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In this work, the heat transfer enhancement in a differentially heated enclosure using variable thermal
conductivity and variable viscosity of Al2O3–water and CuO–water nanofluids is investigated. The results
are presented over a wide range of Rayleigh numbers (Ra ¼ 103–105), volume fractions of nanoparticles
(0 � 4 � 9%), and aspect ratios (½ � A � 2). For an enclosure with unity aspect ratio, the average Nusselt
number of a Al2O3–water nanofluid at high Rayleigh numbers was reduced by increasing the volume
fraction of nanoparticles above 5%. However, at low Rayleigh numbers, the average Nusselt number was
slightly enhanced by increasing the volume fraction of nanoparticles. At high Rayleigh numbers, CuO–
water nanofluids manifest a continuous decrease in Nusselt number as the volume fraction of nano-
particles is increased. However, the Nusselt number was not sensitive to the volume fraction at low
Rayleigh numbers. The Nusselt number demonstrates to be sensitive to the aspect ratio. It was observed
that enclosures, having high aspect ratios, experience more deterioration in the average Nusselt number
when compared to enclosures having low aspect ratios. The variable thermal conductivity and variable
viscosity models were compared to both the Maxwell-Garnett model and the Brinkman model. It was
found that at high Rayleigh numbers the average Nusselt number was more sensitive to the viscosity
models than to the thermal conductivity models.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

Natural convection heat transfer is an important phenomenon
in engineering systems due to its wide applications in electronics
cooling, heat exchangers, and double pane windows [1–4].
Enhancement of heat transfer in these systems is essential from the
industrial and energy saving perspectives. The low thermal
conductivity of conventional heat transfer fluids, such as water, is
considered a primary limitation on the performance and the
compactness of thermal systems. An innovative technique for the
improvement of heat transfer using nanoscale particles dispersed
in a base fluid, known as nanofluid, has been studied extensively
during the recent years [5–7], especially for forced convection
applications. On the contrary, natural convection heat transfer
research using nanofluids is scarce and has received very little
attention. In view of this, there is still a debate on the role that
nanoparticles play on the heat transfer enhancement in natural
convection applications.
þ962 382 6613.
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Examples of controversial results are found in the results
reported by Khanafer et al. [8] who studied Cu–water nanofluids in
a two-dimensional rectangular enclosure. These authors reported
an augmentation in heat transfer with an increment percentage of
the suspended nanoparticles at any given Grashof number. Oztop
and Abu-Nada [9] showed similar results, where an enhancement
in heat transfers was registered by the addition of nanoparticles.
However, contradictory experimental findings were reported by
Putra et al. [10] using Al2O3 and CuO water nanofluids. These
authors found that the natural convection heat transfer coefficient
was lower than that for a clear fluid. Moreover, another experi-
mental work in natural convection conducted by Wen and Ding
[11], highlighted deterioration in heat transfer by the addition of
nanoparticles. Most recently, Abu-Nada et al. [12] demonstrated
that the enhancement of heat transfer in natural convection
depends mainly on the magnitude of Rayleigh number. In fact, for
a certain Rayleigh number, like Ra ¼ 104, the heat transfer was not
sensitive to nanoparticles, whereas at higher values of Rayleigh
number, an enhancement in heat transfer was observed. Therefore,
there is still a controversy on the role of nanofluids in natural
convection heat transfer where the numerical simulations seem to
over estimate the level of enhancement.
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Fig. 1. Schematic of the enclosure.

Nomenclature

A aspect ratio (W/H)
Cp specific heat at constant pressure (kJ kg�1 K�1)
d diameter (m)
g gravitational acceleration (m s�2)
H height of the enclosure (m)
h local heat transfer coefficient (W m�2 K�1)
k thermal conductivity (W m�1 K�1)
Nu Nusselt number, Nu ¼ hH/kf

Pr Prandtl number, Pr ¼ nfo
=afo

qw heat flux (W m�2)
Ra Rayleigh number, Ra ¼ gbðTH � TLÞH3=nfo

afo

Re Reynolds number, Re ¼ rf kbT=3pm2
f lf

T dimensional temperature (�C)
u, v dimensional x and y-components of velocity (m s�1)
U, V dimensionless velocities, V ¼ vH=af U ¼ uH=af
W width of the enclosure (m)
x, y dimensionless coordinates, x ¼ x0=Hy ¼ y0=H
x0, y0 dimensional coordinates (m)

Greek symbols
a fluid thermal diffusivity (m2 s�1)

b thermal expansion coefficient (K�1)
3 numerical tolerance
4 nanoparticle volume fraction
n kinematic viscosity (m2 s�1)
q dimensionless temperature, q ¼ ðT � TCÞ=ðTH � TCÞ
j dimensional stream function (m2 s�1)
J dimensionless stream function, J ¼ j=af
u dimensional vorticity (s�1)
U dimensionless vorticity, U ¼ uH2=af
r density (kg m�3)
m dynamic viscosity (N s m�2)

Subscripts
avg average
C cold
f fluid
H hot
nf nanofluid
p particle
w wall
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Conceptually, natural convection heat transfer is affected by
nanofluid properties such as viscosity and thermal conductivity. All
of the previously mentioned numerical works relied on the Brink-
man model for the viscosity. This model tends to underestimate the
effective viscosity of the nanofluid as stated by Pak and Cho [13]
and Nguyen et al. [14]. The Brinkman model does not consider the
effect of nanofluid temperature or nanoparticles size. Moreover,
the model was derived for particles that are much larger than the
nanoscale size of the nanoparticles. In this context, Polidori et al.
[15] concluded that the heat transfer was not only characterized by
nanofluid thermal conductivity. They added that viscosity also
plays a major role in the heat transfer behavior.

On the other hand, most of the above-mentioned numerical
simulations available in the literature used the Maxwell-Garnett
(MG) model for the thermal conductivity. This model does not
account for important mechanisms for heat transfer in nanofluids
such as Brownian motion. Owing to this deficiency, numerical
simulations need to incorporate more robust models for the
viscosity and thermal conductivity that take into account both the
temperature dependence and the nanoparticle size. Recently,
Nguyen et al. [14] and Angue Minsta et al. [16] studied experi-
mentally the effect nanoparticles concentration and nanoparticles
size on nanofluids viscosity under a wide range of temperatures.
They infer that viscosity drops sharply with temperature especially
for high concentration of nanoparticles. Moreover, the combined
effect of temperature, nanoparticle size, and nanoparticles volume
fraction on the thermal conductivity of nanofluids was studied
experimentally by Chon et al. [17]. Therefore, it is obvious that the
dependence of nanofluid properties on temperature, volume frac-
tion of nanoparticles, must be accounted in order to predict the
correct contribution of nanoparticles to the heat transfer
enhancement. Abu-Nada [18], recently studied the effect of variable
properties of Al2O3–water nanofluids on natural convection in an
annular region. He found that the heat transfer was elevated by
increasing the concentration of nanoparticles for Ra � 104.
However, there was an enhancement in heat transfer at Ra ¼ 103.
Therefore, the scope of the current work to extend the outcome of
this research to examine the sensitivity of natural convection heat
transfer to variable viscosity and thermal conductivity of nanofluids
in differentially heated enclosures. The work will focus on two
types of nanofluids, namely Al2O3–water nanofluid and CuO–water
nanofluid. The detailed experimental results reported by Nguyen
et al. [14] will be used to derive a correlation for nanofluids
viscosity as a function of temperature and nanoparticles concen-
tration. Also, the model derived by Chon et al. [17] will be adopted
for the thermal conductivity. This work will evaluate the impact of
both variable viscosity and variable thermal conductivity, derived
from experimental data, on heat transfer in natural convection in
a differentially heated enclosure. The enhancement in heat transfer
will be evaluated under a wide range of operating temperatures
and a wide range of volume fraction of nanoparticles.

2. Governing equations and problem formulation

Fig. 1 is a schematic diagram of a differentially heated enclosure.
The height and the width of the enclosure are given by H and W,
respectively. The left wall is heated and maintained at a constant
temperature (TH) higher than the right cold wall temperature (TC).
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The fluid in the enclosure is a water-based nanofluid containing
Al2O3 or CuO nanoparticles. The nanofluid is assumed incom-
pressible and the flow is conceived as laminar and two-dimen-
sional. It is idealized that water and nanoparticles are in thermal
equilibrium and no slip occurs between the two media. The
thermo-physical properties of the nanofluid are listed in Table 1
[18,19]. The density of the nanofluid is approximated by the stan-
dard Boussinesq model. The viscosity and the thermal conductivity
of the nanofluid are considered as variable properties; both vary
with temperature and volume fraction of nanoparticles.

The governing equations for the laminar, steady state natural
convection in terms of the stream function-vorticity formulation
are given as:

Vorticity
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vy0
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Kinematics

v2j

vx02
þ v2j

vy02
¼ �u (3)

The horizontal and vertical velocities are given by the following
relations:

u ¼ vj

vy0
(4)

v ¼ �vj

vx0
(5)

In Eqs. (1) and (2), the thermal diffusivity is written as:

anf ¼
knf�

rcp
�

nf

(6)

Also, the effective density of the nanofluid is given by:

rnf ¼ ð1� 4Þrf þ 4rp (7)

The heat capacitance of the nanofluid is expressed as:�
rcp
�

nf ¼ ð1� 4Þ
�
rcp
�

fþ4
�
rcp
�

p (8)

The effective thermal conductivity of the nanofluid calculated by
the Chon et al. model [17] is:

knf

kf
¼ 1þ64:740:7640

�
df

dp

�0:3690�
kf

kp

�0:7476

Pr0:9955
T Re1:2321 (9)

 

 

 

 

 

 

Table 1
Thermo-physical properties of fluid and nanoparticles [18,19].

Physical properties Fluid phase (water) Al2O3 CuO

Cp (J/kg K) 4179 765 540
r (kg/m3) 997.1 3970. 6500
k (W m�1 K�1) 0.613 25. 18.0
b � 10�5 (1/K) 21 0.85 0.85
dp (nm) 0.384 47 29
Here PrT and Re are defined by:

PrT ¼
mf

rf af
(10)

Re¼ rf kbT

3pm2
f lf

(11)
The symbol kb is the Boltzmann constant ¼ 1.3807 � 10�23 J/K,
and lf is the mean path of fluid particles given as 0.17 nm [17].
This model embraces the effect of nanoparticle size and
temperature on nanofluid thermal conductivity encompassing
a wide temperature range between 21 and 70 �C. It is also worth
emphasizing that this model is based on experimental
measurements of Al2O3 nanoparticles in water for volume frac-
tions up to 4%. However, this model was tested experimentally by
Angue Minsta et al. [16] for the pair of Al2O3 and CuO nano-
particles and found suitable to predict the thermal conductivity
of these nanoparticles up to a volume fraction of 9%. The
results using Eq. (9) will be compared to the MG model given by
[9,12]:

knf

kf
¼

kp þ ðn� 1Þkf � ðn� 1Þ
�
kf � kp

�
4

kp þ ðn� 1Þkf þ
�
kf � kp

�
4

(12)

where n ¼ 3. The correlation for the dynamic viscosity of Al2O3–
water nanofluid is derived using available experimental data of
Nguyen et al. [14]. In fact, no explicit correlation is given in Nguyen
et al. [14] that define the viscosity of Al2O3–water nanofluid as
a double function of temperature and volume fraction of nano-
particles simultaneously. Therefore, in the present work, such
a correlation was derived based on the two-dimensional regression
analysis performed on the experimental data of Nguyen et al. [14].
The R2 value is 99.8% and a maximum error is 5%. The correlations
for Al2O3 and CuO nanofluids are defined, respectively by:

mAl2O3

�
cp
�
¼ exp

�
3:003� 0:04203T � 0:54454

þ0:0002553T2 þ 0:052442 � 1:6224�1� (13)
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�
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þ :0159343
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�
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�
4

T2

�
ð14Þ

The viscosity in Eqs. (13) and (14) is expressed in centi poise and
the temperature in �C. Fig. 2 presents a plot of the viscosity of
Al2O3–water and CuO–water nanofluids as a function of temper-
ature and concentration of nanoparticles calculated using Eqs.
(13) and (14). The figure also shows the measured data from
Nguyen et al. experiments [14]. It is very clear that the current
nonlinear regression is in good agreement with the experimental
measurements. In the discussion section, the results, using
Eqs. (13) and (14) will be compared to the Brinkman model given
by [9,12]:

mnf ¼
mf

ð1� 4Þ2:5
(15)

It is worth mentioning that the viscosity of the base fluid (water)
is considered to vary with temperature and the flowing equation is
used to evaluate the viscosity of water,

mH2O
�
cp
�
¼ �81:1þ 98:75 lnðTÞ � 45:23 ln2ðTÞ þ 9:71 ln3ðTÞ

� 0:946 ln4ðTÞ þ 0:03 ln5ðTÞ ð16Þ



0

2

4

6

8

10

12

20 30 40 50 60 70 80

μ 
c
p
)

(

1% Present Regression

4% Present Regression

7% Present Regression

9% Present Regression

9% Nguyen et al. [14]

7% Nguyen et al. [14]

4.5 % Nguyen et al. [14] 

1% Nguyen et al. [14]

0

1

2

3

4

5

6

20 30 40 50 60 70 80

T (°C)

T (°C)

μ 
(
c
p
)

1% (Present Regression)

4% (Present Regression)

7% (Present Regression)

9.5% (Present Regression)

9.4 % Nguyen et al. data [14]

7% Nguyen et al. data [14]

4.5 % Nguyen et al. data  [14]

1% Nguyen et al. data [14]

a

b

Fig. 2. (a) Comparison between CuO–water viscosities calculated using Eq. (14) and
those of reference [14]. (b) Comparison between Al2O3–water viscosities calculated
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Table 2
Comparison of average Nusselt number with other published data for Pr ¼ 0.7.

Ra ¼ 103 Ra ¼ 104 Ra ¼ 105 Ra ¼ 106

Present work 1.120 2.244 4.644 8.862
De Vahl Davis [1] 1.118 2.243 4.520 8.799
Barakos and Mistoulis [2] 1.114 2.245 4.510 8.806
Fusegi et al. [3] 1.105 2.230 4.646 9.012
Khanafer et al. [8] 1.118 2.245 4.522 8.826
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The following dimensionless variables are introduced:

x ¼ x
0

H
; y ¼ y0

H
; U ¼ u
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=H2; J ¼ j

afo

; V ¼ v

afo
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;

U ¼ u
afo
=H

; q ¼ T � TC

TH � TC

k ¼ knf

kfo

; a ¼ anf

afo

; m ¼ mnf

mfo

(17)

where the subscript ‘‘o’’ stands for the reference temperature
which is taken as 22 �C in the current study. The aspect ratio (A)
is defined as the ratio of width to the height of the enclosure
(A ¼ W/H).

The governing equations are re-written in dimensionless form
as:
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where the dimensionless numbers are

Ra ¼ gbðTH � TLÞH3

nfo
afo

(21)

Pr ¼
nfo

afo

(22)
The dimensionless horizontal and vertical velocities are converted to:

U ¼ vJ

vy
(23)

V ¼ �vJ

vx
(24)

The dimensionless boundary conditions can be written as:

1 — On the left wall i:e:; x ¼ 0; J ¼ 0; U ¼ �v2J

vx2 ; q ¼ 1

2 — On the right wall i:e:; x ¼ 1; J ¼ 0; U ¼ �v2J

vx2 ; q ¼ 0:

3 — On the top and bottom walls : J ¼ 0; U ¼ �v2J

vy2 ;
vq

vy
¼ 0

(25)
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Fig. 3. Comparison between present work and other published data for the temper-
ature distribution at the vertical mid section along the width of the enclosure
(Ra ¼ 105, Pr ¼ 0.7).
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3. Numerical implementation

Equations (18) through (20), absorbing the variable properties
given in Eqs. (9), (13) and (14) along with the corresponding
boundary conditions given in Eq. (25) are solved using a finite
volume method [20,21]. The diffusion term in the vorticity and
energy equations is approximated by a second-order central
difference scheme which is conducive to a stable solution.
Furthermore, a second-order upwind differencing scheme is
adopted for the convective terms. For full details of the numerical
implementation, the reader is referred to Oztop and Abu-Nada [9].

After solving for J, U, and q, more useful quantities for engi-
neering applications are obtained. For example, the Nusselt number
can be expressed as:
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Fig. 4. Nusselt number distribution along the heated surface, A ¼ 1, CuO (right column), Al2O
Nu ¼ hH
kf

(26)

The heat transfer coefficient is computed from:

h ¼ qw

TH � TL
(27)

The thermal conductivity of the nanofluid is defined by:

knf ¼ �
qw

vT=vx
(28)

Substituting Eqs. (27) and (28) into Eq. (26), and using the
dimensionless quantities, the local Nusselt number along the left
wall can be written as:
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3 (left column), a) Ra¼ 105, b) Ra ¼ 104, c) Ra¼ 103, d) Ra¼ 105, e) Ra ¼ 104, f) Ra¼ 103.
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Nu ¼ �
�

knf

kf

�
vq

vx
(29)

where (knf/kf) is calculated using Eq. (9). Finally, the average Nusselt
number is determined from:

Nuavg ¼
Z1

0

NuðyÞ dy (30)

To evaluate Eq. (30), the 1/3 Simpson’s rule of integration is
implemented. For convenience, a normalized average Nusselt
number is defined as the ratio of Nusselt number at any volume
fraction of nanoparticles to that of pure water that is:

*Nuavgð4Þ ¼
Nuavgð4Þ

Nuavgð4 ¼ 0Þ (31)

The average Nusselt number is used as an indicator of heat
transfer enhancement where an increase in Nusselt number
corresponds to an enhancement in heat transfer.

 

 

 

 

 

 

4. Grid testing and code validation

An extensive mesh testing procedure was conducted to guar-
antee a grid independent solution. Seven different mesh combi-
nations were explored for the case of Ra¼ 105, Pr¼ 0.7. The present
code was tested for grid independence by calculating the average
Nusselt number on the left wall. In harmony with this, it was found
that a grid size of 51 � 51 ensures a grid independent solution. The
converged value (Nu¼ 4.644) was compared to other known values
reported in the literature as shown in Table 2 and a good agreement
is observed.

The present numerical solution was further validated by
comparing the present code results for Ra ¼ 105 and Pr ¼ 0.70 with
the experimental results of Krane and Jessee [4] and the numerical
simulation of Khanafer et al. [8]. It is evident that the outcome of
present code is in excellent agreement with the work reported in
the literature as reflected in Fig. 3. Another grid independence
study was performed using both Al2O3–water and CuO–water
nanofluids. It was confirmed that the same grid size (51 � 51)
ensures a grid independent solution.
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water.
5. Results and discussion

The magnitude of Rayleigh numbers, volume fractions of
nanoparticles, and aspect ratios, under study here, are Ra ¼ 103–
105, 0� 4� 9%, and 0.5� A� 2, respectively. It is worth mentioning
that the right wall temperature of the enclosure is fixed to the
reference temperature i.e., at 22 �C, whereas the difference
between the hot and the cold wall is fixed to 30 �C, i.e., the hot wall
temperature is set to 52 �C. The Prandtl number at the reference
temperature is calculated as 6.57.

Fig. 4 presents the Nusselt number variation along the heated
surface using various volume fractions of Al2O3 and CuO nano-
particles for A ¼ 1. For the cases of Ra ¼ 105 and Ra ¼ 104, it is
observable that an increase in the volume fraction of nanoparticles
results in a reduced Nusselt number. This trend is always true for
CuO nanoparticles. However, for Al2O3 with a volume fraction of 3%
exhibits better enhancement than those for 4% or 5%, which is still
lower than pure water. This behavior will be addressed later in this
section. Fig. 5 illustrates how the thickness of the thermal boundary
layer adjacent to the heated wall is influenced by the addition of
nanoparticles. This sensitivity of the thermal boundary layer
thickness to the volume fraction of nanoparticles is related to the
increased viscosity at high volume fraction of nanoparticles (see
Fig. 2). High values of 4 cause the fluid to become more viscous
which causes the velocity to attenuate accordingly (see Fig. 6),
resulting in a reduced convection. The reduction in velocity and
convection tends to increases the thermal boundary layer thick-
ness. The growth in thermal boundary layer thickness is respon-
sible for the lesser temperature gradients at the heated surface
which lowers the Nusselt number accordingly, see Eq. (29).

Conversely, for the case of Ra ¼ 103, the addition of nano-
particles causes the thermal boundary layer thickness to increase
for y < ½ and to decrease for y > ½. This change is clearly
demonstrated by the temperature isotherms in Fig. 7 where
isotherms start to straighten up near the heated wall as the volume
fraction of nanoparticles increases. Furthermore, for a high volume
fraction of nanoparticles, say 4 ¼ 9%, isotherms become almost
parallel to the heated wall. Actually, for 4 ¼ 9% and y > ½, the
isotherms become closer to the wall and for y < ½ the isotherms
spread away from the heated wall. The isotherms exhibit a trend
almost similar to conduction in solids. This behavior leads to an
enhancement in heat transfer for y > ½ and debilitated Nusselt
number for y < ½. This explains the behavior observed at 4 ¼ 9%
where the Nusselt number variation along the heated surface
becomes less pronounced when compared to lower volume frac-
tion of nanoparticles as revealed in Figs. 4(c) and (f), and 7(d). Fig. 5
portrays streamlines (on the left) and isotherms (on the right) for
the case of Ra ¼ 105. It is evident that by elevating the volume
fraction of nanoparticles, the maximum strength of the streamlines
is attenuated due to the higher viscosity of the nanofluids, as
mentioned earlier. A similar behavior is also prevalent in Fig. 7 for
the case of Ra ¼ 103.

Shown in Fig. 8 is the average Nusselt number as well as the
normalized average Nusselt number along the heated surface for
A¼ 1. It is observed that, for both Al2O3 and CuO nanoparticles, and
for the case of Ra ¼ 104 and Ra ¼ 105, a decrease in Nusselt number
occurs for volume fraction of nanoparticles greater than 5%.
However, that tendency is not observed in Al2O3 nanofluid for
a volume fraction less than 5% where fluctuations in Nusselt
number are detected. In general, the influence of nanoparticles
elucidates two opposing effects on the Nusselt number: a favorable
effect that is driven by the presence of high thermal conductivity
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nanoparticles, and an undesirable effect promoted by the high level
of viscosity experienced at high volume fractions of nanoparticles.
In other words, the heat transfer in natural convection at high
Rayleigh numbers is dominated by convection while at low Ray-
leigh numbers is dominated by conduction. Therefore, for Ra ¼ 105

and 104, the heat transfer dominated by convection and by the
presence of nanoparticles will make the nanofluid to be more
viscous, which will reduce convection currents and accordingly
diminish the temperature gradient and the Nusselt number at the
heated surface. This phenomenon is accompanied by some
enhancement in heat transfer due to the high thermal conductivity
of nanoparticles but, such enhancement is small compared to the
deterioration brought by the viscosity. This is attributed to the fact
that the convection currents next to the heated surface will be
decelerated and the role of Brownian motion become less
pronounced because the thermal conductivity of nanofluids is
inversely proportional to the square of viscosity as confirmed in Eq.
(13). Therefore, for high Rayleigh numbers, an adverse effect on the
Nusselt number will occur for higher volume fractions of nano-
particles (4 > 5). However, for 4 � 5, the role of viscosity is less
significant and the adverse effect of viscosity is in part balanced by
the beneficial effect of thermal conductivity, which explains the
fluctuations in Nusselt number for 4 � 5 using Al2O3.

Switching to CuO–water nanofluid, there is always a decrease in
average Nusselt number since the viscosity of CuO is relatively large
compared to Al2O3 as seen in Fig. 2. This implies that the viscosity
effect dominates the favorable thermal conductivity effects. The
end result is a decrease of Nusselt number by increasing the volume
fraction of nanoparticles. It is also worth mentioning that the case
of Ra¼ 104 more deterioration in Nusselt number takes place when
compared to Ra ¼ 105 case. In fact, for Ra ¼ 104, the inertia forces
are smaller than those of Ra ¼ 105. This causes an adverse effect of
nanoparticles to become more severe at Ra ¼ 104, which leads to
more reduction in Nusselt number compared to Ra ¼ 105. On the
other hand, for low Rayleigh numbers, i.e., Ra ¼ 103, the heat
transfer is dominated by conduction. Hence, by adding more
nanoparticles, the conduction is enhanced due to primarily the
high thermal conductivity of nanoparticles, and correspondingly
the heat transfer is enhanced.

Fig. 9 illustrates how the addition of nanoparticles influences
the Nusselt number distribution along the heated surface for
different aspect ratios of the enclosure. The curves corroborate that
for the case of Ra ¼ 105, the behavior encountered using a low
aspect ratio is similar to that for a high aspect ratio. In contrast, for
Ra ¼ 104 and 103, the Nusselt number is very sensitive to the aspect
ratio. Comparing the values of the local Nusselt number to the case
of pure fluid, it is evident that for the case of Ra ¼ 103 the location,
at which the enhancement in heat transfer is observed is shifted to
y � 0.6 for A ¼ 2, and to y � 0 for A ¼ 0.5. This signifies almost
complete enhancement all over the heated surface for A ¼ 0.5 as
compared to 0.4 that was provided by A ¼ 1. As a consequence, the
region along the heated surface where enhancement in heat
transfer occurs is enlarged. This translates into an enhancement in
the average Nusselt number along the heated surface as indicated
in Fig. 10. Incidentally, it is interesting to note that in Fig. 9(d), for
Ra ¼ 104, there is an enhancement in Nusselt number when y > ½,
which is not observed for other aspect ratios. Therefore, it is
expected that the average Nusselt number for Ra ¼ 104 and A ¼ 0.5
decays when using higher volume fraction of nanoparticles as will
be explained in Fig. 10.

Fig. 10 contains the average normalized Nusselt number using
different aspect ratios. It is obvious that for A ¼ 2, no enhancement
in Nusselt number is observed for the full range of Rayleigh
numbers. This is also demonstrated in Fig. 11 where the cases of
Ra ¼ 105 and Ra ¼ 103 are represented to point out the significance
of the aspect ratio. This pattern is antagonized with what was
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observed for A ¼ 1, especially for Ra ¼ 103. Moreover, it is evident
that the addition of nanoparticles for A¼ 2 brings down the Nusselt
number at higher rates compared to A ¼ 1 using similar Rayleigh
numbers. For A¼ 0.5, the enhancement in heat transfer for Ra¼ 103

(25%) is more pronounced when compared to A ¼ 1 (5%), while
a reduction is observed for A¼ 2. In the case of A¼ 0.5, the variation
in average Nusselt number for Ra ¼ 104 is very small where the
maximum reduction in Nusselt number is around 10% compared to
40% for A ¼ 1. This in part is related to the previous discussion
connected to Fig. 9(d). It is also noted from Fig. 10 that for A ¼ 0.5,
both Ra ¼ 105 and 104 experience exactly similar levels of
enhancement. However, a bifurcation which is palpable around
4 ¼ 5% where the Nusselt number corresponds to Ra ¼ 105

continues to decline at much higher rate than Ra ¼ 104. It is
concluded from Figs. 10 and 11 that high aspect ratios enclosures
experience more deterioration in Nusselt number compared to low
aspect ratio enclosures. In sum, enclosures with low aspect ratios
would benefit from the nanoparticles thermal conductivity at low
Rayleigh numbers.

Fig. 12 illustrates a comparison between the various models used
for thermal conductivity and viscosity on the average Nusselt
number of CuO–water nanofluid. This figure reflects results obtained
using four different combinations of viscosity and thermal conduc-
tivity models as outlined by Fig.12. As outlined in Fig.12(a and b) it is
clear that the difference between the average Nusselt number
calculated using the Chon et al. model and the MG model is relatively
small. However, the difference in Nusselt number when using the
Nguyen et al. data and Brinkman model is much more significant.
This tells that the effect of that of the thermal conductivity models is
less significant than that of the viscosity models at high Rayleigh
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number. As a result, the prediction of Nusselt number using the
Nguyen data is completely different than that using the Brinkman
model. On the other hand for low Rayleigh number, i.e., Ra ¼ 103

when Nguyen et al. data [14] is used the Nusselt number is unrelated
to volume fraction less than 6%; however, for higher volume frac-
tions an enhancement in heat transfer is observed which is opposite
to the behavior registered at high Rayleigh number (using the
Nguyen et al. data). Also, Fig. 12 shows that the deviation between
the Chon et al. [17] model and the MG model becomes more
pronounced for Ra ¼ 103 especially at high volume fractions of
nanoparticles. Generally speaking, the MG model over predicts the
enhancement in heat transfer compared to the Chon et al. model at
high volume fractions of nanoparticles (4 > 5%).

6. Conclusions

Starting with an aspect ratio equal to unity, the average Nusselt
number of Al2O3–water nanofluid at high Rayleigh numbers is
reduced by increasing the volume fraction of nanoparticles above
5%. In contrast, at low Rayleigh number, the average Nusselt
number is slightly enhanced by increasing the volume fraction of
nanoparticles. Focusing on CuO–water nanofluid at high Rayleigh
numbers they portray a continuous decrease in average Nusselt
number as the volume fraction of nanoparticles is increased.
However, the average Nusselt number is not sensitive to the volume
fraction at low Rayleigh number. For high Rayleigh numbers, the
average Nusselt number deteriorates on the entire heated surface
by increasing the volume fraction of Al2O3 and CuO nanoparticles.
The average Nusselt number is shown to be sensitive to the aspect
ratio of the enclosure. It is observed that enclosures with high
aspect ratios experience more deterioration in average Nusselt
number when compared to enclosures with low aspect ratios.
Enclosures with low aspect ratios could benefit from the nano-
particles thermal conductivity at low Rayleigh numbers. The vari-
able thermal conductivity and the variable viscosity models were
compared to the Maxwell-Garnett model and Brinkman model. It
was found that at high Rayleigh number the average Nusselt
number was more sensitive to viscosity models than to the thermal
conductivity models. For Ra ¼ 103, the MG model over predicts the
enhancement in heat transfer when compared to the Chon et al.
model at high volume fractions of nanoparticles (4 > 5%).
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