 Numerical Example
	5 Conclusions
	Acknowledgments
	References


