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This paper presents a robust control methodology incorporating an automatic calibration step to compen-
sate dynamic variations in a 6 DoF mechatronic system. The application used to illustrate the efficacy of
the proposed approach is the ball and plate system based on the Stewart platform. To emulate dynamic
changes in the system, we make use of various types of balls, varying in mass, diameter and surface. An
automatic calibration step is introduced to obtain a model based on the type of ball which is placed on
the plate. Using a model-based tuning technique, an optimal proportional-differential (PD) controller is
designed based on the previous calibration. The resulting controller is tested for robustness by changing
the ball without changing the controller parameters. The results indicate that our setup is robust and
performs well in the presence of significant changes.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The ball and plate system is a typical benchmark of an open
loop unstable system. It stirs up both scholar and commercial in-
terest, as the real and potential applications are numerous. From
the point-of-view of control theory, the challenge that this system
presents makes it attractive for testing and developing new control
approaches.

The ball and plate system is based on the Stewart platform pub-
lished by Stewart in 1965 [1]. Since then, it attracted the attention
of professionals in the discipline of electromechanical engineering
[2]. The advantages of parallel manipulators over serial ones and
its simple design makes the Stewart Platform a very broadly exam-
ined and utilized solution [3-6]. The advantages of such systems
from dynamics and control point of view have been thoroughly ex-
amined and reported in the works of Wu [7-9].

Some examples of its application can be found today in space-
craft, aeronautics, entertainment or even medicine. The aerospace
docking mechanism used to attach a space craft to the interna-
tional space station is based on the Stewart platform [7,8]. The
mechanism is designed to absorb the relative motion of the space-
craft. In aerospace training a traditional application of the Stewart
platform is found under the form of a full flight simulator [9]. The
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ability of this device to move and rotate using its full six degrees
of freedom, together with its strength and robustness makes of it
a great candidate for this sort of tasks. It accurately reproduces the
accelerations to which the crew will be subject during real maneu-
vers aboard an aerial vehicle. Also in medicine the Stewart plat-
form is used for precision surgery [10,11]. Surgery has become an
extremely precise practice and professionals often have to make
movements in the order of hundreds of microns. The inherent lim-
its of human dexterity are a constraint for new advances in this
field. In this context, high-precision robotics are being developed
and implemented for medical use. From the observation of these
devices it is possible to acquire an idea of their versatility.

In these real applications of the Stewart Platform, the character-
istics of the system may be subject to change (e.g. the mass fixed
to the platform in a flight simulator changes with its occupancy,
the inertia of the vessels to be docked change, the weight of the
pilots in the flight simulator is subject to change). The controller,
however, has to keep its performance constantly optimal, i.e. a ro-
bust control strategy is needed and changes to the system should
be automatically detected.

In the current paper, we propose a fully automatic process, able
to detect changes in the parameters of the ball and plate system
to trigger its identification and, subsequently, to perform the para-
metric optimization of its robust proportional-differential (PD) con-
troller. The application incorporates vision based feedback which
is dependent on the environmental varying light conditions. Un-
der such conditions, adaptations are carried out and triggered au-
tomatically whenever necessary. The robustness of the controller
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Fig. 1. The ball and plate laboratory set-up.

Table 1
Summary of the characteristics of the balls used for test-
ing the system.

Ball ID Diameter (mm)  Weight (g)
Pétanque ball 75 718
White-gray poolball 56 246
Hockey ball 73 152
Beige poolball 44 116
Ping-pong ball 40 2.7

obtained through model-based tuning is tested in a set of mea-
surements using different types of balls with a wide range of
weights, diameters and surfaces.

This paper is structured as follows: the next section gives a de-
scription of the ball and plate system used in this study. Section 3
discusses the automatic calibration step. This step is based on a
mathematical model which is firstly described after which the au-
tomatic calibration is presented. Section 4 presents the model-
based tuning procedure of the PD controller. Section 5 presents
the measurements and the corresponding results. A conclusion is
formed in Section 6.

2. System description

The ball and plate system, just like its two-dimensional coun-
terpart (i.e. the ball and beam system) is an open loop unstable
system. It consists of four main parts: the plate, the ball, the feed-
back sensor and the computer control unit. The complete system
can be seen in Fig. 1.

The Plate is embodied by a Stewart Platform. Its circular surface
(commonly referred as ‘platform’), with a diameter of 575 mm, is
covered with a black foil to enhance the visual contrast between
the ball and the surface of the plate. The plate is actuated by six
angular servomotors, which determine the position and inclination
of the platform by a connection using stiff rods and ball joints be-
tween the servomotors and the plate. The positions of the servo-
motors are governed by a micro-controller, which receives the in-
put signal for the angle from the computer.

There are five different ball types used in this research, a ping-
pong ball and other 4 balls as in Fig. 2. Their characteristics are
shown in Table 1. Note that every type of ball has a different mass

Fig. 2. 4 different types of balls: Pétanque ball (top left), White-gray poolball (bot-
tom left), beige poolball (bottom right), Hockey ball (top right). (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

z
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(a) Schematic representation of the mechanism.

(b) Real appearance of the mechanism.

Fig. 3. Illustration of the servomotor mechanism.

and diameter, which will be used to test the robustness of the
controller.

As sensor, a small, low-cost camera placed above the platform
is used to capture the position of the ball. Its data is streamed to
the computer via USB connection.

All the calculations are made digitally by the computer, which
collects the data from the camera, analyzes it and sends the re-
quired angular positions to the micro-controller based on the de-
sired reference trajectory. This trajectory is defined by the user
and represents the X-Y positions of the ball on the plate and can
be uploaded as a TXT file. For instance, the center of the plate
is position 0-0. The program running in the computer integrates
several different features, including computer vision (e.g. Hough
transform).

A detailed information about the software and hardware used
for this setup has been reported in [12] and in [13].

3. Automatic system calibration

The very first step in understanding and controlling the sys-
tem is establishing a computable relation between the output (i.e.
the position of the ball) and the input (i.e. the voltages send
to the servomotors). This is achieved as the result of an au-
tomatic calibration step based on insight into the mathematical
modeling.

3.1. Mathematical modeling
The modeling of the system consists of three main problems

regarding the relationships between: i) the servomotor angles ver-
sus the coordinates of the junction points (see Fig. 3), ii) the
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coordinates of the junction points versus the inclination of the
platform, and iii) the inclination of the platform versus the posi-
tion of the ball. The first two are static problems, which involve
mainly geometrics while the third problem requires an analysis of
the dynamics of the ball and plate system.

Notice that this specific implementation and coordinate system
of the ball and plate system will simplify the control problem since
it involves the coordinates for position only. Specifically, speed and
acceleration are not considered in this work.

3.1.1. Servomotor angles versus the coordinates of the junction points
Using the notation in Fig. 3, C is the junction point, B is the
intermediate joint and A is the axis of the servomotor, ¢ is the
servomotor angle to be calculated (i.e. the shaft angle of the
servomotor).
The point B can be expressed with respect to the main coordi-
nate system as:

Xp =1cos(p)cos(0) + x4
yp = rcos(@) sin(®) +ya (1)
zg = rsin(Q) +z4

where the definition of 1, ¢, 6 can be found in Fig. 3a. Based on
geometric relationships in Fig. 3a, the following equations can be
obtained:

(Xc = X)? + e —ya) > + (zc +z2)2 = 2
(X6 —X)2+ (VB —Ya)? + (zg +24)2 =12 (2)
(Xc —xg)2 + (Ve — yB)? + (zc + 2)* = I?

Combining Egs. (1) and (2), the system can be solved for ¢:

+ arctan (E) + 7 3)

M
= aICCoS | ——
v («/1(2 12 ) K

with

K =2(xpy —xc)rcos(0) +2(ya —yc)rsin(@) +ya + xa
L=2(zp —zo)r (4)
M=12-12-r?

With this result in combination with the transformation matrix
previously derived, the angle of the servomotor can be calculated
from the inclination of the platform. Note that this method will be
applied six times, once for each of the servomotors.

3.1.2. Coordinates of the junction points versus the inclination
of the platform

In order to calculate the relationship between a desired inclina-
tion angle of the platform and the position of the junction points,
a transformation matrix is needed. Homogeneous coordinates are
used throughout this step.

The transformation matrix for a rotation around an arbitrary
axis (x and y axis of the platform, in our case) is compound of the
translation matrix from the axis to the origin, Ty, the rotation ma-
trix about said axis, T,, and the translation matrix from the origin
back to the previous position of the axis, T3 [14-16]. Fig. 4 illus-
trates these three transformations. The combination of these trans-
formation matrices gives:

G=TG=BLT G (5)

C Platform frame
3

World frame

Fig. 4. Representation of the three transformations: T1, T2, T3. Cy: neutral position
of the junction; Cs: position of the junction after transformation.

with
1 0 O 0
|01 0 o0 e & & O3y
hi=lo 0o 1 -n ’TZ—[O 0 0 1]’
0 0 O 1
1
0 (l) 8 8 cos(by) cps(A@z) 6)
T = 0 0 1 h+Az 16y = cos(@,{)sm(Aﬁz) ;
0 0 0 1 sin(6h)
cos(6y) sin(A6;)
ey = | cos(6y) cos(Ab,) |; é; =6 x €
sin(6))

where h is the height of the platform, Az is the translation along
the z axis (optimally, —46 mm [12]), Oy, 6, are the desired incli-
nation angles of the platform, 0s,; is a 3 by 1 vector with all ele-
ments 0 and A#; is the undesired equivalent rotation about the z
axis which can be calculated as:

arcsin(tan 6y tané,)

Ab, = 3 (7)

3.1.3. Inclination of the platform versus the position of the ball

The third part of the model is a dynamic model describing the
movement of the ball on the plate. As mentioned before, this is a
nonlinear system. However, a linear theoretical model will be de-
rived, for which some preliminary assumptions will be made:

o The ball rolls without slipping.

e The ball is at each moment in contact with the platform.

e Friction is proportional to the velocity of the ball and uniform
in both directions.

» Rotational energy of the ball due to rotation of the platform is
negligible.

Oy, 6y are close to zero, thus allowing for small-angle approxi-
mations.

The Euler-Lagrange method is used to calculate the differential
equation governing the system:
d oL oL
dt g dq
where q represents the general coordinates, L is the Lagrangian and

Q represents the external forces. These equations result, after sim-
plification and linearization, in:

=Q (8)

<m+lg—2)x+mg9x+b>&:0 (9)
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<m+%)y’+mgey+by=0 (10)
where ] represents the moment of inertia of the ball, R represents
the radius of the ball, m is the mass of the ball, b represents the
friction coefficient and g is the gravitational constant. Using the
Laplace transform on these equations allows for the derivation of
the system’s transfer function.

X(s) mg
Ox(s)  (m+ &)s? +bs

(11)

Note only the equation for the x-axis is explicitly expressed; as the
system is symmetric, the equation of the y-axis is identical. Taking
into account that the moment of inertia for spherical objects can
be expressed as | = kmR? [13], Eq. (11) becomes:

Xe¢) 1w __K
Ox(s) s(s+#+k)) s(s+a)

(12)

It now becomes evident that the transfer function only depends on
the coefficients k, b and m, all of them characteristics of the ball.

The model from (12) is identified from real data from the ball
and plate system. The identification procedure is considered a cal-
ibration procedure and described later in Section 5.

3.2. Calibration procedure

Based on the mathematical model derived in previous section,
an automatic calibration step is developed for the ball and plate
system. As can be seen in the mathematical model, the system’s
dynamics depend on several features of the ball (e.g. mass, iner-
tia). Taking into account the necessity of the system to adapt to
this variable scenario, a method must be implemented such that
the coefficients of the transfer function can be recalculated simul-
taneously with the normal operation of the system (i.e. on-line).
This will allow for the controller to be tuned to any new ball used
on the platform.

The automatic calibration step consists of an on-line identifica-
tion of the process. Therefore, the generalized model for discrete
systems ARMAX is chosen and represented by:

Yit@yia+ ...+ 0nYion,
=bu_1+...+ bnbu,v,nb +C1€i_1+ ...+ CnCip + € (13)

which can be shortly rewritten as:

yi=9{0 (14)
with
T
@ =[-Yic1 oo Vin, U1 - Uiig, €1 ... €ip, €]
0=1[a; ... ay, b1 ... by a ... 1]T (15)

where y is the output of the system, u is the input of the sys-
tem, e is the error caused by disturbances, and @ is the vector of
parameters to be identified. The transfer function of the process
contains one integrator, which can corrupt the identification data
and, therefore, it needs to be eliminated beforehand [17]. In order
to remove the integrator from the identification process, the ve-
locity of the ball, Vy is used as output data (i.e. y) instead of the
position of the ball. 64 is used as input data (i.e. u). Note that only
data for the x-direction is used as the system is symmetric w.r.t.
the y-direction.

The least squares (LS) method is chosen as identification
method for its simplicity and low computational effort [18]. The
equations to identify the parameter vector, 6, can be derived based
on a set of j measurements which are available. Starting from

Eq. (14), the following relationship can be written:

Y1 Yu Y2 ... Pm 0
Y2 P21 P22 Pan 0,
=1 . . . (16)
Yk v P ... @3] 6
Eq. (16) can be rewritten in matrix form as:
y="9 (17)

By definition, the cost function to be minimized by the least
squares method is:

Jeost = [y — @761 [y — @76] (18)

The optimalﬁ is found by taking the partial derivative of the cost
function to 0 and solving the result for 0. The obtained expression
for 0 is then:

0= (@0") 'dy (19)
4. Robust PD control

As afore mentioned, the ball and plate system is an integrating
system, and thus, requires feedback stabilization. In this case, the
system is subject to change (i.e. replacement of the ball). For this
reason, as already explained, the controller must be able to cope
with the varying parameters of the system.

Among the different control strategies available, model-based
tuning of proportional-derivative-integral (PID) controllers stands
out and is chosen in this research for its simplicity and easy imple-
mentation. Future improvements can be done by adding the pos-
sibility to replace it by model-predictive control. Due to the al-
ready integrative behavior of the system, a PD controller suffices.
The block diagram of the model-based tuning method for the PD
controller is shown in Fig. 5.

Once the parameters of the system have been identified using
the method described in previous section, we have all the infor-
mation needed to completely define the system and, therefore, to
derive the optimal controller values in a model-based tuning step.

A numerical method for optimization is required, as the equa-
tions involved in calculating the optimal controller are impractical
to be solved analytically. Therefore, the function to be optimized
and a set of constraints must be defined.

Starting from the equation of the PD controller, ((s), and the
transfer function of the plant, G(s), (see (12)) the open loop trans-
fer function, L(s), can be calculated as:

K
s(s+a)

Subsequently, the sensitivity function, S(s), and the closed-loop
transfer function, T(s), have the following expressions:

L(s) = C(s)G(s) = (K, + sKy) (20)

1
SO =11

L KK, + sKKq
T+L 52+ (a+KKy)s + KK,

To achieve a good transient response, the maximum overshoot, Mp,
and the settling time, T, are constraint to certain limits (M; and
T;" respectively). The relation between maximum overshoot and
settling time and the transfer function is expressed through (22)
and (23), respectively [19].

(21)

T(s) =

1

My=—— <M; 22

TSV )
4

L= =T (23)
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Fig. 5. Block diagram representation of the model-based tuning method for the PD controller.
where the characteristic polynomial of the closed-loop function is: Table 2
Results obtained from the automatic calibration.
R(s) =s*>+ 2Cwns + (1)% (24) Ball ID Weight (g) K a Transfer function
Equivalence of thg terms in (24) with the values of the closed-loop Petanque ball 718 623 129 -6.23
transfer function in (21) yields: S +1.29
White-gray pool ball 246 -659 036 ——
v} g
Ky = X Hockey ball 152 656 093 >
(25) s
Kd _ Zé‘a)n —a Beige pool ball 116 -6.74 047 W
K ine- _ oA
Ping-pong ball 2.7 6.41 0.52 sG1052)

From classical control theory, it is known that the sensitivity func-
tion, S(s), represents a good estimation of the stability margin and
the robustness of the closed-loop system [20]. Therefore, the in-
verse of the sensitivity function will be maximized resulting in the
following set of equations:

max, | 1+L(jo) |

K (Ky +5Ky)
Lo = =5va

2
K, = %
2lw,—a (26)

Ka=—%

20/1-¢2

4 T+
Cwn :
In this research the values for maximum overshoot and settling
time are chosen to be M} = 20% and T;" = 2s. Using these values
the optimal values for K, and K; for a robust controller can be
calculated.

5. Measurements and results
5.1. Automatic calibration

The above mentioned method for automatic calibration was im-
plemented and extensively tested using five different types of ball
(see Section 2) in order to obtain identified models for each ball.
Identification is performed based on a set of step response mea-
surements. The resulting transfer functions for each of the balls are
given in Table 2.

5.2. Robust control

In the beginning of an experiment, this automatic calibration is
performed only once. The system automatically detects a change of
ball by comparing the radius of the previous ball with the radius of
the newly inserted ball. This process is based on image processing
techniques such as the Hough transform.

After the automatic calibration, the resulting parameters are
used to design the PD controller using the model-based tuning
method described in previous section. Once the PD parameters of
the controller are optimized they remain the same in order to
test the robustness of the system. In the subsequent experiment
the automatic calibration is performed on the White-gray pool ball
with the resulting transfer function given in Table 2. Based on this
transfer function the model-based tuning process optimizes the
controller parameters with the following results:
{Kp = —-0.90 [rad/m] 27)

K4 = —0.61 [rad s/m]

Using the same controller parameters for both X-Y axes, the
White-gray pool ball is replaced sequentially by all other balls in
order to test the robustness of the controller. The reference tra-
jectory is a square form on the plate. The automatic calibration is
performed on the White-gray pool ball indicated by ‘(w/ ID). The
other trajectories are performed with the controller optimized for
the white-gray pool ball while other types of balls are used (indi-
cated by ‘w/o ID’). The resulting trajectories are shown in Fig. 6.
The results indicate that the performance of the controller is
maintained in presence of significant dynamic variations. Note
from Fig. 6 that the rise time and the overshoot is similar for each
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——desired position
150 ——White-gray (w/ ID)
- Petanque (w/o ID) 3
——Hockey (w/o ID)
100 ——Beige (w/o ID)
——Ping-pong (w/o ID)
E 50f
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C
o o0f
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(e}
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-150 1 1 1 1 1 1 1
20 22 24 26 28 30 32 34
time (s)

Fig. 6. Output of the system for different balls using a square path as input and the same parameters for the controller. The reference is the position in the X-Y plane;
however, here only position in the X-plane is depicted due to the fact that Y contains the same information.
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Fig. 7. Bode plots of the open loop systems with the controller tuned for the white-gray pool ball.

of the applied balls. This can be explained by looking at the Bode
plot of each open loop system. Fig. 7 shows the Bode plot of each
open loop system with the controller tuned based on identifica-
tion with the white-gray pool ball. Notice from Fig. 7 that the gain
cross-over frequencies are the same for each system, explaining
why the rise time is similar in Fig. 6 as there exists a direct rela-
tion between the gain cross-over frequency and the rise time. Also,
from the phase diagram in Fig. 7, it can be noticed that the phase
margin is very similar for each system resulting in a similar over-
shoot which is observed in Fig. 6.

6. Conclusions

This paper presents a robust control approach for an open loop
unstable ball and plate system. Using an automatic calibration pro-
cedure to extract a model of the process, a model-based tuning
technique is used to tune a robust PD controller. The closed loop
control robustness is evaluated by a series of tests with different
types of balls with distinct differences in weight, diameter and sur-

face. The results indicate that the proposed approach leads to good
results irrespective of ball types.
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